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The quadratic forms dealt with in this paper are all of the classic type 
(1) f(z) = yy GutreM (Ge = a) 
with integer coefficients a,, and determinant 
(2) A = || ap. || (r,s = 1,2,---, n). 


The form is positive definite if for all real x except simultaneous zeros, f(x) > 0. 
This occurs if and only if A and the successive determinants Ay, Au,2,°*° 
obtained from A by omitting the first row and column, the first two rows and 
columns, ete., are all positive. 


The form is called semi-definite if f(z) = 0 for all real z and if also f(z) = 0 
for a set of values of the x’s not all zero, but f(x) ¥ 0 identically. Now A = 0 


and it is known that every semi-definite form can be derived from a positive 
definite form of fewer variables on replacing them by linear functions of 2 , 
%,*+* 2, With integer coefficients. For since f(x) represents zero, it is ob- 
viously transformable by a linear substitution with integer coefficients and 
determinant unity into 


2yi(bisy2 + bisys + --- ) + g(y2, Ys, °** Yn); 


say. Since f(x) is semi-definite, be = bi; = --: = 0, as otherwise f(x) might 
assume negative values. A similar argument now applies to g(ye, ys, °** Yn) 
ete. 


It is clear that f(x) is certainly semi-definite if A = 0, Au > 0, Au,2 > 0, ete. 
Some years ago I proposed the following problem—lIs a decomposition 


N 


(3) fla) = dX (L(2))? 


r=1 


possible, where the L’s are linear forms with integer coefficients and N is 
independent of f(z)?—and suggested’ that such a decomposition exists with 


N=n+3. This would be the best possible value of N, for it is easy to see that 
the form 








1 Mordell, Mathematische Zeitschrift, 35 (1932) 1-15. The date of reception should be 
May 31, 1930 not 1931. 
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n—1 
fla) = Dia? + 72%, 
r=1 


cannot be decomposed into (3) with a smaller value of N than n + 3. 

I proved this’ for n = 2 and Mr. Chao Ko’ has proved it for n = 3,4. His 
method of proof differs from mine. It depends upon expressing f(z) as part of a 
definite form in n + 3 variables of determinant unity and using the theorem that 
there is only one class of positive forms for A = landn $7. It was not known 
whether (3) holds for N = n+ 3andn > 4. He has found since at the same 
time as myself that there is also only one class of positive properly primitive 
forms when n = 8 and A = 1. Hence the hypothesis holds for n = 5. I may 
add that the results of this paper prove that the hypothesis is false for n = 6. 

The earlier work on this subject has suggested to Dr. Erdés the following 
problem which he and Mr. Ko have proposed to me. Can f(x) be expressed 
as a sum of two definite quadratic forms with integer coefficients? The case 
f(x) = xi + (x1 + 22)” suggests that it is desirable to modify the question and to 
propose the 

Prosiem. If f(x) = es rs XLrL5 (Ars = Mer) iS a definite quadratic form 
with integer coefficients a,,, is a decomposition 


(4) f(z) = fi@) + falz) 


always possible where fi(x), fe(x) are positive definite or semi-definite forms 
with integer coefficients me fl a)? 

The problem seems simple enough and one might reasonably expect that the 
solution would not involve any advanced theory. It turns out however, to be a 
very deep one in the arithmetical theory of quadratic forms in several variables. 
By such means, I prove that (4) is always possible when n S 5, and that when 
n > 5 is given, (4) is possible when A > X, where A, depends only on 2, e.g. 
An = (4/3)'"" suffices. Further, I give reasons which suggest that the decom- 
position (4) may be impossible if n > 5 and A is too small (but not so small 
that the form represents 1), e.g. A < un where pp is a function of n whose exist- 
ence is easily demonstrated but of which the best possible value is not easily 
found. Following on this, Mr. Chao Ko has proved that (4) is impossible for 
at least one form of 6 or 7 variables or for a form in 8 variables with determinant 
unity. I show, however, that (4) is impossible for the form in 6 variables of 
determinant 3, namely, 


(5) g(x) = Dat +4 (x t») — 2x22 — 2reXe. 


The result for n < 5 is of course included in Mr. Chao Ko’s result but the proof 
is simpler than his as less is proved. The example (5) shows that no result of 





* Mordell, Quarterly Journal of Mathematics, 1 (1930), 276-288. 
3 Chao Ko, Quarterly Journal of Mathematics, 8 (1937), 81-98. 
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the form (3) holds, i.e. if L is a linear form with integer coefficients, g(x) — L’ is 
an indefinite form. 

Take first the case n = 2. It suffices to replace f(x) by an equivalent reduced 
form for which ay = 0, dee = 2a, au = 2a. Then 


f(z) = (an — Axe); + a(t + a2)" + (dx — Qs) 23 . 


Since ay, = iz , @e2 = Giz , a decomposition (4) is always possible except when 
a = dy = Qe = 1, really corresponding to the excluded semi-definite form 
(2, + a) of determinant zero; or again when a = dy, = 0, dx. = 1 ete. 

Take next n = 3. Then by Selling’s* method of reduction, there exists for 
f(z) a reduced form given by 


f(c) = pti + pets + pss + pi(te — 23)” + ps(zs — 21)” + polar — 22)’, 


where no pis negative. On comparing coefficients, clearly all the p’s are integers. 
Here again a decomposition (4) is always possible. The case when all the p’s 
are zero except one which is unity gives A = 0. 

For n > 3, it is also true that any definite quadratic form is equivalent to 


an f(z) given by 
0 fa) = D abi 


where the L, are linear forms whose coefficients are integers and depend only 
on n (as does also m) and not on f(x), and the p’s are non-negative rational 
numbers. 

This result, however, is part of Voronoi’s’ theory of quadratic forms. It is 
not obvious or certain that the p’s are integers when the coefficients of f(x) are 
integers. A decomposition (4) is obviously possible if at least one of the p’s is 
not less than unity, e.g. if p: > 1, on writing p: = [pi] + (o: — [o]) where [p;] 
denotes the integer part of p,. It may, however, be impossible if all the p’s are 
less than unity, and this implies from (6) for the determinant A of f(x) that 
A S 6,, where the value of 6, depends only on n but is not easily calculated. 
Hence it is suggested that (4) will be possible for A > u,, where u, depends 
only on n. 


An explicit expression for a A, such that (4) holds for A > X, is given by the 
\, of the following argument. A well known result by Hermite’ states that 
f(z) is equivalent to a reduced form for which 


(7) Qy S Qe *** S An, au 3S (An A)”, 


where ),, is a number, e.g. (4/3)*"“"? depending only on n. The determination 
SD 

‘See Bachmann, Die Arithmetik der Quadratischer Formen, 2 (1923), 414-418. 

* Bachmann, 292-318. 

* Bachmann, 250-255. 
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of the best possible value of \, is a question of great difficulty. It has been 
known for a long time’ that 


he = 4/3, A\3 = 2, Me = 2, As = 8, 
and fairly recently it has been shown that 
Ae = 64/3, A7 = 64, As = 256. 
The proof for \s has been given both by Hofreiter® and Blichfeldt® and for dz, 


ds by Blichfeldt. 
Denote by A,; the cofactors of the a,, in A, e.g. 
An = || Gs || (r,s = 2,3---n), 
and by 


F(z) = Zz fine Me; 
r,s=1 
the adjoint form of f(z). Then the determinant of F(x) is A"™. 
Suppose now that f(x) is replaced by an equivalent form for which F(z) is 
reduced, so that corresponding to (7) 


(8) Au = (A,A asia as? 
I now prove that if A =, , a decomposition (4) with fo(x) = 2}, ice. 
(9) f(x) = 1 + fil) 


is possible. For since An > 0, Au,x2 > 0 ete., f(x) — 2} is neither definite nor 
semi-definite if and only if its determinant 


‘4ur—1, dp 


| Q21 me tre 











(10) 4 ¢ Aa. 


Then of course, since Ay; S Aw S --- , none of f(x) — z° is definite or semi- 
definite. From (10) and (8), 


£2". is: 422d. 


Hence (9) is possible if A =A, . Clearly f,(x) is semi-definite if A = Au = >». 
Consider now the cases when A < \,. We suppose that f(x) is reduced by 
(7), i.e. not F(x) as before. Then 


ay < a’. 





7 Bachmann, 327-328. 
8 Hofreiter, Monatshefte fiir Mathematik und Physik, 40 (1933), 129-152. 
* Blichfeldt, Mathematische Zeitschrift, 39 (1934) 1-15. 
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Take first n = 2,3,4. Thenay < 2andsoa, =1. Hence 
(11) f(x) = x1 + 2ay2122 + -+- 
= (a1 + aeat2 + +++)’ + file, 23, -+), 


where fi(22 , Zs, ***) is not an indefinite form. 

Hence (9) is possible. 

Take next the case when n = 5, so that we must examine the forms f(x) with 
determinant A S$ 7. If A < 3, there is a reduced form equivalent to f(r) with 
a, < 24, ie. an = 1, and a glance at (11) shows that the decomposition is 


possible. Hence we must examine the cases A = 4, 5, 6, 7 and a reduced 
F(z) wherein 


A < An S (8A‘t. 


But for these A, this would give A < (8A‘)' <A+1,andsoA = Ay. Hence 
there exists a decomposition (9) where f;(x) is semi-definite. This proves (4) 
forn = 5. 

Hence for n < 5, (4) also holds for semi-definite forms f(x) except when f(z) is 
equivalent to 2}. 

We take now the case n = 6, so that we must discuss the A for which 


A < An S (64A°/3)! 


is possible. This requires A < 14. 
The cases A = 1, 2 lead to ay = 1 and (4) is possible. Hence we must 
consider 


353A 14. 


Now forms with A = 3 exist such that for integers x, f(z) = (AnA)*, and are 
known in connection with the extreme forms of Korkine” and Zolotereff, Hof- 
reiter’ and Blichfeldt.° In particular (5) is one. A decomposition (4) is 
impossible for (5). For if it were possible, there would exist one with fe equal to 
L’. Thus either fi or fe must have a coefficient of x; equal to unity and then a 
decomposition with f; = Li is proved; or f, , say, is definite or semi-definite, the 
coefficient of an x; being zero. But the decomposition with Li has been proved 
true for forms of not more than 5 variables. A similar argument was used by 
Mr. Chao Ko for his Gegenbeispiel. 
To prove the impossibility of (4) for g(x) write it as 


g(x) = 2(2, + 3(%3 + ay + 45+ Xs))° + 2(a2 + 3(t3 + 4 + %s))° 
+ DY (a + 440)’ + Be. 


r=3,4,5 


————— 





i Korkine and Zolotareff, Mathematische Annalen, 6 (1873), 366-389. Also Bachmann, 
328. 
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Now the adjoint form of 7°. ¢,(baa1 + bere + +++)’ is given by ([[?-1¢,) 
pai X?/e, 
where 2 = by X1 + bo X2 + --- ete. 
Here 2% = Xi, % = X2, 
zt, = 4$X,+4X2.4+X, (r = 3,4, 5), 
w= 2X, + 4(X3 + Xa + Xs) + Xe. 
Hence Xi=2, X2=%, Xr =2, — 3(%1 + %), (r = 3, 4, 5), 
Xo = % — 321 — 3 (23 + %4 + 4%) + 3 (x1 + 2). 
Hence the adjoint form F(z) is $ G(x), where 


Ga) =24+24+2 D4 ( —#a+4+m))’ 


r=3,4,5 
+ $(r—6 — 401 — (xs + Xa + Hs) + Hm + a2)’. 
It is now shown that for all integers x except simultaneous zeros, G(x) 2 8/3, 
F(x) =4,ie. A — Aun < Oandsof(x) — L’ is an indefinite form. 
Consider then the integers x for which G(x) < 8/3. Clearly 2j < 1, 23 < 1. 
Since G(x) is unaltered by changing the signs of all the x’s, we need discuss only 
the following cases: 


(I) a = 1, 2 = 1, 
(II) “4 = 1, %2 = —l, 
(IIT) a = 0, Ye = 0, 
(IV) a = 1, te = 0, 
(V) a = 0, Le = 


For (I), G(x) = 2+ 2(23 —1)?+-:-, 
andso23 = %=2,;=1. Then 

G(x) = 2+ $ave — 3) > 24+ 
For (II), G(x) = 2 + Qi +:-- . 
and so 23 = 4% =2,;=0. Then 

G(x) = 2 + $(ae — 3) = § 

For (III), G(x) = 203 + 2x3 + 2x3 + S(ae — 3 (as + 24 + 25))”. 
Clearly two of 23 , 24, 2s, Say 24, ts must be zero. Then if x3 = +1, G(x) 2 
2+ 84) =§ Ifsz; = 0,G(x) = $2§ = 8 unless x = 0. 


For (IV), Gz) =1+2 > (a, — 3)” + $(ae + § — Flas + m4 + 1d) 


cole 


— a 
— 


21494+4@' =4. 
For (V), G(z) = 14+ 3+ $(ae + 2 — (as + 14 + 2))” 
21+%$+ $G) =$. 
Hence G(x) < $ only when all the z’s are zero. 
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The discussion of the other A for which (4) may be impossible seems a very 
interesting problem. It should be noted that if n = 6 and a decomposition (4) 
exists wherein fi(z) is a quadratic form in not more than five variables, our 
results show that a decomposition (4) is also possible with fi(z) = (L,(z))’. 
Hence further results cannot be expected unless we take f;(x) to be a form in at 
least six variables e.g. (5), which does not itself admit of a decomposition such 
as (4). The conditions, however, that f(z) — fi(x) should be definite or semi- 
definite, are not sufficiently simple to suggest that it will be easy to find results of 
interest. 

There are, however, the extreme forms of Korkine and Zolotareff in seven and 


eight variables, namely 
7 


7 2 
h(x) = > a+ (= r») — 27,22 — Qxrex7 


1 


of determinant 2, and 
8 8 2 
k(x) = ) at + (= r) — 221%. — 21278 
1 I 


of determinant” 1, which are easily shown to be undecomposable by (4). 

Thus since g(x) results on taking 275 = 0 in A(z) and then replacing 27 by 2, 
it is clear that a decomposition (4) cannot exist for h(x) with fi(x) = (Li(z))’, 
for then there would exist a decomposition for g(x). Hence also there cannot 
exist a decomposition of h(x) with terms Zi, 22, --+ etc. occuring in either 
{(c) or fa(z). But if a term say 223 occurs in f;(x), then fi(z) must also contain 
all the terms of h(x) involving 23, e.g. 22123, ete. For if a term in 22; occurred 
in fr(z), fa(x) could assume negative values by choice of z3. Hence by the same 
argument, f:(z) must include all terms involving 2, 22, 74, 2%, 2%, %z. This 
proves that fo(z) = 0. 

A similar argument applies to the form k(z). 


University, MANCHESTER, ENGLAND. 


"Thave shown that k(x) and » nell z? are the only positive classes of forms of deter- 
| Minant 1 in eight variables. The proof will appear in the Journal de Mathématiques. 
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ON THE CONVERGENCE PROPERTIES OF LAGRANGE INTER- 
POLATION BASED ON THE ZEROS OF ORTHOGONAL 
TCHEBYCHEFF POLYNOMIALS! 


By J. SHonatT 


(Received January 29, 1937) 


Introduction. Statement of results. Let f(x) be finite at every point of a 
certain interval (a, b). Consider Lagrange interpolation formula (LIF) using 
for abscissas the zeros 


(1) Yi,n < an Soe < Zain OS <eatte2 <8 
of the orthonormal Tchebycheff polynomials’ (OP) 
(2) gn(x; dy) = ¢n(z) = n(x; a, b; dp) 
= a,[z" — 8.2" + oe] (n = 1, 2, ---); 
an = a,(dy) > 0, S, = S,(dp). 


n 


(3) Pe) a... Se nites 


i=1 (x — 4) gn (x) 





We rewrite (3) as 





(4) fla) = Ua) fle) + pal) = La(S) + 
where 

_ gn(x) _*< 
(5) I(x) = G-aa’ L,(f) = > L(x) f(ai). 


l:(z) are called the “basic polynomials” of LIF under consideration. Here- 
after, (a, b) is supposed to be finite, reduced, if we wish, to (—1, 1); f(z)is 
assumed to be bounded on (a, b). 

It is well known (Faber, 8. Bernstein) that whatever may be the choice of 
abscissas in LIF, we cannot get convergence—lim, +» pn(f) = O—for all con- 
tinuous f(z). On the other hand, if the abscissas are the zeros 2;, , of OP, as 


b 
in (3), and if we assume (here and hereafter) the existence of I f(x) dy, then 


6) tim [pad = tim [ [f(e) — Lua = 0, 


neo 





' Presented to the American Mathematical Society, March 26, 1937. 
* The notations herein employed are the same as in my Monograph: Théorie générale des 
polynomes orthogonauz de Tchebicheff, Mémorial des sciences mathématiques, Fasc. 66, 1934. 
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and this is one of the classical results in the theory of OP. The question then 
arises as to the existence of some other convergence properties of the inter- 
polation polynomial L,(f) in (4). The special case of dy(x) = p(x) dz, with 
p(t) 2M > 0 in (—1, 1), and more particularly, dy(x) = dx/(1 — z’)', has 
heen studied recently by Erdés, Turd4n and Feldheim.’ The main results here 
are the following: 


a.) ten [ “[fle) — LaF ple) de = 0 


nro 


4 


; . , dx a , 
(7.2) lim g | f(x) — L,(f) | wWi-w 0, r > 0, arbitrary, 


where f(z) is assumed bounded and R-integrable in (—1, 1). 
The main object of the present paper is to prove the following general 
TueorEM A. Let f(x) be finite at every point of the finite interval (a, b) and 
b 


such that I f’(x) dx exists. Then 


b 
lim | f(x) — L,(f) |"dy = 0, 0<rsx2, 


if {gn(x)} in (3) represents any system of OP corresponding to (a, b). 

Our paper has several points in common with the third paper cited above. 
But the method of attack is different. It may be characterized summarily as 
“from mechanical quadratures to convergence,”’ that is to say, the convergence 
properties of LIF (3) are derived from the classical properties of the mechanical 
quadratures formula (MQF) generated by (4): 


6 n 
(8) [ f(x)dx => » Hi f(x) + R,(f), 





*1) Ervin Feldheim, Sur l’orthogonalité des fonctions fondamentales de l’interpolation de 
Lagrange, Comptes Rendus, v. 203, 1936, 650-652; 
: “ P. Erdés et Ervin Feldheim, Sur le mode de convergence pourl’ interpolation de Lagrange, 
ibid., 913-915; 

3) P. Erdés and P. Turdn, On Interpolation I. Quadrature—and mean—convergence for 
Lagrange Interpolation, these Annals, v. 38, 1937, 142-155. 

‘Let formula (7.2) be established for r = any positive even integer 2k. The extension 
toany positive r is attained by letting in the Minkowsky-Holder inequality 


b b 1/8 b (s—1)/8 
I filz)fo(z)dy(z) | S | [ | fu(z) |* wv] {f | fa(x) |*/e- a (s > 1): 


fi(z) =1, folz) =|pn|’, 8 = 2k/(2k — 1) (2k >r). 


b b 1/8 6 r/2k 
finrw ssf [finra]™ 


We thus get: 
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where 
b 

9) — [ L(x) a, 
b 

(10) R,(f) = | ‘cll 


Our method yields results for more general f(x) and for the most general dy(2). 
It further enables us to extend these results to the case of an infinite interval, 
also to obtain new results in the theory of OP. 


1. Proof of the main result. Our first objective is to show that 
b 
(11) lim | p,dy = 0. 


nO Ja 


Note the following properties of MQF (8): 


(12) —— | “addy = | ‘E@dy = @= 1,2) - 0), | 


(13) R.i(Gen1) = 0, 
where G,(x) = pw giz’ generally denotes an arbitrary polynomial of degree < s; 


(14) lim R,(f) = 0, for any f(z) such that f(x) dy exists | 


; _ [° __ enla) n(2) " 
(15) I Li(a)1;(x) dp = | . £ dy = 0 


n(xi) Pn (aj) (& — 2i)(% — 4) 





Formulae (12, 13, 15) follow directly from the orthogonality property 


(16) i On(x) G,-1(z) dy = 0 (n = 1,2, -: +). 


a 


We now get from (3), making use of (12, 15): 


[a= [row-2 [se Duwpeows Dre [awa 
b b b n 
[ea = [Pod -2 [poe — Lunar + Suse) 


b b n 
(17) [9 - ota = P rxnay = & ase. 
By virtue of the convergence property (14), 


(18) lim Oo Hise) = [ " #(0) av. 


nO j=] 
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Formula (17) now leads to 


b b 
19) lim | L(f)dy = [ f(a) dy 
b b 
(20) [ prdy — 2 | S(x)prdy — 0, as N— ©, 


It is of interest to observe that for a continuous f(x) we may establish the 
desired formula (11) without resorting to the convergence property (14) of 
MQF (8). In fact, here to any preassigned « > 0 there corresponds an approxi- 
mation polynomial (Weierstrass) P,,(x), of proper degree m, such that 


(2! |f(@) — Pa(z)| S|F@\| <6 a<xsb. 
We now keep m fixed and take in (8) n > m. Since 

(22) prn(Gra) = 0, 

we get 

(23) palf) = F(x) — 2, U(x) Fas) 


and, by the preceding reasoning (see (17)), 
b b b n 
(24) I prdy — 2 [ pn F(x) dy + | [ F(a) dy — HFC | = 0. 


t=1 


Moreover, by Schwartz’s inequality, 


[ Feendv = On /([ rear [ av), \0,| <1, 


and, by virtue of (21), 


b b 
[ F’(x) dy < a0, ao = [ dy 
bn H;F*(2;) < é > H; = €'a0, (take f(z) = 1 in (8)), 
i=1 jal 
and (24) becomes 
b 
(5) + MeV oa)In + 20eam=0, t= [ody 


(\0,|,|0.|<51; n2N(—)>m), 


which, in view of the arbitrariness of ¢, yields the desired formula (11), for any 
continuous f(z). Note that (11) implies (20), which in turn, through (17), 
implies (18, 19). 

It is now easy to extend (11) to any f(x). Corresponding to any preassigned 
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¢ > 0, we may choose a continuous g(x) and a polynomial P,,(x), of proper 
degree m, such that 


b 4 
[ue - owray <$, max, |e) - Pa) <4 (55). 


axsz b—a 





Then 
i F(x) dp = fle) — Pa(2)P ay < 2 | [f(2) — ola) Pay 


a 


(26) 

+ [ to) - Pato ar} << 
and we may now repeat the preceding argument, starting with (24). The only 
modification necessary is a new estimate of the sum )>?-1 H;F*(z,). Here m 

b 
being fixed, this sum converges, as n — ©, to F’(x) dy, -so that 
n b 

>» A:F*(z;) = I F’(x) dy + €n, lim e, = 0; én < € forn = N(e) > m, 
t=1 a no 
and we get a relation essentially the same as (25): 

I? + 26), In + 20, € = (| 6, |, | @n | $1; = N(e) > m), 
which again yields (11). Finally, using the Minkowsky-Holder inequality as 


in footnote 4, we derive our main result: 


b b 
(27) im [ |P,|'dy = im [ \f(z) — Lf) "dy =0, O<rs2. 


no 


We have further 


b l/r b l/r b l/r 
{ [ se) ay} <{ [ se) — La ran} +{ [ iain iray} 


Hence, by (27), 
[ise "dy s tim [| 24(0) |" dy. 
Similarly, interchanging f(z) and L,(f), 
fim [ inrays [ise lav, 
whence , 
@7.1) tim [iz ray = [ls rrav, 0<rs2 


_ Thus, the sequence {L,(f)} converges to f(x) on (a, b) “strongly,” with 
exponent r.’ It follows that a subsequence {Ln,(f)} of the interpolating poly- 


5 Hobson, Theory of Functions of a Real Variable, 2-d ed., 1926, v. 11, pp. 251, 245. 
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nomials in (4) can be defined which converges to f(x) almost everywhere on 
(a, b), and that 

b b b 
(27.2) lim | L.A(f)g(x) dy = [ S(x)g(z) dy, if | g(x) dy exists. 


2, Amore general choice of abscissas. The following are the salient points 
in the above analysis: 


b b 
(12) [ 1:(zx) dy ad [ Ii(z) dy, i= 1, 2, ren 
b 
(15) [ 1;(x)l;(x) dy = 0, t# js tJ = 1,2,---,n 
n b 
(18) lim p> H.f'(x) = [ f(x) dy. 


But (15) is satisfied if (16) is replaced by the less stringent condition 
b 
[ Orn(X)Gn-2(zx) dy = 0. 


Furthermore, if a polynomial w,(x), of degree n, satisfies the condition 


b 
(28) [ wn(x)Gn_o(x) dy = 0, 


then necessarily (disregarding constant factors) 
wn() = gn(x) + Con-i(2), C = arbitrary const., 


and by a classical argument, all zeros of w,(x) are real and distinct, with one, 
at most, outside the open interval (a, b). Moreover, (28) implies (12). In 
fact, li(x) — U(x), of degree 2n — 2, vanishes at x = 21, %2, ---, In, SO that 


i(x) — L(x) = wn(z)Qn2(2), 


where Q,2(z) is a polynomial of degree n — 2; hence, 


b b 
I [Ui(x) — 1i(x)] dy = I wn(x)Qn_o(x) dy® = 0. 


As to (18), it also holds, the summation being extended over the 2; on (a, b), 
as was recently proved by the writer.’ 

We thus conclude that Theorem A holds if in LIF (8) the abscissas are the 
eros of the polynomials 


Wn(X) = gn(t) + Cona(x) (n = 1,2,---), 
eee 
*CE. IL. Fejér, Mechanische Quadraturen mit positiven Cotesschen Zahlen, Mathematische 
Zeitschrift, v. 37, 1983, 287-309; pp. 302-308. 
‘ On Mechanical Quadratures, in particular, with Positive Coefficients, to appear in the 
‘ansactions of the American Mathematical Society. 
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where the constant C (perhaps depending on n) is such that all zeros of w»(x) belong 
to (a, b). 
Illustration: 


wn(x) = X,(x) — Xn«(x), X,-Legendre polynomial, 
Here 
—1<m<m<---<mai<e = 1! 


Next, consider the formal expansion 

(30) f(a) ~ > Aigi(z), A;= [ Sf(x)gi(x) dy. 
If f(x) is continuous in (a, b), then the polynomial 

(31) S.ale) = © Asoul), 


formed by the first n terms of the expansior (3), is an interpolation polynomial 
for f(x), that is, 
Sr1(&:) = f(&), &i c (a, b) (i oe 1, 2, oe n). 


In fact, writing 


n—l 
f(x) = Si(x) + rr, G(x) = > vigi(z) (y; = const.), 
we conclude that 
b 
(32) I t4Gy_x(z) dp = 0, 


hence, the continuous function rz = f(z) — S,-1(xz) vanishes at n (at least) 
points §; C (a,b). (32), for C,1 = 1, shows that (6) is satisfied. As to (11), 
it is also satisfied, for 


6 b n—1l 
[naw= [row-F a 
a a t=0 


b J b 
(33) [ Pe)dy = 2) Ai, ie. lim | 13.dy = 0—Parseval Formula. 
a t=0 no Ja 
Thus, (31) is another example of an interpolation polynomial for which Theorem 
A holds true. Note that in this case the interpolating abscissas depend on the 
function f(z). 





8 More generally, 


Pn (b) 


—— ¢n—1(2). 


w(x) = ¢n(x) — 
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9. Case of an infinite interval. If (a, b) is infinite, and the abscissas in (3) 
are again the zeros of ¢n(x; a, b; dy), then formulae (12, 15) hold true. How- 
ever, (18) is not necessarily valid for an infinite interval, nor does there always 
exist a polynomial P,,(x), of proper degree m, such that 


b 
(26) I [f(z) — Pn(x)P dy < « (e positive, arbitrarily small). 


Regarding (26), observe that its validity is equivalent to that of Parseval 
Formula (33). In the first place, (33) may be rewritten as 


(34) lim | [f(z) — S,+(z)? dy = 0; 


no 


in the second place, it is known from the theory of OP that 


| [f(c) — S»a(2)Pdy < [ (f(x) — Gaa(2)F ay. 


As to (18), which states the convergence of the corresponding MQF (8), it is 
implied, for some kinds of ¥(x), by Parseval Formula (33).’ Hence, the conclu- 


b 
sion: Theorem A holds in all cases (assuming the existence of | f*(x) dy), pro- 


vided, the Parseval Formula holds for the OP employed, and the MQF converges. 
[Theorem A then evidently holds also for thepolynomial (31).] 

In particular, Theorem A is valid if we use in (3) for abscissas the zeros of 
Laguerre or Hermite polynomials. 


4. Further study of 1;(x), H;. ‘In this section (a, b) may be finite or infinite. 
The orthogonality property (15) of the 1;(z) leads to many interesting properties 
of the basic polynomials and of the coefficients H; in MQF (8). 

In view of the linear independence of the 1,(x)° and by virtue of (15, 12, 22), 
our LIF (4), for a polynomial of degree < n — 1 leads to 


5) ihn [ “Gnate) “ay, oe Tan 





Furthermore, 
G(x) = node + Gra(z), G,-a(zi) = Gr(zi), 1 = 1,2,+++,n. 


Hence, by (35, 16), 

iar eipcnsgettni adel 

| * Jacques Chokhate (J. Shohat), Sur la convergence des quadratures méchaniques cans un 
intervalle infini. Applications au probleme des moments, au calcul des probabilités. Comptes - 
Rendus, v. 186, 1928, 344-346. 
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_ f° Gz) 
pi a G,.(2;) 


L(x) 
Hi; 


and we thus get the following new interpretation of LIF (3). 

TureorEmM B. LIF, using for abscissas the zeros of any OP sequence 
gn(z; a, b; dp), when applied to a polynomial G,(x), of degree S n, is identical 
with the expansion of G,(x) according to the limited orthonormal sequence of the 
basic polynomials {1:(x)/H*} (¢ = 1, 2,---, n), all of degree n — 1. 

Formula (37) yields at once 





(36) H; 1;(a) dy (G,.(2x;) # 0), i= 1, 2, wet 9 Me 





(37) G,(2) = > he) Gala) 4? ay + onlGe), pal Ga) = gal), 


b n $ 
(38) i G', (2) dy = > H:G?,(x:) + e 


n 


so that the following relation holds 


b b 
I pr(G,) dy = I p, (Gn) dy. 


We proceed to draw various conclusions from the formulae just established. 
First, (38) shows that 
p.(G.) = 0, equality if and only if g, = 0, 


that is, MQF (8) cannot be exact for a polynomial of degree n of the form 
G(x); more precisely, 


b n 
| G2 (x) dy = >) H:G.(z,), equality if and only if g, = 0. 
a t=1 . 


We further conclude that 
> G(x) 


39) H; = min. —— 
' es a G?, (x3) 


dy, 7=1,2,-++,n, 


minimum attained if and only if 
gn = 0, G,(z;) = 0, 1sj3%, j At, 


that is for G,(x) = Const. X 1;(x) only. 
Secondly, various results may be obtained by specifying in various manners 
G,(x) in (36). Thus, take in (36) Ga(z) = gn_i(x), and we get 


1 1 
(40) H; = On ; =a = ’ 
An1Pn—(LiOn(ti)  Kn(ti)  Kn-s(%) 


where, by Darboux formula, 


{= 1,2,°°°,% 








Kyla) = 2 oe) = A fonsalt)on(t) — enla)onsa( 
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Since all H; > 0, it follows from (40) that 
Pn—1(i) Pn (i) > 0, += 1,2,..-,n, 


so that the zeros of y,1(7) separate those of ¢,(z). 
Assuming a 2 0, take in (36) G,(z) = xgn_1(x; dy) where generally 


(41) dy.(x) = x* dy(z). (k > 0). 
We obtain 

(42) Hi = an(dp)/ana(dyr)rigna(ai; didyen(zi; dp), t=1,2,---,n. 
Since here not only H;, but also 2; is > 0 for 7 = 1, 2, ---, n, we conclude, 


as above, that the zeros of y,1(x; dy) separate those of ¢,(x; dy). | Moreover, 
a comparison of (42) and (40) shows that 


On1(dY1)tPn—-1(2; dy) = An—1(d)on1(x; dy) = O0atr=%1,%m,-::- > Tn, 


whence, 


; ia An—1(dp) P Ani(dy1) ; 
LGn(2} dy) _ An—1(dy1) Gn—1(2} dy) + “Gn(dy) Pn(Z} dy). 


Returning to the case of any (a, b), we obtain another expression for H;, 
by taking in (36) G(x) = 2° gn-2(x; dye) and making use of the relation 


| Gra(a)en(x) dW = nyt Snii(dy) + gn)/an(dy): 


(43) Hy = an(dp)[Sna(dye) — Sa(dp) + 2i]/xion2(xi 3 dW2)on (xs; dp)an-2(dy2), 
+=1,2,---,n (x; ¥ 0). 


For symetric OP [(a, b) = (—A, h), ¥(—z) = —¥(x), Sa(dv) = 0] (43) 

becomes 
(43.1) H; = An(dw) /xign—o(%; ; de) n(x ; dp)an_2(dy2), t= 1,2,---,m 
(x; cal 0). 


We see that the orthogonality property (15) of the 1;(x) yields very readily 
many properties of OP some of which are new, some have been derived in a 
more complicated manner. (39) represents an improvement over an earlier 
result where in place of n we find n — 1. This improvement is important for it 
enabled us to choose in (36) as G,,(x) a polynomial precisely of degree n. Observe 
that the same formula (36) yields bounds for z;, if such are known for H;, 


and vice versa. 
Bech llassas 


" Thus, for example, 
b 
Hy < (691.2, --40 OSssn; a- [ a) 
: a 


Cf. J. Shohat and C. Winston, On Mechanical Quadratures, Rendiconti del Circolo 
ete di Palermo, v. 58, 1934, 1-137, where the above formula was made use of, 
withs Sn — 1, 


a me 


; 
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5. Application to classical OP. Apply the above results to the polynomials 
(L) of Laguerre and (J) of Jacobi, where 


(L) (a,b) =(0, 0), dp=2™'e*dz, a>0; S,=n(n+a— 1), 
a, = (T(n+1)P(n+a)]° 


mte~) 
2n +a+B—2 





(J) (a, b) = (0, 1), dy — "(1 — a)", a,B > 0, S, = 


(i) Polynomials of Laguerre. Here 

1 %— a 
xi V/ (n(n — 1) gn-2(ts 3 dpaen(xi 3 dy) 
It follows that 
(45) tiA~au<a (¢ = 1,2,---,n;n 2 2) 
(46) Gn-2(2i 3 dye)on (ai ; dy) $0, — according as 2; $ a, 


that is, if j, zeros of yn(x; dy) do not exceed a, 





(44) Hi= 


(¢ = 1,2,---,n; n2 2). 


Bm < Me <iees KC By <a < Seago e KM, 


then jn — 1 zeros of gn-2(x; dye) separate the first j,, zeros of ¢,(x; dy), the 

remaining n — jn — 1 zeros Of gn_2(x; dye) separate the last m — jn zeros of 

¢n(x; dy), while the interval (z;, , 2;,41) contains no zeros of gn_e(x; dy). 
Apply the above considerations to 


Gn(z; dy), $n—2(2; dye), Gn—1(; dy), ~~ 
and notice that the ¢;(z; dy.) vanishes at r = a + k. We conclude that 


(47) is Hi 


(ii) Jacobi Polynomials. Here 
i= 4/ Stith - I)(a + B + 2n — 2)%(a + B + 2n — 1) 
n(n — 1)(n +6 —1)(n +8 — 2) 
a a 
nt+atp—2 (i = 1,2, ---,n; n= 2), 
i Pna(2i ; dP2)en (2; ; dy) 


and the above considerations holds, with a replaced by a/(2n + a + B — 2). 
The inequality 








(48) 
Xi 








= S 22 
(49) Tin ade Sy 7 er (n= ) 


is especially interesting, in view of the known property: limns« Zi.. = ¢. 
Notice that 
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(L) 1,1 = a, (J) 11 = —¥ 


so that 


j n 
(L, J) jn = H for n = 3. 


(Added in proof.) Professor J. D. Tamarkin made the following observation. 
If we consider L»(f) as a linear transformation on the space C of functions con- 
tinuous on (—1, 1) to the space Le, it follows from form. (39), p. 154, of the 
above paper by Erdés and Turan that the modulus of this transformation is 
> S(m). Since this quantity is assumed not to be bounded, it follows imme- 
diately from a well known theorem of Banach (Theérie des operations linéaires, 
p. 80, Th. 5) that the sequence {Z,(f)} cannot be bounded (in Zz), and thus there 


exists a continuous function f(z) for which lim sup | Li,(f) dz = «. 
™m —l 


Tue UNIVERSITY OF PENNSYLVANIA. 
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A REPRESENTATION OF ALL ANALYTIC FUNCTIONS IN TERMS OF 
FUNCTIONS WITH POSITIVE REAL PART 


By M. S. RoBEertson 


(Received April 15, 1937) 


Introduction. In a recent paper’ the author discussed a class of analytic 
functions 


f(z) =z+ x a 


regular for | z| < 1 having the property that for all values of r less than and 
near to one, f(z) mapped | z | = r into a contour which cut across the real axis 
in exactly two points. Such a function was called star-like in the direction of 
the real axis. It was shown that f(z) could be represented in the form 


f(z) = h,(ze)[cos w + 7 sin p- F(z)] 


where y» and » are certain constants dependent upon f(z) with sin 20. Here 
F(z) is analytic for | z | < 1, has a positive real part for | z| < 1, and F(0) = 1. 
The function 


h,(z) = 2(1 — 22 cosy + 2’). 


From this representation it was deduced that | a, | < n’ and that the equality 
sign was attained by essentially only one function of this class. 

It is now our purpose in this paper to generalize these results to analytic 
functions having the first several coefficients of the power series all zero. We 
may remark that every function which is analytic about the origin can be so 
normalized that it is holomorphic within the unit circle, vanishes at the origin, 
and has its first non-vanishing coefficient unity. Hence we may assume that 
our function has the expansion 


(1.1) filz) = 2* + Doane”, k21. 
k+1 


Now for small values of | z| this function behaves very much like the first term 
z* which maps a circle into another circle the circumference of which is traced 
out k times. Thus for sufficiently small values of r the circle | z | = r is mapped 
by the function f,(z) into a contour C, which consists of k loops about the 
origin, each loop cutting the real axis in two points, one point on either side of 
the origin. In all C, cuts the real axis in exactly 2k points. By a magnification 





1 See M. S. Robertson, ‘Analytic functions star-like in one direction,’”’ American Journal 
of Mathematics, Vol. LVIII, No. 3, (1936), pp. 465-472. 
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of the variable we can easily arrange that f.(z) has this property within the 
whole unit circle. Hence we shall assume this to be the case for f(z) of (1.1) 
and denote by (S;) the class of all such functions. 

For these functions we show that f,(z) can always be represented in the 
following form: 
Ke 


z o¥* gin gp: _ 
(4) ws Il (1 — aa 1 eae ~ a 


s=1 





where 0, are 2k constants dependent upon f;(z) with 
2k 


(—1)*"'sin o, = 0, o, = } DL &, 


1 


and where F(z) is regular for | z| < 1, R F(z) > Ofor|z| < 1, and F(0) = 1. 
From this representation for f(z) we deduce that 





n (n+k-—1)! 2k 
k Qk—-D!n—h!~ O(n") 


where the equality sign is attained by essentially only one function 


2 i ett 
(1 as €z) +1? 


In particular, if k = 1, we have | a,| S n’. 
From (1.2) it will also follow that 


(1.4) lim fi(re®) = fi(0) 


(1.3) lan| S 


tx/2k 


e= +e 


exists as a finite limit almost everywhere. 
In section five it is shown that for the functions f,(z) which are also real on 
the real axis, formula (1.2) simplifies to the much neater form: 


2* F(z) 
(1 —- “)-Il (1 — 2z cos 6; + 2’) 





(1.5) Siz) = 


In this case there are only (k — 1) real parameters 0; dependent upon f;(z) 


instead of the usual 2k parameters. 
If 


(1.6) w = gz) = 2+ DC 2, 
2 


is regular for | z| < 1, and in the unit circle is also star-like in the direction of 
the 2k rays 


arg w = Fr, p=0,1,2,---,2k-—1 
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then it is shown that [g.(z)]* belongs to the class (S;,) considered above. From 
this fact it is found that the coefficients C“” satisfy the inequalities 


oer < qd® < ent a/b) 

2(1 + z)* 
(1 — z)+0/0" 
In particular, if g,(z) is star-like in every direction we have for its coefficients 
Cc” the inequality | CS? | < n, which is well-known. 


where d\ is the coefficient of z” in the power series for the function 


2. The imaginary part of f(z). _Weshall now give an analytical characteriza- 
tion of this geometric property of the functions of the type mentioned above. 
Let (S;) denote the class of functions f,(z) which have one or the other of the 
following sequence of properties: 


Either (A): 1. f(z) = 2° + > an2” is regular for | z| < 1. 
k+1 


2. There exists a 6 = 6(f;,) so that for every r in the open interval 
1—'6 <r < 1f,(z) maps!z| = r into a contour C, which 
cuts across the real axis in 2k, and not more than 2k points. 


or (B): 1. fe(z) = 2* + DS anz” is regular for |z| S 1 except for at most a 
k+1 


finite number of poles on | z| = 1. 
2. f.(z) maps | z! = 1 into a contour which cuts across the rea 
axis in exactly 2k points. 
Corresponding to the points where C, cuts the real axis, there will be 2k points 
z; = rei) 5 = 1,2, ... 2k, at which the imaginary part of f,(z), or 3 f(z) 


is zero. We may define 6,(r) = 6,(r;f) so that 
_ 0 < 6(r) S$ 27, 0S Or) < &(r) < --- < Bex(r) 
0 < 6;(r) — 6,(r) < Qn, i > 7; i,j = 1,2, --- Qk. 


If we set 
fi(re”) = u(r, 0) + i v(r, 8) 
then, with a proper choice of 6,(r), 
v(r, 0) = O when 6,_1(r) < @ < 6.,(r), s=1,2,---k, 
v(r, 0) S O when 6o,(r) < 0 < Bo41(r), s=1,2,---k, 
where 62:.4:(r) = 6,(r) + 2r. 


For brevity we shall denote here a, , jis , 2 , , by 


ay = x — (Set = =), ut &*-,8 


(2.2) 





2 


Box» 6, . 
fy = ere F Oost, s = 2,3, -°:,k, 
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6 t—s <a 6, 
(2.3) i, = 2k “ =r —a, s = 2,3,---,k, 
” 1. 6,+ 6 @. — 35 
d=5- hy Mi = . 9 7 y= ~—— 
= 3m _— aa a a Bors42 + B41 
os = 9 o1 — oe ds-1 (fens t be) 


The functions defined above are clearly functions of r, while s takes on the 
values 2,3, --- ,%. With this notation we are now in a position to obtain the 


formula (1.2) for fi,(z). 


3, Arepresentation for the functions of class (S;). Let r be any number in 
the range 1 — 6 < r < 1. In order to bring the point whose argument is 
in(r) = 3(8,(r) + 62(r)) to the positive imaginary axis we operate upon f(z) with 


the rotational function e ‘**“ where ¢;(r) = 34 — f(r), forming 
—id) : 
(3.1) H(z = a Silrze™ ) = jr*e titi, ines 
hs,(—1z) 


where h,(z) = 2(1 — 22 cosy + 2°). Hy(z) is regular for|z| <1. Forz = e* 
we have 


(3.2) § Hy(z) = 24Sf.(rze~*®)} - {sin 6 — sin (24 — 9,)}. 


An examination of the intervals in which these two factors have the same sign 
will reveal that H,(z) (save for a rotation and magnification to make the leading 
coefficient of the power series unity) is of class (S,1). Introducing now a 








second rotational function e **?“’ where 
6 6. A A 
tlr) = 2 — pt he sg - r) = —4,-(*+%) 
2 2 
we repeat the process, forming the function 
(3.3) H(z) = = Tee #2) = (i)’r k oe (kor th—i6e)i , —2 4. —— 


ha (—iz) 

2 

Again (save for the first coefficient), H2(z) is of class (S;-2). This operation, 
which we have now performed twice, is performed k times in all. At the 3 
stage we have 


04) fe) = He) _ (git Diario dg on. 
ha(—é2) 
H(z) (save for the first coefficient) is of class (Si) and there are now (k — j) 
intervals on the unit circle for which S A; ile” ) 2 0 and the same number for 
which $ H;(e*) < 0. Hence at the k*" stage we have 


(3.5) H(z) = hts = (i) epee Dasa tH be + biz oa eee 
a,(— 12 
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with ; 
$ H.(z) 2 0 for|z| = 1, and also for|z|< 1 since the minimum value # 
occurs on the boundary. 
Fe k 

Since J He(0) = B[(irbe Lert] > 9 
and since from (2.3) we have 

k k 

Li (k+1— 8p, = (3k — 2) 5 — di 
we obtain 


IV 


0. 


(3.6) (—1)*?-sin (x i) 
Also we have 
Sulrz) = Hy(ze**) -hs,(—ie'® -2) 


- Ho{ze"* +} ‘Nagi — ize’ +2) } «hs, (—ize’®) j 


k . 
= Hy(ze! 2u1**) -h;,(—ize™™) « II ha, { ize! Lait) 
(3.7) IL i, 
k 

_ Hi(—ize**) “ hs, (ze **") “ II ha;(—ze~**) 

j=2 

& - 
= (— | ii P H,(—ize***) E II h;,(ze~**). 
7=1 


Let {rn} be a sequence of values of r < 1 and tending to unity in such a way 
that the following limits exist: 


lim 6;(7n) == 6;, j => 1, 2, wld , 2k. 

Tn 

lim lis(Tn) = bs, s=1,2,-+-,k 
(3.8) ni 

lim 9,(rn) = vs, s=1,2,---,k 

Trl 

lim H;,(z) = H(z), |z| <1. 

Tal 


Hence in proceeding to the limit in (3.7) we have 
k 

(3.9) fle) = (—1)** H(—ize) - TT h,, (ze) 
j=1 


where H(z) is regular for | z| < 1, and $¥ H(z) = Ofor|z| <1. Also proceed- 
ing to the limit in (3.6) we have 


(3.10) (—1)*" sin (x m) > 0. 


Case 1. Suppose sin (Di us) ¥ 0. We define 








(3.11 


Then 


now ' 


(3.14 


wher 


$H 
form 

W 
(3.18 


Ther 
(3.1¢ 


(3.17 
It fo 


(.18 


exist 


(3.1! 
exis 
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k 


(—1)** i cos (= 1) —iH(- ize***) 


1 








ue BE 1) F(z) = ; 
| (—1)*"sin (> 1) 
1 
Then F(z) is regular for |z| < 1, ® F(z) > 0 for |z| < 1, F(0) = 1. We can 
now write f(z) in the final form 
k k k 
f(z) = IT h(2e™™)-| eos (> 1) + isin (= n)-F@)| 
ja 
3.14 sf 
(.14) == : [1 + ie **-sin o,-{F(z) — 1}] 
II a -— 2) 
s=1 i 
2k i 
where o, = 3 > 6;. 


Case 2. Suppose sin (>t us) = 0. Then we have (—1)*"H(z) = + 1 since 
4 H(0) = 0. Hence from a comparison of (3.9) and (3.14) we see that the 
formula (3.14) still holds good for this second case if we define F(z) = 1. 

We may let 


(3.15) F(z) =1+ > baz”. 
















Then since % F(z) > O for | z| < 1, it is well known’ that 
y BF (3.16) | b, | S 2 for all n. 
‘| Hence it follows that 





6.17) Foe) -1]/ 52D =~, ré. 
k I l—r 
, It follows from (3.14) that 
k k 
(8.18 . =| Mea 8 
) | fire )| = al ei r) E + 1 im? (1 ah pati 





Since for analytic functions with positive real part for lz| <1 


lim F(re”) = F@) 





rool 
exists as a finite limit almost everywhere, from (3.14) it follows that 
(3.19) lim fi(re”) = fi) 

rl 


exists and is finite almost everywhere. 


ee 


*See C. Carathéodory, Mathematische Annalen, Bd. 64, (1907), S. 95-115. 
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We have seen that every function of class (S;) can be represented in the form 
(3.14). Conversely, if F(z) is regular for | z| < 1 save for a finite number of 
poles on|z| = 1 and # F(z) 2 0 for|z| < 1, and if u,, », are any constants 
subject to the condition (3.10) then f,(z) obtained by formula (3.14) is a member 
of class (S,) and maps the unit circle into a contour cutting the real axis in 2k 
points. If, however, F(z) is not defined on the unit circle we may form f;,(z) 
as in (3.14) and also the function f;(z) obtained from (3.14) by replacing F(z) 
by F(r,z) where {r,} is any sequence of values of r < 1 tending to unity. Then 
each f; (z) is a member of (S;,) while 

f(z) = lim fe (2) 


no 


uniformly in any domain completely interior to the unit circle. 


4. The coefficients of the power series. Assuming that 


IV 


(4.1) Fi) =1+ > b,2, RF@) 20 ~~ forlz| <1, 

1 + e'-z 
areal. Hence if we expand each function h,,(ze ™’) in (3.14) in a power series 
we can identify the coefficients of like powers of z on each side of the equation 
(3.14). If then we replace each coefficient by its largest absolute value we have 


we have’ |b, | < 2 for all n, equality for n = 1 holding only for 


(2 + 2) (y 7 aie ~ 2 + > Cn2” 
k+1 


as a majorant for f,(z). Consequently we have for n > k 
n  (n+k-—1)! 

k (2k — 1)! (n — k)! 
In particular if k = 1 we have|a,| < n*. The inequality (4.2) cannot be 


improved upon as the equality sign is attained by a member of class (S;), 
namely, 


(4.2) lan] Sen = = O(n). 





z‘(1 + ez) 
(4.3) (at 


Moreover, this is the only function of class (S;) for which the equality sign 
holds. For we must have all the 1; equal to one another, (—1)*~ sin (dS i) = 
37, v; either all 0 or all equal to x. Whence u; = e** /™ for all j. Hence 
fix(z) must have the form 


e= 4-¢°°!™ 


z* F(z) 


(1 — ez)’ e= +e" 


Siz) = 





3 See W. Rogosinski, ‘Uber Bildschranken bei Potenzreihen und ihren Abschnitten,”’ 
Math. Zeit., 17 Bd., (1923), s. 265. See also G. Julia: Principes géométriques d’ analyse, 
Paris, (1930), p. 107. 
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snd again for equality in (4.2) we must have |b; | = 2 and F(z) = (1 + «)/ 
| — «). Hence equality in (4.2) for any fixed n occurs for essentially the 
one function (4.3). 


5, Typically-real functions of class k. The case where f;(z) is also real on 
the real axis is of some interest in itself. If k = 1 and if f,(z) is real on the real 
axis, f(z) is then typically-real for |z| < 1, following the definition due to 
WV. Rogosinski.* In this case since 6,(r) = 0, 60(r) = 7, uw. = » = 4 formula 
(3.14) simplifies to the form 


(6.1) fi) = = 





where F(z) is real on the real axis and RF(z) > Ofor|z|< 1. Formula (5.1) 
was first obtained by W. Rogosinski.° As he has shown, the converse theorem 
is also true: given F(z) regular for|z|< 1, F(0) = 0, real on the real axis 
with F(z) > 0 for | z| < 1, then the function f,(z) formed as in (5.1) is typi- 
cally-real with respect to the unit circle. We now generalize this idea to 
functions of class k. 

DeFIniTION. If f(z) isa member of class (S;,) and is also real on the real axis, 
we shall call f(z) a typically-real function of class k with respect to the unit circle. 

Let f.(z) be typically-real of class k. Then 








6:= 0, Oc41 = 7, Oxsy2 = 2 — O,, s = 2,3,-::,k. 
=% ax Ser-ote + Sort Bors — 9 — . TT 
M= 5, Me 9 =_ar+ “ao 8 » 3, , k. 
(5.2) vm 

n=%, Vs = ee Set og — STS -- = 2,3,---,k. 

Y, =%4> mit ™ 

=> — ls. = _ - 

rm 24 E(et 5 ) (2k 1) 5. 


In this case formula (3.14), instead of having 2k constants 6; , 7 = 1, 2, --- , 2k, 
has now only (k — 1) independent constants 62, 6,---,6. For k = 1 no 
such parameter appears; witness formula (5.1). We shall derive here the 
simplified form which formula (3.14) takes when f;(z) is typically-real. 

We suppose now that f;,(z) is typically-real of class k and is given by the 
power series 


(5:3) fez) = 2* + > a2, 
k+1 


where a!” are real numbers. If we substitute the values (5.2) in the second 
form of (3.14) the formula simplifies to 
=== racteceeseeinmenepishiadiasisenens 


‘See W. Rogosinski, ‘Uber positive harmonische Entwicklungen und typisch-reelle 
Potenzreihen,”? Mathematische Zeitschrift, Bd. 35, (1932), pp. 93-121. 
*See W. Rogosinski, loc. cit. 
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z* F(z) 
(1 — z’)-[] (1 — 22 cos 6; + 2’) 


j=2 





(5.4) ‘= = A@-I n,@), 


We have thus shown that f,(z) can be written in the form (5.4). ‘Conversely, 
suppose F(z) is regular for | z| < 1, F(0) = 1, F(z) is real on the real axis, and 
R F(z) > Ofor|z| <1. Then /f;,(z) formed as in (5.4) is typically-real of class k 
with respect to the unit circle. 

From (5.4) it follows that 


k 


(5.5) [fulre”) | S qa 


For functions of class k which are not necessarily real on the real axis we have 
seen, as in (4.2), that the coefficients a, satisfy the inequalities: 


i<” (n+k— 1)! 
= k (2k — 1)! (n — k)! 


However, for functions typically-real of class k we might naturally expect a 
better estimate resulting from formula (5.4). If fi(z) is denoted by 


i> 2] 
2+ Daz” 
2 


then it is well-known’ that | a” | < n._ Since also 





(5.6) | dn = O(n"), n>k. 


(5.7) filz) 





ha(z) = 211 — 22 cosa +2’) = >> ae 
sina 


it follows that each he,;(z) and f,(z) in (5.4) has the function z(1 — z) asa 
majorant. Hence z‘(1 — z)™ is a majorant for f,(z) whence 


(n+k— 1)! 











8 *) < -_ 2k—1 
—_ io |S ae — pie or? 
(k) 
= 1 
5. 8 ore. Sel -iaoan a 
6.9) im || = @e—1! 


which is clearly a better estimate than the one in (5.6), holding for the larger 
class of functions not necessarily real on the real axis. The equality sign is 
attained in (5.8) by the function z‘(1 — z)~™*. 


6. The sub-class of odd functions of (S,). Let k be an odd integer and 
¢x(z) an odd function of class (S;) having the power series 


(6.1) gu(z) = 2° + Do aegonz ®t. 
n=1 





6 See W. Rogosinski, loc. cit. 
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Since ¢;(2) is an odd function it follows that 


Ors = 0, + 7, s=1,2,---,k 
9 2k k k 
63) 1D 0, = DD 0+ > k odd. 


Consequently, formula (3.14) now assumes the form 


(63) (2) = = : {i + e¥QU. cos Qx a, )1FC) _ | 
II Oe ze) 1 


s=1 
Since ¢(z) is an odd function, F(z) is an even function of z. From (6.3) we 
immediately obtain for the rate of growth of ¢:(z) 
2r° ae bs “( + 7°) 
l-r) (l— rye 


2\k+1 
) 





(4) |dutre) |S qo (1 1 


From (6.3) it also follows that 2*(1 + 2’)/(1 — z is a majorant for ¢;(z) 


whence we obtain 








7 k+2n (k+n)! _ k 
i An 1 
oe lim || © gra 





If, as well as being an odd function, ¢;(z) is also real on the real axis, we have 
symmetry about both the real and imaginary axes. In this case we have 


k-1 





(6.7) O-s42 = 7 — 0, s=1,2,>-:-, - a k odd. 
Hence formula (5.4) reduces to 
$(k+1) 
(68) dx(z) = * ts $ II (1 — 22 cos 26, + 2‘). 
bal s=2 


Here again, as in (6.3), the function z‘(1 + 2°)/(1 — z’)*** is a majorant for 
#(z). Consequently (6.5) is not improved upon through (6.8) when the 
coefficients ai.42, are all real numbers. 


7. Analytic functions star-like in 2k directions. We shall suppose that for 
all values of r < 1 and near to one, 


(7.1) w= gx(2) =s + : Cz n 


ee for|z| < 1, maps|z| = r into a contour C, such that each ray arg 
= (p/k)x, p= 0, 1, 2, --- 2k — 1, cuts it in eactly one point. We shall say 
hat 9.(z) is then teedlien’ in the directions of these rays. gi(z) may or may not 
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be univalent for|z|< 1. The case k = 1 has already been discussed in an 
earlier paper by the author.’ 

Let g.(z) = pe’*. Then since g;(z) is star-like in the direction of the real 
axis we may assume that 0 < @ < 27. Suppose that g.(z) = u+i. Then 


Sloe = p* sin ko = p* sin (: tan *) 


(7.2) S[ox(z)]’ = 0 when, and only when 


tan” c= , 


Moreover, 3[g:(z)]* is alternatively positive and negative in the successive 
intervals between these points. Since there is only one value of z on|z| = 
r < 1 for each p for which (7.2) is true (on account of our hypothesis of g;(z) 
being star-like on the 2k rays) we have the following theorem: 

THEOREM. A necessary condition that a function g;(z), regular for|z| < 1, 
g.(0) = 0, gi(0) = 1, be star-like in the 2k directions arg w = (p/k)x, p = 0,1, 
2, +--+, 2k —1, is that [g.(z)]* belong to (Sx). 

We can therefore write 


(7.3) gi(z) = [fe(z)]” 


where f;(z) belongs to (S;). We see from (3.14) and (7.3) that we may take asa 
majorant for g:.(z) the function 


2(1 + z)"* al 4h) 9 
(7.4) ( — 2a = > as 2 e 


Consequently we obtain the following inequalities for the coefficients of the 
power series for g;(z): 


|e | sd = SEO De) 2-9) 


p = 0,1, 2, --+, 2k — 1. 














(n—1)! 
Gti +) C+) 
(7.5) ities 
ere -rd 
GaNeed-G-red 





(n — p— 1)! 
In particular, | CS? | < n’. 





7 See M. S. Robertson, loc. cit. 
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Of special interest is the case when g,(z) is star-like along a denumerable 
infinity of rays. If we denote the coefficients of the power series for g;(z) in this 
HF ase by CS we then have from (7.5) 


8) [Cx | $ lim dn? = n. 


k-00 


The inequality (7.6) is well-known for functions star-like in every direction 


with respect to the unit circle. 


From (3.14) and (7.3) we also have for the rate of growth of | gx(z) | 


' r 1 1/k 
(17) |ge(re") | eo 


In order to show that the order of | C“* | in (7.5) is O(n'**') we may argue as 
I follows. From the second form of the formula (3.14) together with (7.3) we 


may write 
(7.8) gu(z) = Vi(2) -Pe(2) 


where 


¥,(2) = TI (1 — so) 


s=1 


&i(z) = [1 + ie ***-sin of {F(z) — 13)" 


nu =426 


The function ¥;(z) is univalent and star-like with respect to the unit circle since 


yp Hale) 
k 


—" > 0 for|z| < 1, ¥%%(0) ¥ 0. If the numbers 8, are all distinct w = 


V(2) 


¥,(2) maps the unit circle on the star domain whose boundary consists of 2k 


rays, arg w = constant, broken off at various distances from the origin. 


angle between any two successive rays is +/k radians. 
Since ¥;(z) is star-like it follows® that 











2r 
79) = [ 10 a rT 
a |, |W,(re") | d@s ros 
} and from (3.18) we have 
Lk 
} (7.10) | (re) | < (; = ") , 
l—r 
Since we also have 
(7.11) (k) ee i <a 
(, = P d 
Cc! — [ gi(re’)e "dé 


ee 


The 


*See M. S. Robertson, ‘On the theory of univalent functions,’’ Annals of Mathematics, 


Vol. 37, (1936), pp. 374-408, esp. p. 389. 
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we obtain, using (7.8), (7.9), and (7.10) 


1 
2rr” 


1/k 2x 
(1 + r) 1 [ | V(re™’) | dé 
0 


= (1 — r)V* On 
- be ry" , 
l-r l1-r 
” 1 
_ rl] +r 1—(1/k)(] pa r)'+(/k) 


Taking r = 1 — 1/n we have 


1 VW" naw 
yitie 1+ em n 
ic | < < 


(7.13) - = ( e y"( n : = ( oo 


< en 





\cP |< 


i : | i (re™) |-| be(re“’) | do 


(7.12) 





IIA 











8. The multivalency of functions of (S,). An analytic function f(z) which is 
holomorphic for | z| < R and which takes on no value more than p times in 
this circle and which does take on at least one value p times in this circle is 
said to be multivalent of order p with respect to the circle |z| = R. With 





1+4c/k) BE 


regard to the functions f;,(z) of class (S,) considered above one cannot say in}, 
general that f(z) is multivalent of order k, but merely that if f,(z) is multivalent 


of order p then p =k. However, one can say more about the class of functions 
F,(z) defined as 





(8.1) F(z) =k (= dz=2* +k 3 oo” 
0 @ k+1 1 

On account of the identity 

(8.2) SW} = Blar@} = — MOD 


where $ denotes “imaginary part of” and where 9% F;,(re”) = u(r, @) it follows 
that each circle |z| = r < 1 is mapped into a contour consisting of k loops 
about the origin, each separate loop having the property that no straight line 
parallel to the imaginary axis cuts it in more than two points. Hence for any 
Zo in the unit circle the point wo = F;,(zo) in the w-plane can lie within at most 
k loops about it. Hence no value is taken on by F;(z) more than k times. 
It follows then that the functions F;(z) are multivalent of order k. In particular 
if k = 1, F,(z) isa univalent function, even though f;(z) is not. 

For the functions g;(z) considered in section seven, since g,(z) is star-like in 
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the directions of 2k rays from the origin, 2k-wise symmetric, the functions 
u.(z) defined as 


ea ee 

(8.3) me) = [OO wart DO, 

are, as we have shown elsewhere,’ not only univalent, but are “convex in k 
directions.” Thus w = px(z) maps each circle|z| = r < 1 into a simple 
closed contour having the property that no straight line parallel to any one of 
the k directions arg w = (p/k)x + 32, p = 0,1, 2, ---, 2k — 1, cuts the contour 
in more than two points. If one denotes the coefficients of the power series 
for u,(2) by BS one has from (7.5) and (7.13) and from the fact that np = c 
the inequalities 


(8.4) ; |B | < A(k)n"* < en'* for all n, 


where A(k) is a constant depending upon k and not upon n. In particular, if 
u:(2) is convex in every direction one obtains the well-known inequality | 6S” | < 1 
as is seen from (7.5). 


YaLeE UNIVERSITY. 





*See M. S. Robertson, loc. cit. 
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UBER DIE PARSEVALSCHE GLEICHUNG FUR VERALLGEMEINERTE 
FOURIERSCHE INTEGRALE 


By B. Lewitan 
(Received April 26, 1937) 


1. Es sei f(z) eine fir — ~ < x < @ erklirte komplexwertige Funktion fiir 
welche die Funktion [f(x)]’/(1 + 2’) in [— ©, ©] absolut integrierbar ist, also 
eine Funktion der Klasse Fj nach S. Bochner. 

Bekanntlich kann man der Funktion f(z) ihre sogenannte verallgemeinerte 
Fouriersche Transformierte 


A —iar a 
Te [ fla) © Lax) 4, 
Ao 2r —A —12z 





wo 
1 |z|s1 
L(az) = 
0 |z|>1 
zuordnen. 
Satz 1. Ist 





A —iar 
Ula) = lim. 2 | fe) 6 — © az 
A->eO 2Qr —A —1t2Z 





. A —tar 
Te) « in [ ay —— I ag 
Ae 2Qr —A —12x 





1 ro) —iazr _ 
E(a) = 5 [ _S(2)g(2) —— on dx 
l—iar |xr| 1 
0 la|>1 
wo f(x), g(x)e Fi , so besteht fiir jedes « > 0 die Beziehung 
A}. E(a) _ E(a + 2) — 2E(a) + E(a — 2) 
2e 2e 
=} [tv@-6+0 - v@-6-0}-1V6 +0 - Ve - dM 
Beweis. Aus 


Ula +e) — U@—e) _j., 1 * pla) AE erie gy 


2 A7w Ww JA x 


Via + «) : Va@-«) _ Lim. 5 g(x) 
AsO T J—A 
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Klasse 
erscher 
Es gen 
Fourier 
Werden 





PARSEVALSCHE GLEICHUNG 


folgt nach der gewohnlichen Parsevalschen Gleichung 


ti Wwa@-B+8 ~ Ula — 6 — 0)}-(VB +6) — VB — &jag 


A>. E(a) 
€ ’ 


my ie gin’ 6T ies, _ 
= 2 [sero(e) Pe aa 


€X 


was zu beweisen war. 


2. Satz 2. Damit eine Funktion F(x) gleichmdssig in[— ~, «] und beliebig 


) 


genau durch Integrale [ v(a)e**"da mit i | p(a) | da < © approximierbar sei ist 


notwendig und hinreichend, dass F(x) stetig ist und fiir |x|—> © nach Null strebt. 
Bewels. Es sei gegeben, dass fiir jedes « > 0 eine Funktion ¢,(qa) existiert, 
fir welche 


sup | F(z) -| eo (a)da| < «, il | eela)| da < om, 


—m<z<0 
ce) 


Bekanntlich ist [ e'** ».(a)da stetig und strebt nach Null fiir || — % woraus 


die Notwendigkeit unmittelbar folgt. 

Es sei jetzt F(x) als stetig vorausgesetzt und es mége die Beziehung | F(z) | < 
fir|2| > | 2, | statt finden, wo « > 0 beliebig gewahlt werden kann. Wir 
nehmen die Funktion 


1 |e] Ss 2 
A(z) =< —|\z| +au%+1 2S \|¢e|/ S241 
0 |lzj|2u41 


und setzen F.(x) = d(x). F(x). Offenbar ist | F(x) — F(x) | < ¢ fir — 
<t< ©. Die Funktion F,(x) ist stetig und gleich Null ausserhalb des In- 
tervalls (— 2 — 1, a + 1). Daher kann man F,(z) gleichmissig durch tri- 
gonometrische Integrale approximieren, woraus die Hinlanglichkeit folgt. 


3. Die den Bedingungen des Satzes 2 geniigende Funktion F(x) gehért der 
Klasse F}. Wir wollen zeigen, wie man vermége der verallgemeinerten Fouri- 
eschen Transformierten U(a) fiir F(x) diese Funktion konstruieren kann. 
Es geniigt dazu zu zeigen, wie vermége der Funktion U(a) die gewoéhnliche 
Fouriersche Transformierte fur F(x) (und somit auch F,(x) selbst) gefunden 
werden kann. Ist 





ek pee “ e '** — Dy(ax) 
(«) = Lim. = } A(z) ss dx 


Ao 


Va) = Lf (2) ete Ly(ax) is 4% sin (2, £8 a sin $a dx +C 
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so i nach dem Satze 1 
sin” nx eit 


~‘erge = jim fF ax | 
on |. “Pda)e dx ms on E Ax ) “(nz)? az)? lt 


ane “Ula — 8) —_ és = fr U(a — 8) V"(8) dp = [ U(a — 8) | 


n—0 


ON C 





{x, cos (2% + 4) iadee + 3sin at 1)8} B — 2 sin (x, + }) Bsin 18 i, 
wobei die Méglichkeit des letzten Grenziiberganges leicht bestetigt werden | 
kann. | 


Cuarkow, MaTHEMATISCHES INSTITUT AN DER Universitat A, M. Gork1. 
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ON CERTAIN METRIC SPACES ARISING FROM EUCLIDEAN SPACES 
BY A CHANGE OF METRIC AND THEIR IMBEDDING 
IN HILBERT SPACE’ 


By I. J. ScHorNBERG ° 
(Received January 7, 1937) 


1. W. A. Wilson ((9])* has recently investigated those metric spaces which 
arise from a metric space by taking as its new metric a suitable (one variable) 
function of the old one. He considered in particular the euclidean straight 
line R, whose metric 8 = PP” is changed to A = d(P, P’) = PP” and showed - 
that this new metric space can be imbedded’ in Hilbert space ©. Here the 
old metric 6 and the new metric A are connected by the relation A’ = 6. 

In an article soon to appear ((5]), John von Neumann and the author have 
determined all the functions f(6) such that if R, is provided with the new 
metric A, defined by A” = f(5), 6 = PP’, the new metric space thus arising 
shall be imbeddable in §. They are of the form 


(1) fe) = | i == da(s), 





where a(s) is non-decreasing for 0 S s < o and such that | s* da(s) exists. 
1 


Wilson’s case f(5) = 6 is included in the general formula on account of 


(2) .. | ~ sin’ (s8) ds, (6 = 0). 
0 


T 3? 





In the present note Wilson’s example is extended to higher dimensional 
euclidean spaces, its chief result being the following theorem. 

TaeorEM 1. If we change the metric of the euclidean space R» from the euclid- 
can distance PP’ to the new distance 


8) d(P, P’) = PP”, (0<y< 1), 


the new space R°” thus arising may be imbedded isometrically in the Hilbert 
space §. 





’ Presented to the American Mathematical Society, February 20, 1937. 
‘The numbers in square brackets refer to the list of references at the end of this note. 
* Here and throughout this note the word imbedding is meant in the sense of isometrical 


| imbedding. 





{ 
1 
- ¢ 


‘The case y = 1 is trivial. The theorem does not hold for y = 0, for the space . 
vithd(P, P’) = 1if P # P’ and d(P, P) =0, is obviously not separable. The constant 1 is 
the best constant, for R,, isnot a metric space if y > 1. 
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2. As for all such imbedding problems into §, the proof of Theorem 1 is 
based on the following theorem of Menger ([4]). 

A metric space can be imbedded in $ if and only if R is separable and every 
set of n + 1 (n = 2, 3, 4, --- ) distinct points of R can be imbedded in R,, . 

Therefore, as our R%” is obviously separable, it suffices to show that any 
n + 1 distinct points Po, Pi, +--+, Pa, of RS” can be imbedded in R,, ie., 
there exist n + 1 points Q, Q:,---,Q,, of R, such that Q,Q, = P,P," 
(u,v = 0, 1,-,-,n). This “finite” imbedding problem is readily solved by 
means of the following theorem ([6], Theorem 1, p. 724). 

The quantities ay, (u,v = 0,1,---,; Quy = ay > Oif wu ¥ v, ay = 0) are 
the distances of n + 1 points Qo, Qi, ---,Qn, Of Rn, 1.€. Qu = Q,Q,, if and 
only if the quadratic form 





n 
F(z, 2) = 3 >> (a9; + an — ain) Xj Xp, 
qd» = 


is positive, i.e. always 20. If this form is positive definite, the points Q, are the 
vertices of a n-simplex.° 

Our finite imbedding problem a,, = P,P,” = Q,Q, is therefore contained 
(for a = 2y) in the following theorem. 

TueoreM 2. If Py, Pi,---,Pn, are distinct points of a euclidean space 
Rm (m = 1), the quadratic form 








(4) F(a, x) = 3 au (Py P;* + PoP. = P; Py) 2; 2% (0 <a< 2) 
ik= 


is positive definite.” 

Note that in order to prove Theorem 1 we need only to know that 
F‘” (x, z) = 0. Its positive definiteness means that in order to imbed into 
any n + 1 distinct points of 2S” we need fully all dimensions of a n-dim. sub- 
space of §, ie. a R,. 





5L. M. Blumenthal ([2], Corollary, p. 402) proved the following result. Jf Pi(i = 
0, 1, 2, 3) are four points of a metric space R, for any nonnegative number y, not exceeding 3, 
there exist four points Q;(i = 0, 1, 2, 3) of Rs such that Q;Q; = {d(P; , P;)}"(i, 7 = 9, 1, 2, 8). 

This result is not contained in our present problem, for the distances d(P; , P;) are not 
assumed in Blumenthal’s theorem to be the edges of a euclidean tetrahedron. If this 
assumption is added, as for instance by assuming # to be a euclidean space, Blumenthal 
conjectures that the inequality 0 < y S } of his theorem may be replaced by 0 S$ 7 1 
(loc. cit., concluding remark of section 4, p. 403). Theorem 2 below proves this conjecture 
and extends it from four points to n + 1 points. 

¢ This elementary theorem is in substance identical with the well known correspondence 
between lattices of points and positive definite quadratic forms. See H. Minkowski, 
Gesammelte Abhandlungen, vol. 1, pp. 243-254, where also references to Gauss and Dirichlet 
are found. For an imbedding problem of arithmetical nature see I. J. Schoenberg, [7]. 

7 Communicating the proof of Theorem 2 to Prof. G. Szegé, my letter and one of his 
crossed each other; in his letter Prof. Szegé proves independently and in a different way 
Theorem 2 for a = land m =1,2and3. Anextension of his proof to arbitrary a (0 < < 
2) is obvious, but not an extension to all dimensions m. 
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3. Let us pass now to the proof of Theorem 2. Although this theorem is 
algebraic in nature, at least for rational values of a, an algebraic proof would 
probably be difficult and complicated. The following proof is elementary but 
uses transcendental means. To simplify notations we prove it first for m = 3, 
ie. Po, Pi, +++, Pn, are points in ordinary 3-space. 

Consider the following function of three real variables 

au, v, w) —_ ro ei ustontut) de a Righter) 
7 §2-fq24f2—1 


which is the mean value of the function e‘“**’"*”? over the spherical shell 


P+ + =1. Qu, », w) is obviously invariant with respect to rigid rota- 
tions around the origin and is therefore a function of r = (u® + v® + w’)! only, 
which we denote by Q(r). Now 


2x r 6 . 
Ar) = 2(0,0,r) = i i e789 sin Ode dé = i i e789 in Odd = ll 
4x Jp 0 0 r 


hence 


(5) Q(r) - r _ as: mailed (r o (u? + vy ‘+ w’)'). 


r 
Let Po = (0, 0, 0), P; = (u;, v;, w;), indicate the coordinates of our points 
inks. For s = 0 we have 


(8-P,P,) = 2(8-V (uy — we)? + (ty — 0»)? + (wy — w,)?) 


a Ri ghee eH e-enheting-oolt } ; 





whence 
(6) 2(s-P, P,) = HU ef eettrortest) , -—seluoktoretwos)) (s > 0). 


On the other hand we have (as is readily seen by substituting st’ for s in the 
integral) for 0 < a < 2 


» nea): i’ —- Sis @ ed [ (1 — 2(s)}s*%ds 


(0<a<2;t>0), 
where 


c(a) = i/o {1 — Q(s)}s “ds (0 <a < 2). 


We may now express our hermitian form F‘*(z, #) as follows 


n 


iD) (PoPs + PoP. — PjPi\ait 





” elie Pas {1 — Q(s- Po P;) — 2(s- PoP.) + Q(s- P; P,)}x;%-ds, 
1 
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where 2, --- ,2n, are arbitrary complex numbers. Writing 
n 
m1 = p> Lj 
1 
we have 


d {1 — 2(6-PoP)) — 2(s-PoP,) + O(6-P,P,)} 25s 


n 
Es, 





2 n n n n ae 
— 2s PoP))2i° Ls te — 2, 0s: PoP.)Ee- Ds r+ > Q(s-P; P,)2;%; 





= | x0 |” ob fo Do Q(s- Po P;)a; + to 24 (8: Py Ps) + 2s: P;P,) rit 


= > s-P,P,)z,2,, 


p,v=0 


which, in view of (6), is equal to 


n 2 
an to + Doze itt rittesd '} 
7 . 
j=1 


2 x (PoP; + PoP.” — Pj Px")2it 
7» 





Now (8) becomes 











(9) d | 
= 20. f° miles 4 Sapeteernrel lan zo 
2 0 7=1 
Here we have the equality sign if and only if 
(10) Xo 4 } ¥ ze nitoiete? ~ 0 


j=1 
holds identically in s and the direction cosines £, 7, ¢. As the points (u; , 0; , vj) 
are all different and none is at the origin, a direction (£, 7, ¢) can be found for 
which the inner products u;é + vjn + w;f (j = 1, --- , ) areall different and 
none is zero, and now (10) implies that 2; , --- , 2, must all vanish. Theorem 2 


is thus completely proved for m = 3, hence also for m = 1 and m = 2. 


4. An extension of the proof to any value of m is now obvious. All we have 
to do is to repeat the above argument with the function 


(11) Qn(r) = ME eh urertestumém) y ~ (u2 Pere v2}, 


Huilit---tumim) over the spherical shell 


+e +h = 1. 


that is, the mean value of e 


Thus for m = 1 we have 


QX(r) = 2(e +e”) = cosr 


ONE etn «ster ocean ve + 


ee 
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and form = 2 


2r 
Q2(r) —_ | eiits cosb+us sin@) dé = Jo(r) 


where Jo(r) is the Bessel function. 
To settle the matter there remain only two essential details to be checked. 
First, that the improper integral in the formula 


(12) t* = cn(a) i] — ds (0<a<2;t>0), 
0 


which is the analogue of (7), actually converges for 0 < a < 2. Second, that 
the factor 


Cm(a) = i/f {1 — Q,(s)}s-** ds 
0 
on the right side of (12) is defined and positive for 0 < a < 2. Both facts 
were obvious in the case of (7), for 23(r) = sin r/r enjoys the properties 
—1 S$ 2(r) <1, Q(r) = 1— 3+... 


In order to establish similar properties of Q,,(r), we remark that by m-dimen- 
sional polar coordinates we readily find 


(13) Qn(r) = i 7? sin™ * 9 dO / i sin” °6 dé. 
0 0 


Expansion of the exponential integrand in its power series shows that ©,,(r) 
isa real and even entire function of r. The remark that | @,,(r) | S$ 2,(0) = 1 
completes the argument. 

Incidentally, (13) gives the expansion 


2 4 6 


“ai «1-2. : - a i. 
i) 0.6) = 1- 5 + sae Sieeeehetet 


from which the following expression in terms of Bessel functions of the first 
kind becomes apparent 


(15) Qn(r) = r(™)(2) J ¢m—2)(1) (m = 1,2,3,---). 





2 


" To John von Neumann are due the following consequences of our previous 
results, 

THzorEeM 3. Let $y denote the metric space obtained from the Hilbert space H 
by replacing its metric d(x, x’) = || x — 2’ || byd,(z, x’) = ||a— 2’ ||"O<yS 1). 

1. §, may be imbedded in . | 

2. 1f0 <y S$ 6 S 1, S, may be imbedded in §;. 

The first statement is essentially equivalent to Theorem 1 on the basis of 
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Menger’s theorem. Indeed, as any n + 1 points of §, may be imbedded in §, 
the whole of $, may thus be imbedded. This result may be stated analytically 
as follows: There exists a function ¢,(x), defined for all z € $, with ¢,(z) « §, 
such that 


Il er(z) — gy(v’) || = || x — 2” ||" (x € G, 2’ € §). 


As for the second statement, which contains the first as a special case (6 = 1), 
consider §,;5. A function ¢/s(7) which performs its imbedding in § satisfies, 
as just mentioned, the identity 


|| Pyis(Z) — oyjs(x’) | = || s- @ ~~” (re GH, 2’ 9), 
whence 
ll eae) — gya(a’) ||’ = || a — 2" ||" (xe H, x’ € ). 


Hence ¢y;3(x) (x ¢€ H), which imbeds §,,; in §, at the same time performs the 
imbedding of §, in §;. 


6. Let us finally state and prove the following corollary of Theorem 2. 
TueoreM 4. If Po, Pi, --- , Pare distinct points of the euclidean space R, , 
the quadratic form 


n 


ZL P; Py: Xe (0 < a < 2) 


i,k=0 


is non-singular and its canonical representation contains one positive and n negative 
squares. 
The sole difficulty consists in proving that the determinant 


det || P: Px” ||o.n ~ 0. 
Let us show that 
(16) sgn det || P;P,” ||on = (—1)” (n 2 1). 


Now perform in R, an ordinary inversion by reciprocal radii with respect to the 
sphere of center Po and radius r = 1, and let Q,, --- , Q, be the transforms 
of the points P,,---,P, by this inversion.» Consider the determinant of 
order n + 1 


0 1 
| a (Gi, k = 1,2, +++, n). 
1 QQ; 
On the one hand we find (compare Blumenthal [1], p. 424) by suitable subtrac- 
tions of lines and columns 


D = (—1)" det || QQ," + QQ." — QQ," || (r,s = 2,3, ---, 7); 











§ This inversion was suggested by the equivalence under inversion between the triangle 
inequality and Ptolemy’s inequality of elementary geometry. See J. Hadamard [3], 
pp. 228-229. 
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hence 
(17) sgn D = (—1)" 


by Theorem 2. On the other hand we have (since r = 1) by an elementary 
property of inversion 





Q:Q: = P;P,/(Po Px: PoP,); (i, k = 1, rene ,» n), 
whence 


0 1 re Py Py" | 
D= . . - = (P)P, +--+ PyP,) ° : al 
1 P;P, /PoP;+ PoP; PoP; P;P, 
Hence (17) implies (16). The theorem now follows from the classical theory 
of the signature of quadratic forms. 
A special case of Theorem 4, where a = 1 and Po, --- , P,» areequidistant 
points on a straight line, was discussed from the point of view of Toeplitz 
matrices by G. Szegé [8]. 











REFERENCES 


(1) L. M. BLUMENTHAL, A note on the four point property, Bull. Amer. Math. Soc., vol. 39 
(1933), pp. 423-426. 

(2) New theorems and methods in determinant theory, Duke Math. J., vol. 2 (1936), 
pp. 396-404. 

(3) J. Hapamarp, Lecons de géométrie élémentaire, vol. 1, Paris, 1931. 

(4) K. Mencrr, Die Metrik des Hilbertschen Raumes, Anzeiger de Akad. der Wissenschaften 
in Wien, Math. Nat. K1., vol. 65 (1928), pp. 159-160. 

(5) Joun von NEUMANN AND I. J. ScHOENBERG, Fourier integrals and metric geometry, to 
appear in the Transactions of the Amer. Math. Soc. 

(6) I. J. SchonnpeRG, Remarks to Maurice Fréchet’s article ..., these Annals, vol. 36 
(1935), pp. 724-732. 

(7) Regular simplices and quadratic forms, J. London Math. Soc., vol. 12 (1937), 
pp. 48-55. 

(8) G. Szzaé, Solutions to problem $705 (proposed by Raphael Robinson), Amer. Math. 
Monthly, vol. 43 (1936), pp. 246-259. 

(0) W. A. Witson, On certain types of continuous transformations of metric spaces, Amer. 
J. of Math., vol. 57 (1935), pp. 62-68. 


Cousy CoLLEcE, WATERVILLE, MAINE. 











ANNALS OF MATHEMATICS 
Vol. 38, No. 4, October, 1937 


RIEMANNIAN SPACES OF CLASS GREATER THAN UNITY 


By Luruer PraHLeR EISENHART 


(Received May 20, 1937) 


The geometry of a Riemannian space V, as a subvariety of a Riemannian 
space V,,,, was studied first by Voss.’ In presenting this theory by means of 
tensor calculus Ricci’ made use of n linearly independent mutually orthogonal 
unit vectors of Vn, normal to V,. This method was followed in my presenta- 
tion of the theory for spaces whose fundamental quadratic form is definite or 


indefinite as the case may be, when V,:, is a general space and in particular when | 


it is flat. Burstin and Mayer, together and individually, have developed a 
theory for the case when the fundamental form is definite in accordance with 
which the n normal vectors are chosen in a particular manner and arranged in 
groups, each group being treated as a unit, resulting in a generalization to 
varieties of higher order of the Frenet formulas for a curve." 

In the present paper a study is made of a V, of class p(> 1), when the funda- 
mental form is definite or indefinite, and the vectors normal to V, are chosen in 
groups somewhat after the manner of Burstin and Mayer, but the groups are 
not treated as units. 


1. Let V, be a Riemannian space of coordinates x’ with the fundamental 
tensor g:;, not necessarily positive definite, and such that the Riemannian 
curvature tensor R;;;, is not zero. We assume that V, is immersed in a flat 
space S,,, of cartesian coordinates z*, and that this is the flat space of lowest 
order in which it can be immersed, that is, V, is of class p. If the fundamental 
form of S,;» is denoted by >>. ¢a(dz*)’, where the c’s are plus or minus one as 
the case may be, we have 


az* 
1.1 a “i i= ij < =>: 
(1.1) > Cat, Z,j ij, z, aa! 
Differentiating covariantly with respect to 2’, we have 


Do aes 2% + Dy CaZ%2%, = 0. 
a a 





1 Zur Theorie der Transformation quadratischer Differentialausdriicke und der Kriimming | 


hoherer Mannigfaltigkeiten, Math. Annalen, vol. 16 (1880), pp. 129-179. ; 

* Formole fondamentali nella teoria generale delle varieta e della loro curvature, Rendicont! 
dei Lincei, ser. 5, vol. 11! (1902), pp. 355-362. 

?R. G., pp. 159-163, 189-192. A reference of this sort is to the author’s Riemannian 
Geometry, Princeton, 1926. 

‘ Cf. Monatshefte fiir Mathematik und Physik, vol. 34 (1926), pp. 89-136; vol. 35 (1928), 
pp. 87-110; vol. 36 (1929), pp. 97-130; also Transactions of the Amer. Math. Soc., vol. 38 
(1935), pp. 267-309. 
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If we subtract this equation from the sum of the two equations obtained from it 
by interchanging 7 and 1, and j and / respectively, we obtain 


(1.2) Do Cazi2%; = 0. 


It follows from these equations that z%; are zero or the components of a vector 
field of normals to V,. But from the Ricci identities’ 


a @ h 
(1.3) Ziik — Zing = ZaRijx 


it follows that all of the quantities 2%; cannot be zero, since Rij, ~ 0 by hy- 
pothesis. When 7 and j take all values 1 to n, there are at most }n(n + 1) 
such vectors; we denote by qi: (Sp) the least number of independent normals 
in terms of which the former are linearly expressible. Hence we have’ 


(1.4) 2a; = Do apisds (o = 1, +++, q). 
p 
When q; = p, the vectors \¢ can be chosen to be mutually orthogonal unit 
vectors, since it is assumed that the determinant g = | g;; | is not zero.’ 
In what follows we consider the case qi < p. From (1.2) we obtain 
(1.5) Dd cales2%jn + 2%%2%;) = 0. 


If \; in (1.4) are mutually orthogonal null-vectors, we have from (1.5) that 


(1.6) > Caz zijn = 0. 


Multiplying (1.3) by c.z% and summing for a, we have in consequence of (1.6) 
that Rij. = 0, contrary to hypothesis. Hence the vectors \f, even if null 
vectors, are not mutually orthogonal, and consequently there is at least one 
non-null vector which is linearly expressible in terms of \; ; we choose its com- 
ponents so that it is a unit vector, and denote it by ni. Either every vector 
orthogonal to it and expressible linearly in terms of \; is expressible in terms of 
mutually orthogonal null-vectors or not. If not, we get another unit vector 
mt . Continuing this process we have that z{; are expressible in terms of 
u(S q) mutually orthogonal unit vectors n7 and q — qi mutually orthogonal 
null vectors &, each orthogonal to the vectors n¢. We say that these 
vector-fields and all vectors linearly expressible in terms of them constitute 
the first normal complex, N;. We have 


an dX ca(n2)® = ee, > cantn? = 0 (6 7), D> cans zi = 0 
1, dia qi); 


(,7= 





‘CE.R.G., p. 30. 
Cf. R. G., 856. 
"R.G., p.145. The case q; = pis treated in §56. 
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where the e’s are plus one or minus one as the case may be. Also we have 


Dd calE2)? = 0,  Diceésne =0, DLicasses-=0, DLicat@z% =0 
(1.8) * 7 m - 
(w, w’ = qa +1, +++, q). 


We replace (1.4) by 
(1.9) Zi; = Dd eeberisne + » Calista - 
If the last of (1.7) is differentiated covariantly with respect to x", we have in 
consequence of (1.9), (1.7) and (1.8) 
De cansn2t + boiz = 0, 


from which and (1.1) it follows that 
(1.10) p>» Calne, + being” za)es = 0. 


Also from the last of (1.8) and (1.9) we have 
(1.11) Dd Catenzs = 0. 


Hence the quantities ¢%, and the expressions in parenthesis in (1.10) for each 
set of values of w, k and o are components of normals to V,. These normals, 
as w, k and o take on all possible values, are expressible linearly in terms of 
ne, 2 and gz — a(S p) other independent normals, say £, for o. = 
1 + 1, idee 

Since any normal to V, is expressible linearly in terms of the unit vectors 
nz and p — q; other mutually orthogonal unit vectors orthogonal to 7¢ °, it follows 
that each vector £%, is orthogonal to the vectors n¢. Consequently we have 


(1.12) Decent, = 0, Di cakt29 = 0 (2 =at1,-°°°,m)- 
In view of the preceding discussion we have 
(1.138) noe = Doing 2% + Do Crvrenne + Do Moo€S + Ly Megoieber 
¢ w 72 


and 


Eon = De eePraikte + Dy Mureber + Ly Mequintcr 
(1.14) . ” *~ 


(o,r=1,-++,qi;0,0 =q +1, °°°, a) 


the »’s and y’s so defined being components of covariant vectors in V,. 
We say that the vector-fields £%, , if they exist, span the second normal complez, 
Nz. This normal complex is determined by z%;, obtained from (1.9), and 





8 R.G., p. 145. 
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consequently is not conditioned by the arbitrariness involved in the choice of 
the vectors ne and &. 

If we put 
(1.15) Di Ca ESkey = Auer, 


we have, on differentiating covariantly with respect to x‘ the first three of 
equations (1.8) and making use of (1.12), (1.18) and (1.14), 


(1.16) > Keqwf[kAacg = 0, 
72 
(1.17) ya Mege/k Goo + Vowlk = 0, 
2 
(1.18) p > (Uesw/k o'er + Hoow’/k Qos) = 0. 
72 


If we express the condition of integrability of (1.9) dy means of (1.3), and 
observe that there can be no linear relation between z%, nz , & and &,, we 
obtain the following four sets of equations of condition, in which a term with 
carets (“) over two indices stands for this term minus the similar term with 
these indices interchanged as in (1.19): 


(1.19) Riri = > Co(bepnsbosix — bem desis) = > Ca beni Dein 
(1.20) bepit + Le erbriiiverst + Qi Coriirowsi = 0, 
(1.21) Coli, + > Co bejij boost + » Cu’ [ij How's = 9, 
(1.22) Li eebetiiterett + Ls Corsi Morert = 0. 


If we differentiate the second of equations (1.12) covariantly with respect 
to 2’, the resulting equations are reducible by means of (1.9) and (1.12) to 
De cakeuet + Li Cyn Li CatesES = 0 
from which we have, in consequence of (1.1) and (1.15), 
x Ca( Een + > Ca ibuen9” 2h) za = 0. 
Consequently the expressions in parentheses are components of a normal vector. 


Hence we have 


book = —-> Cu/jkAwon 9” 2h + » Co Voostk No + pm Buoslk&o 
(1.23) " < 7 


+  & ~<A + bh HMesea/k bes (a3 = qa + 1, cee qs) 


where £*, if they exist, are the components of normal vector-fields spanning 
the third normal complex, N3. 
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From considerations similar to those leading to the first of (1.12) we have that 


(1.24) ds Cane te, = 0. 


From (1.7), (1.8), (1.12) and (1.13) we obtain 
(1.25) voels + Veofk = 0 (o,7 _ 1, gives +41): 


When we express the condition of integrability of n7/,., that is nf. = 
neizk, We obtain in consequence of (1.20) and (1.25) 


(1.26) - [ cotit vent + } Cul ik Mo2o/t Auer | = 0, 
o 2 
Vrolk,t + g” beni Do sii + z C$oVpa/kYrpfi + i Meo /kYrefi = 0. 
(1.27) " . ; 
o € =a +1,--:,q), 
Muo/k,t + g”” Cun Dorit + .§ CrVrofk Mur/i + p Meo/k: Moe/t = 0 
(1.28) ; ‘ 
(ec =a+t+ 1, * +5 qa), 
(1.29) Mogo/i:,i + > Cr Vrofk Magr/t + > Mecli:Mose/i = 0. 
(1.30) i Mese/kMosoo/i = 0. 
2 


Proceeding in the same manner with (1.14) we obtain 


(1.31) pe CrVrafk Or ni + Ee Mogu/k Cu’ [hi Nw'os = 0 (w, wy’ = qi + 1, sei qu), 


72,0 


(1.32) Vrofk,t + p ie CoV pwfkYrp/fi + > Meo wfk Vea’ fi + ; 3 Moqu/kVros/i = 0, 
a w! 3 

(1.33) Mew/k,l + L Co Vow/k: Meo/t + > > Meoof kc Meco’ /t + p Moow/k Meos/i sal 0, 
¢ w! 2 


(1.34) p> Mosw/k Me3oo/i _ 0 (e _ q1 + 1, mere ’ q2)- 
o2 


2. We consider the case when the first normal complex N; consists of a 
single vector-field. By the argument following equation (1.6) this cannot be a 
null-vector field provided Rai, ~ 0. If it is a unit vector-field 77, , it follows 
from (1.22) that bi; = piue,s;, and then from (1.19) that Ris. = 0. Hence 
we have: 

The first normal complex N, of a Vn for which Rnijz ~ 0, immersed in a flat- 
space of order n + p (p > 1) consists of more than one vector-field.” 

As a corollary we have: 





® This theorem for the case when the fundamental form is definite has been established 
by Burstin, Monatshefte, vol. 36 (1929), p. 114. 
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For a V», of class 2, when immersed in a flat-space of order n + 2, all the vectore 
normal to V, are in the first normal complex N, . 

We consider next the case when the first normal complex is spanned by 4: 
unit vector-fields and q, — qi null vector-fields, all mutually orthogonal, and 
N,is vacuous. Differentiating the second of equations (1.8) and making use of 
(1.13) with poye/e = 0 and (1.14) with y,,0;. = 0, we obtain 


(2.1) Voulk = 0. 
In this case (1.20) and (1.27) reduce to 
(2.2) besi3.é + } is Cr bs /i3 Versi = 0, 


(2.3) Vrolk,t + g” beni desi + Zz, CoVpalk¥rp/i _ 0. 
p 


But these and (1.19) are the conditions of integrability of 
(2.4) «2; = p Co be yii Ne y 


ane 


(2.5) at 


= — beng” 24 + } CrVrofk Nr - (o,r =1,--- 91). 
Hence we have 

If a V,, is immersed in a flat-space of order n + p and the first normal complex 
is spanned by q; unit vector fields and q, — q; null vector-fields all mutually or- 
thogonal, and if the second vector complex N2 is vacuous, then V, can be immersed 
in a flat-space of n + q; dimensions, and the first normal complex is spanned by 
q: mutually orthogonal unit vector-fields. 

Consider now the case when in the preceding theorem the normal complex N2 
is not vacuous, and the number of independent equations in the Pfaffian system 


(2.6) Veet” = 0, Kew/k dx" = 0 (r si 1, sates qi; bea qi + 1, oe gz) 


for a given value of w is r which we call the rank. If r = n — 1, the equations 
define a congruence of curves in V,, such that the components of £& at all 
points of any one of these curves have the same value, as follows from (1.14), 
that is, these normals are parallel. If r < n — 1, and dz‘ and dz" are two 
sets of differentials satisfying (2.6), we have from (1.32) and (1.33) 


Vrwjt,idz dx = 0, Mew /it,idx" dx" = 0. 
Consequently the Pfaffian system (2.6) is completely integrable, that is it 
admits a solution 
(2.7) ga(x', wee, x”) = C, PE Bite r), 


Where the c’s are constants.’ In this case the normals £% at all points of each 
V, defined by (2.7) are parallel. Hence we have 


cae estssienetiniseD 
"Cf. R.G., p. 190. 
"<X, Goursat, Le Probleme de Pfaff, Hermann, Paris, 1922, p. 267. 
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If for a given w the rank of the Pfaffian system (2.6) is r(< n), the system defines 
in V, a family of sub-varieties V,, one through each point, such that the normals 
£% to V, at all points of a V, are parallel. 

If the vector &% is orthogonal to all the vectors &, , we have (2.1) and the 
Pfaffian system is uo. dz" = 0. If all the vectors £2 forw = q; + 1,... qh 
are orthogonal to a vector &, , that is a,,. = 0, and the rank of the Pfaffian 
system 


Veos/k xe = 0, Meoo/k dx" = 0 (e = at 1, ee a » 9s) 


is 71(< n), there exists a family of varieties V,, in V, at all points of each of 
which the vectors £3, are parallel, as follows from (1.23) and the conditions of 
integrability of these equations. 


3. In this section we consider the case when Ne consists of a single vector- 
field £7, and N; is not vacuous. From (1.30) and (1.34) we have 
(3.1) Mazo/k =9obx, Mau/k = Bo mr, 


and pgsq./k = Wome. The 6’s and w’s are scalars. Not all the @’s are zero, 
otherwise Nz is vacuous, as follows from (1.13) and (1.14). Likewise all the 
y’s are not zero, otherwise N; is vacuous. From (1.23) it follows that N; 
consists of the single vector-field >>., Yc; 6;,, which we denote by é,, where 
ds = @ +1 = qm + 2, and we put 

(3.2) Hazsa/k = Mk y 


and use these y’s in (3.1). Thus we have 

If Nez consists of a single vector-field and N3 is not vacuous, then N3 consists of a 
single vector-field. 

Consider the quantities >> e. 2 é>,. Either all of them are zero, or by re- 
placing the vectors &% by suitable linear combinations of them we have 


(3.3) ) ® obs, bee = Aq; pi Cats £5, = 0 (@ = q1 + 1, o* a 1), 


and the components of £7, can be chosen so that a, = 1, if not zero. Now (1.23) 
becomes 


th a 
(3.4) on = —Cqi/jk Aq, g Zant Zz Co Voqs/kNo + p Mugo/k tuo + Hosastk Eas + Be bas- 
o @ 


In order to obtain the conditions of integrability of (3.4), we must have an 
expression for &,,,. On differentiating 


py Cakes Ze = 0 
covariantly, we see that, if we put 


(3.5) Dy Cabs ES, = be, 





the 


take 
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the quantities £,,. are necessarily of the form 
jh @ 
fk = De copindug” 2 + Zz CeVoqs/kNe + } Mugsikta + Mesas/k bes 
w - o @ 


(3.6) e a 
+ Masas/k &a3 + + w Moyas/k Seq» 


where the »’s and »’s so defined are components of covariant vectors in V,, 
and &, for og = gs + 1, --- , @ Span the normal complex, N,, if it exists. 
Expressing that £3,242 = &2..1%, we obtain 


(3.7) Co, /ik,t Ag, + s Cr Vergo (i Ors ji +} Cay /il Mazqn/k 4q, + wi > Copii bw sac 0, 
T w 


a jh e a a P . ° 
Vago/kyl + 4,9 be phi Cay sit + p Cr VraolkVor/i + b> Mwge/kY¥ow/ 1 
T Ww 


(3.8) 
+ Maoqe/kVoqe/i + KiYogs/i = 0, 


a R . th — : " A 
Mugo/k,t — Ag, Cqy/ikCofht J + 8 Co Vago li: Mwo/i + p Me’ qo/k Mew’ /i 
o w’ 


(3.9) 
+ Masas/twos/i + Mi bwgs/i = 0, 


(3.10) Maoqo/k.t + » Ce Ba Veqn/ic Mi + } Mwge/k Mqgw/i + Ki Maza3/i = 0, 
Co @ 


(3.11) Mii + Mosaelthi + Mibgsas/i = 9, 
(3.12) Hi Moxas/i =9. 


From the last of these equations it follows that in fact N, consists of a single 
vector-field, if at all. In the same way we find on considering the integrability 
of &,,. that Ns consists of a single vector. In fact, if Ne consisted of more 
than one vector-field, and N3 of one vector-field, we should have found that 
Ni, +++ consisted of one vector-field each. Hence we have: 

If any normal complex other than the first consists of one vector-field, the same 
is true of all subsequent complexes until a vacuous one is reached.” 

We consider the Pfaffian equation 


(3.13) Mk dx" => 0. 


If dr’ and é2* are two sets of differentials satisfying this equation, it follows from 
(3.11) that 


px,i dx’ bx’ = 0. 


Hence equation (3.13) admits an integrating factor.” Since yz as introduced 
by (3.1) and (3.2) was determined to within a factor we may in all generality 
take y, as a gradient, thus 
(3.14 = # 

) Mk azx** 
nian 


* Cf. Burstin, 1. ¢. 
* Cf. Goursat, l. c., p. 18. 
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Hence equations (3.11) reduce to 


(3.15) Hi(Masas/i = Hazae/i) = 0. 


Differentiating the first of (1.12) and making use of (1.13), (2.1), (2.3) and 
(2.4), we obtain 


(3.16) Vegolk + Aq, Mayolk + 9o Mx Z CalE gy) = 0. 


If a,, = 0 in (3.3), in which case £7, is orthogonal to all of the vectors £ , 
it follows from (1.17) and (3.16) that 


(3.17) Vowlk = 9, Veqotk = —9ope 2, Cdke,)'. 


In this case equations (1.20) and (1.27) reduce to (2.2) and (2.3) respectively, 
which with (1.19) are the conditions of integrability of (2.4) and (2.15). Hence 
we have 

If a V,, is immersed in a flat space and the first normal complex N, is spanned 
by qi unit vector-fields and q, — q; null vector-fields all mutually orthogonal, and if 
Ne consists of a single vector-field orthogonal to the null-vectors of N, as it is also 
to the unit vectors of Ni, and if N3 is not vacuous, then V,, can be immersed in a 
flat space of n + qi dimensions, and the first vector-complex is spanned by unit 
vectors. 

As a corollary we have 

If a V,, is immersed in a flat space and the first normal complex 1s spanned by 
qi mutually orthogonal unit vector-fields and Ne consists of one vector-field and N; 
is not vacuous, then V, can be immersed in a flat space of n + qi dimensions. 

Although under these conditions V, can be immersed in a space of n + % 
dimensions, we consider the case when it is so immersed that an Ne and N;3 
exist each containing vector-fields £7, and £7, respectively. If the former is not 
a null vector-field, the components can be chosen so that 


(3.18) | p Ca(tgy)” = €q2) 


where ¢é,, is +1 or —1 as the case may be. If the equation 


(3.19) Di caks, £2, = 0 


is not satisfied, and the left-hand member is equal to b, on taking for £7, the 
vector £7, — be,, &?,, the condition (3.19) is satisfied. Differentiating equation 
(3.18), it follows from (3.4) and (3.19) that 41.9.7 = 0, in consequence of which 
and the second of (3.7) we have from (3.4) and (3.14) 


- “ a & 
(3.20) fo..k = (-2 296s Cg. + as 9 


Consequently &, and the expression in parenthesis are functions of ¢. 





=> RAT COO 








ind 


- 
>Wy 


1€ 
mn 

































RIEMANNIAN SPACES OF CLASS GREATER THAN UNITY 


From (3.10) and (3.11) we have 


(3.21) Mazq3/k = P2Kk, Mazq3/k = P3Mky 


where po and ps are scalars. In consequence of these results and (3.12) equa- 
tions (3.6) become in this case 


23 a Qa a a 0 
fo3.k = p> CoVoas/kNo + (pete, + pstos + Wits,) aa 


Differentiating the equations Dowla ne £7; = 0, we find that »,4,;, = 0, and conse- 
quently £7, and the quantities in parenthesis are functions of yg. Hence we have 

If a V, is immersed in a flat space so that the first normal complex is spanned 
by m mutually orthogonal unit vector fields nz , and if the second normal complex 
consists of a single unit vector-field &,41, and the third normal complex is not 
vacuous and thus consists of a single vector-field 7,12 , there exists in V, a family 
of hyper-surfaces ¢ = const. such that the normals &,41 and £7.42 to V, at all 
points of a hypersurface are parallel; the same is true of the normal Doe C402 , 
where 0, is defined by (8.1). 


4. We have remarked that when a,, ~ 0 in (3.3) the vectors & can be chosen 
so that 


(4.1) De Ca€s, £6, = 1, Do ca€s Ef, =0 @ =q+ By? i 1). 


If )oa Ca(£%,)? ¥ 0, the components of £%, can be chosen so that 
(4.2) Do cal€s,)* = 1 


or —1, and the components of £7, chosen so that (4.1) holds. If » oe Ca(Ee,)” = 

—1, and we replace £7, by &, + &,, the new £, satisfy (4.1) and (4.2). If 

px c,(é,) = 0, and we replace &*, by £%, + 3£%, the new vector satisfies (4.1) 

and (4.2). Hence we may assume in all generality that (4.1) and (4.2) hold. 
There is no loss of generality in assuming that 


(4.3) De catnt, =1, Ly Catate, = 0. 


In fact, if the left hand number of the first equation were zero, on replacing 
f, by &, + &, , we get the first equation in consequence of (4.1); and if the 
left hand number were not zero, the components £%, could be chosen to give the 
equation this form. After this has been done, if the left-hand number of the 
second equation were equal to ¢ (¥ 0), and we replace &, by &, — o&, , the 
hew vector £7, satisfies both of equations (4.3). 

If we define 8 by Dv. Ca(é¢,)” = B, and we replace £7, by 


(1 d Ne “yy A ¢ 
sis V/B| bo fa + iB q3) 
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where a is a constant (# 1), then for the new vector the left-hand number of 
this equation is equal to ed’ — 1, where ¢ is +1 or —1 as B is positive or nega- 
tive, and equations (4.3) are satisfied. Hence we may assume that £7, has been 
chosen so that 


(4.4) Dd calé%,)” = as(¥ 0), 


where a3 is a constant. 
We consider the case when [cf. (3.5)] 


(4.5) bs = Licatst, =0 =gi+1,---,4-)). 
From (1.16), (1.18) and (4.1) we have 


(4.6) Hawk = 9. 
From (1.17), (3.3) and (3.1) we obtain 


(4.7) Veqlk = — 6. ux ; Voalk = 0, 
and from (3.16) and (4.2) 
(4.8) Vogolk + Maiolk + O,ux = 0. 


If we put for the sake of brevity 


(4.9) Mqoaalk = Vk; 


and differentiate equation (4.2), we obtain, on making use of (3.4), (4.1) and 
(4.3), 


(4.10) Maiae/k = —~Vk- 
Also differentiating equations (4.1), we obtain, in consequence of (4.5) and (4.6), 
(4.11) Haase = —(v%e + ur), Maal = 0. 


Equations (1.33) for « = w = q, reduce by means of (3.14), (4.6), (4.7), 
(4.8) and (4.11) to 


(4.12) Vii = Mk } €¢94 Mayo/i = Mi z: Co Io Veqoii « 
o o 


In consequence of these equations and (3.10) it follows from (3.9) for w = % 
that 


(4.13) Hi(Maasi — vi) = 0, 
and from (3.10), (4.9) and (4.12) 
(4.14) Hitaassi = 0. 


Also (3.15) becomes 


(4.15) Mi(Masas/i ~ vi) = 0. 





] 
red 








r of 


‘ga- 
een 





we can choose £%, so that 


RIEMANNIAN SPACES OF CLASS GREATER THAN UNITY 805 


In consequence of the above results equations (1.20) and (1.21) forw = q 
reduce to 


Dosi3.k + > Cr bei} Versi — 06 Cogs /i} Mi — 0, 
r 


(4.16) 
Corie + Ly Co besijtaost — Cosii(vi + ui) = 0, 


and since b,/:; is Symmetric in 7 and j, we have from (1.22) and (3.1) 


(4.17) bs €c9, besij = YHiki, 


where y is a scalar. Equations (1.27) reduce to 


(4.18) roti + 9 Orn de rit + Ss CoV oaliVrofi — Or Ugyo/i Mi + Oo Mirani = O. 
p 


Equations (1.28) for «€ = q; reduce to 

(4.19) unertai +O Cornidorii + Qi er restMarrsi + Oovini + (Vi + Mi) Maresi = 0, 
and (1.29) in consequence of (1.25), to 

(4.20) Hi( Bei + 2s er evenii + evi) = 0. 

Equations (2.8) become 


(4.21) veqait.t + 9? Deyn Cossit + Qo CrYeag/k Versi + OoVimi + Viveqs/t + MiPea,si = O. 
T 


We note that the quantities Ca/ij » Mao/k » Maagy/k fora = qi +1,---,@-1 
do not appear in (1.19) and in the foregoing equations (4.12) to (4.21). These 
are the conditions of integrability of the system of equations 


Qa a a 
43 = Z, €o be/ij Ne + Cg, 1850; » 
¢ 


a ih a a a 
Nek = —beixg’ Zant p CrVeo/kNr + Ma,o/k Sai + 06 bk Fao » 
(4.22) 
Qa Qa 
fo..k = —> Coe Ne Uk = £7, (uk + Vi), 
og 
a — Co ikg’ Zh + > Co Veqotk Ne = vidéo, — £0) + Mtoe » 
o 


where, in consequence of (3.6), (3.12), (4.3) and (4.5) 
bos. = Coping” 25, + p CoVeaslk No + Haxas/k En + Maras/k Sas 
(4.23) 4 
+ MasastkEas + Wa on Ea, 
% being a scalar. Consequently V, can be immersed so that there is only 


one null-vector, £7, , in the first normal complex. 
Proceeding in a manner similar to that leading to (4.3) and (4.4), we show that 
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(4.24) Dicatnt =1, Lieatht, = Licata, = 0, Li celts)” = au(¥ 0). 
Differentiating the equation (1.24), we obtain in consequence of the above 
results 

(4.25) Vegslk = —Mao[k = VYoas/k + Souk. 


It is readily shown that equations (4.19) and (4.21) are consistent with this 
result and (4.20). 

Differentiating equations (4.3) and (4.4), we obtain in consequence of the 
preceding results 


Mazas/k + Masas/k + u(¥s — 1) — % = 0, 
(4.26) Mazas/k 1 Maras/k + was — ve = O, 


Mai a3/k + G3 Ugsas/k = 0. 


We consider first the case when 
(4.27) 1+ a; ~ 0, 
then from (4.26) we have 


v 
Maya3/k = Os Me (; ae — 1), 


(4.28) Masqs/k = Vk — a. Mk 


M k= pel l — Ms ) 
9393/ 1+ a/ 


In order that these expressions be consistent with (4.13), (4.14) and (4.15), we 
must have 


(4.29) Ve = Pik, 


where p is a scalar, from which and (4.22) we have 








(4.30) = —0" 4 et) 


ant’ 


where we have put 
(4.31) NM = Di eOene + pk. 


From (4.30) and (3.14) it follows that & and ). are functions of g. Hence we 
have 

The normals £7, to V, at points of a hypersurface ¢ = const. are parallel, as are 
also the normals d*. 

From (4.20) and (4.29) we have 


a 8 INI! 
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(4.32) 6,% + > e, 9, Vorfk = 6, uk, 


and from (4.29) and (4.12) 
(4.38) Pik + } 3 CoOoUgio/k = Pik, 


where 6, and f are scalars. In consequence of these results and (4.17), we 
have from (4.31) 


(4.34) AZ = — [mig 2h + pr* — Do e.b.ne + (op — at, — DO eee |e 


This result confirms the statement concerning the normal \* in the above 
theorem, but shows also that at points of a hypersurface g = const. the vectors 
whose components are given by the quantity in parenthesis are parallel; only 
when y = 0 is the vector normal to V, . 

Also we have from (4.22) and (4.23) 


Zz 
+ a 





(Eos = £05). (A* ae as to, + \*) Hk» v= 1 [as(E7, “@ £) — &. 


+ (1 + as) &q), 


and consequently we have 
The normals §7, — &, to V, at points of a hypersurface ¢ = const. are parallel, 
as are also the normals X*. 


5. When ag = —1, we have from (4.26), (4.13), (4.14) and (4.15) 
(6.1) w=90, Mayqe/k = Masas/k = Vk ~ PH, Haalk = ui(1 + p), 


where p is a scalar. From the first of these equations it follows that N, is 
vacuous, and from these equations, (4.23) and (4.25) we have 


(5.2) £2 = —Corringrz% — Do Cobtqeene + (ve — pur) (Es, + E2,) + (1 +p) maken’ 


Expressing the condition of integrability of these equations, we obtain the 
second of equations (4.16), (4.19) and 


(5.3) vii = Dy CoP Mgresthi = pip.i- 
¢ 


If we put », = pur + wx, it follows from (5.3) that w; is a gradient dw/ da‘, and 
consequently we have 


(5.4) Ve = Pek +x. 
Ifw = 0, we have 
(0, — Eo),e = (AX + Et, — Eas) mes 
where \* is given by (4.3), so that the last theorem of §4 applies to this case also. 
When w,, ¥ 0, we have from (5.2) and (4.22) 
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(E03 < foe +> fo.) a (w,x ~ px) (Eas ins oa + £1) 
from which and (3.14) we have 


(5.5) iia oa + a = a*e”*, 


where the a“ are constants. In consequence of (4.1), (4.2), (4.3) and (4.4) 
with a3 = —1, we have 


Dd ea(a*)’ = 0. 


a 


Hence we have 
The null-vector a“ of constant components, defined by (5.5), is normal to V,, . 
The results of this section and the preceding one are based on the assump- 
tion (4.5). If bs ¥ 0, a vector £1 can be chosen so that 


2 Cate, 1é4, = 1, 2 catstt, =0 (= gi+1,---,m—2). 


Clearly this will lead to further results which may be obtained by processes 
similar to those which have just been used. 
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ANALYTIC COORDINATE SYSTEMS AND ARCS IN A MANIFOLD' 


By HassteErR WHITNEY 
(Received March 4, 1937) 


1, Introduction. In a differentiable, or analytic, manifold,’ each point. is 
in a “coordinate system’. Two overlapping systems are related by a differ- 
entiable, or analytic, transformation, with non-vanishing Jacobian. An 
important question is: are there “large” coordinate systems, containing say two 
given points, or a given arc, etc. In the analytic case, does there even exist an 
analytic are joining given points? We answer some questions of this sort here. 
We always suppose the given manifold may be imbedded in a Euclidean space E, . 
This is no restriction in the differentiable case; see DM Theorem 1. The ques- 
tion is unsolved in the analytic case; see the Problem stated below. 

We shall speak of manifolds of class C’ as in DM, and shall use r = w for the 
analytic case; write « < w. By a coordinate system (of class C’) in a C’-m- 
manifold M we shall mean any regular (1-1) C’-map (see DM, §§2, 3) of a 
“fundamental domain” Q of Euclidean m-space into M. For Q we shall take a 
spherical region or m-cube, or the region (for some k) 


(1) + a? <1, 


i=1 


—l1<2a;<1 (Gj =k+1,---,m). 
We begin by showing that a finite set of points in M may be joined by a differ- 
entiable are. Next it is proved that any submanifold N of M satisfying certain 
conditions may be imbedded in a family of submanifolds, which fill out an open 
set-in M. If N is an arc, or an n-cube etc., the conditions are always satisfied ; 
the family of submanifolds then defines a coordinate system containing N. 
Now if two or more points are given in the analytic manifold M (in E,), we first 
join them by a differentiable arc A, and then find an analytic coordinate system 
R containing A. In R we may then easily find an analytic are (in fact, an 
analytic closed curve) joining them. We end the main part of the paper by 
showing that an analytic closed curve in an analytic manifold M which bounds a 
differentiable surface element, also bounds an analytic surface element. 

In Appendix I we give a simple proof of the imbedding theorem for closed 
0 EEE 

‘Presented to the Am. Math. Soc., March, 1937. 

*See forinstance DM. Weshall refer to the following papers by the author. 

AE: Analytic extensions --- , Trans. Am. Math. Soc., vol. 36 (1934), pp. 63-89. 

DM: Differentiable manifolds, Annals of Math., vol. 37 (1936), pp. 645-680. 

IM: The imbedding of manifolds --- , Annals of Math., vol. 37 (1936), pp. 865-878. 

FD: Functions differentiable on the boundaries of regions, Annals of Math., vol. 35 
(1934), pp. 482-485. 
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manifolds of class C", r 2 2; a theorem on the projecting of a manifold in EZ, intoa 
subspace E,-; is used. In Appendix II we clarify the proof of DM Lemma 16. 
The simplest possible non-trivial analytic manifold is one of dimension l, 
with just two overlapping coordinate systems. For it, the imbedding problem 
is equivalent to the following problem in function theory: 
ProsBieM. Let ¢(x) be any (real) analytic function for —1 < z < 1, with 


Does there exist a function f(x), analytic for —2 < x < 1, with f’(xz) > 0 there, 
such that g(x) = f(@(zx)), analytic for —1 < x < 1, may be extended analytically 
through 1 S x < 2, so that g’(x) > 0 there? 

Much use will be made of the following lemma. See DM §6 for notations. 

Lemma 1. Let M and N be C’-m- and C’-n-manifolds respectively,’ 1 <r < w, 
and let ¢ be a C'-homeomorphism of N into (a subset of) M, t finite, 1 < t <r. 
Then for any positive continuous function (p) in N there is a C’-homeomorphism 
of N into M approximating (¢, N, t, 7). 

Generally N will be an open subset of Euclidean space. For r = w, the lemma 
is a consequence of DM, Lemma 22; for any sufficiently close approximation to a 
C’-homeomorphism is another one. For general 7, we may either apply the 
lemma to C’-homeomorphic analytic manifolds, or note that DM Lemma 22 
holds with “analytic” replaced by ‘“C”’. 

CoroLtuary. Any coordinate system of class C° in the C’-m-manifold M is 
contained in one of class C’, if1 Ss <r. 

For a generalization of this theorem, see Theorem 2. 


2. Differentiable arcs and simple closed curves in M. We prove here 

Lemma 2. Theorem 3 is true if r = 1. 

Suppose we have found such an are A’ from pp as far as p; (0 Si < ik). If 
m = 2, let K be a differentiable simple closed curve running along close beside 
A’ on one side, and returning on the other. (This is easily constructed.) As M 
is connected, there is a sequence of coordinate systems U,, --- , Ui, such that 
U, contains p; , U; contains pix, U;-Uj41 ¥ 0, but no other U; and U; have 
common points. Set g = pi, qi: = Pisi, and let q; be a point of U;- Uj. 
Join q; to q;4: in U; ; this gives a path from p; to p;41 , from which we may pick 
out an arc B, differentiable except at a finite number of corners. We may 
make it start from p; in a given direction. If m = 2 and B cuts A’, then there 
is a first point q’ and a last point q’’ at which it cuts K; we replace the interior 
part qq” of B by one of the ares of K. If m => 3 and B cuts A’, we may replace 
small pieces of B cutting A’ by differentiable pieces avoiding A’. We now have 
an are A* from po to piz1. At each corner, we may replace a small piece of A* 
by an are of a circle (using a coordinate system containing the corner); we find 
thus a differentiable arc from po to pi,1, and finally to p,. If we want a simple 





® We recall the hypothesis that the manifolds may be imbedded in Euclidean space. 
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closed curve, we take another differentiable arc running along beside the first, 
and join their ends by ares of circles. 


3 Manifolds in regular position in M. Let N be a C*-n-manifold in the 
('-m-manifold M. We say N is in regular position‘ in M if the following condi- 
tion is satisfied. If M is imbedded in some E, (DM Theorem 1), then there exist 
m — n continuous vector functions v;(p) in N which are independent for each p, 
and each of which is tangent to M and normal to N. We may clearly take them 
orthogonal to each other if we wish. 

The definition is independent of the choice of the imbedding. For suppose M 
is also imbedded in E; , and N is regular position in M for M in E,. Staying 
in E,, there is a positive continuous function &(p) in M’ such that the vectors 
t(p)v.(p) project, for each p, into differentiable curves c,(p) in M (DM Lemma 
93). Going over to E,, these curves define independent vectors v;(p), the 
(m — n)-plane of which is independent of the tangent plane to N, for each p; 
for the maps of M into E, and into E; are regular. Projecting each such plane 
onto the plane normal to N and tangent to M in E; gives the required vector 
functions in E, . 

TazoreM 1. Let N be a C’-n-manifold in regular position in the C’-m-manifold® 
M(l< rw). Then there is an (m — n)-parameter family of manifolds N(c; , 
mn) (|: | < 1) C’-homeomorphic with N, which fill out a neighborhood of 
NinM ina (1-1) way, and such that N(0, --- , 0) = N. 

Remarks. We shall define the function Z(p; c:,--- , Cm—n) of class C” in 
the product space of N with the open (m — n)-cube | ¢;| < 1, so that as p 
varies, we run over N(c,,+** ,Cm—n), and as (1, °** , Cm—n Vary, We run over 
an “(m — n)-cube’”’ Q(p) in M. If M is of class C*, s > r, we may make the 
N(q,+** , Cm—n) Of class C* for (c; , +++ , Cm-n) ¥ (0,--:+ , 0) (see IM, Theorem 
I); or we may make all the N(c; , +++ , Cm—n) of class C’, and have N lie in the 
open set which they fill out (compare Theorem 2). If r is finite, we may make 
the N(c, , «++ , Cm—n) approximate to N as in IM, Theorem I, (3). 

To prove the theorem, we suppose M is in E, , and replace the v;(p) defined 
above by independent vector functions w;(p) as in IM, §4.° The w,(p) are 
analytic in an open set in E, containing N, and hence are of class C’ in N (DM, 
lemma 3). Then if P*(p) is the (m —n)-plane through p determined by the 
w,(p), the function P*(p) of p is of class C’ in N (see DM, §24). From the proof 
of DM Lemma 21 it is clear that for some positive continuous function £(p) 
in N, the points 

q=p+ dL awi(p) (| ai | < &(p)) 


fll out a C’-m-manifold N* containing N. Moreover, if the w:(p) approximate 
to the v;(p) closely enough and £(p) is small enough, then N* is nearly tangent 
<i sesiiai lene ale 

‘Compare IM, §3. 

* Extend the v;(p) throughout a neighborhood of N in E, , and approximate to them with 
analytic functions. 
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to M at each p in N, and projects into M(DM Lemma 23), giving a (’-m- 
manifold N’ in M (i.e. an open subset of M). Extend &(p) throughout a neigh- 
borhood of N in E,, and approximate to 3£(p) by an analytic function ¢(p) 
(DM Lemma 9); then ¢(p), considered in N alone, is of class C’. Let Z(p; 
C1, °** , Cm—n) be that point of N’ corresponding to the point 


p+ 2 eit (p)wi(p) 
in N*. Z clearly has the required properties. 


4. Coordinate neighborhoods containing given arcs, etc. Theorem 2 will 
follow from the last theorem and the following lemma. We shall call a manifold 
with boundary a manifold also. 

Lemma 3. Any manifold N in M is in regular position in M if it is C’-home- 
omorphic with an open or closed fundamental domain. 

This will be proved in a paper on “‘sphere-spaces’’. Because of its importance, 
we shall give the proof for the case that N is an open or closed are. Suppose 
v:(p), -** , %-1(p) (or no vector functions) have been defined properly on N; 
we shall define »,(p). Taking M in E, , let P(p) be, for each p on N, the (m — k)- 
plane through p tangent to M and orthogonal to N and to »,(p), -++ , vx-1(p); 
P(p) varies continuously with p. Cut N into subares A;, Az, --- so that no 
two planes P(p) and P(q) are perpendicular for p and g on the same A; , andso 
that each A,(z > 1) has exactly one point in common with the preceding arcs. 
Suppose »;.(p) has been defined on A’ = A; +--+ + Aj_1; we shall define it 
on A;. Say A; = pod, poin A’. Corresponding to po and Py = P(po), define 
the transformation T',,p as in DM, §19. For each p in A;, let v,(p) be the 
vector into which »;(po) is carried by Ty,p()._ Proceed in this manner until all 
the v;(p) are defined throughout N. 

Remark. It is not hard to show that a simple closed curve in M is in regular 
position if and only if it “preserves orientation” in M. 

THEOREM 2. Any C*-n-manifold N in the C’-m-manifold M (1 S s Sr Sw) 
which is C*-homeomorphic with an open or closed fundamental domain is contained 
in a coordinate system of class C’. If s = r, we may make N correspond to the 
points Ini = +++ = Lm = 0; in any case, N will approximate to this plane. 

We may suppose N is open; if it is closed, we may extend the map’ of the 
closed fundamental domain Q into N to a map of a slightly larger region Q’, 
and apply the proof to Q’. If the theorem with s = r is proved, we may prove 
the first part of the theorem as follows. Applying the theorem with r replaced 
by s gives a coordinate system of class C’ containing N; Lemma 1 (applied to the 
fundamental domain defining this coordinate system) replaces it by one of 
class C’. 

Suppose then that Q is open and s = r._ By Theorem 1, Remark, there is a 
C’-homeomorphism Z(p; 2n41, ‘++ ,2%m) of the product S of Q and an open 





* Supposing that M is in E, we apply the theorem of FD to each coordinate of the given 
map. The resulting map of Q’ is then projected onto M. 
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(m — n)-cube into M. As Q isa fundamental domain, so is S; the map of S is 


yr 
/ -M- 
the required coordinate system. 


igh- 
¢(p) 
Z(p; 







5. Analytic arcs, etc. We can now prove 
TuzorEM 3.’ Let po, Pi, -°** , Pe be points of the connected C’-m-manifold® 
M(li sr So, m 22). Then there is an arc, in fact a simple closed curve, of 
class C", containing them in the given order. We may make the arc (or curve) have 
given directions at the given pornts. 
Remark. If there is given a differentiable arc or simple closed curve through 
the points, it is clear from the proof that we may make the new arc or curve 
approximate to the given one as closely as we please, both in position and in 











will 


fold 








direction. 
me- We first find an are A of class C’ by Lemma 2. By Theorem 2, there is a 
coordinate system (2, +++ , 2m) of class C’ containing A*. In this system, A ' 






will approximate to the z-axis; in fact, by choosing a good enough approximation 
in the proof of Theorem 2, we may make the 7; lie as close to the z-axis as we 






















N; please. Say p: = (zi,°+:,2%). Let f;(x) be a polynomial (in one variable) 
k)- such that 
BQ) fzi) = 2} © = 0, ++ yj = 2, +++, m). 
| so The set of points (a , ++ , 2m) satisfying 
cs. ‘ 
it a; = fi(x1) (j = 2,---+,m) 
ine isan arc A* through the points (zi, --- ,2},). If they are close enough to the 
he a-axis, A* will lie in the coordinate system. A* is analytic in the coordinate 
all |@ system, and hence of class C’ in M. If we wish A* to have given directions at the 

'f points, we assign the proper derivatives to the polynomials f ;(z). 
ar &f Suppose a closed curve is desired. We find an arc A* as above. By Theorem 

2, we may suppose it is the z-axis in a coordinate system. Join the ends of a 
) corresponding arc 2% = €, 23 = --: = 2m = O to the ends of this one by semi- 
ed circles, giving the closed curve C. By Lemma 1 there is an approximating closed 
he curve C’ of class C’. The part A’ of C’ corresponding to A* is given by functions 

1; = gi(m1) (j = 2, +++, m); set #; = g,(z;), the xj determining the points p,. 

1€ Using the Z; , find polynomials f(z) as before. The transformation of m-space 
)/ 
‘i (3) m= 2, a; = 2; — f(a) (j = 2,--+, m) 
d carries C’ into the required closed curve C*. 
e 
f §% 6. Analytic cells with analytic boundaries. Our object is to prove Theorem 4. 

|] Forthe case r = w, we shall need a lemma from potential theory. : 
a Lemma 4. Let f(p) be an analytic function on the unit circle A in the plane. i 
n i 





™This Theorem has recently been obtained under weaker hypotheses by T. Y. Thomas, 
Annals of Math., vol. 38 (1937), pp. 120. 
* The existence of the required arc is now evident if k = 1. 
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Then the harmonic function F(p) in the interior taking on the boundary values f (p) 
is analytic in the closed region. There is a constant K > 0 such that tf f(p) and its 
first and second derivatives along A are bounded in absolute value by n, then F(p) 
and its first partial derivatives are bounded in absolute value by Kn . 

The first part is well-known.’ We shall prove the second part with K chosen 
as follows: Let w(@), | @| < 7, denote any differentiable function defined on A, 
measuring 6 from the point (2, y) = (0, —1); let w’(@), w’’(@) denote its first and 
second derivatives with respect to 6. Then there isa K = 4 such that 
u(@) — u(0) os 


y+i1 |"? m). 


Now take any f(6), with | f(@)|, |f’(0)|,|f’(0)| < ». We shall show first 
that if F(z, y) is the harmonic function in A with the boundary values f(6), then 


(4) | u’(6)| S ¢ (all 6) implies 





Ke (0 


IV 
col 





0 . 
(5) £ FO, -1)/'5 Kn. 
Define G(z, y) by 
(6) G(x, y) = F(z, y) — FO, -1) — 2 = F(0, —1); 


Then G is harmonic within A, and 
a ~D = eR <9 «6 
Ox 


Let g(@) denote the boundary values of G; then 
g(9) = f(@) — f(0) —f'(0) sin, = g’(0) = 0. 


Using a law of the mean twice (see for instance Osgood, Advanced Calculus, 
p. 209) with 0 < @ < m gives, for some a and B, 





g@)_ _ _ 9@)—g(0) _ _ 9'@) 0 <a <6) 
y+1 cos @ — cos 0 —sin a 
- g'(a) iat g'(0) = g’’(B) (0 < 8 < a). 





sina —sin0Q coss 


A similar relation holds with —7 < 6 <0. Clearly | g’’(0) | S 2n; hence 





g(8) 2n 1). 
(7) [mr ls Ser4 (0 < |@| < 4z) 


Using the definition of K with this inequality gives 


g(@) 
(8) es 


* See for instance W. F. Osgood, Funktionentheorie, 5th. ed. (1928), p. 703, 3. Satz. It 
must be pointed out that F(p) may be defined so as to be analytic throughout a region 
containing A, not merely through a neighborhood of any arc of A. 


=< Kn (0 # 0). 
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Set 
(9) H(z, y) = Gz, y) + Knly + 1); 
Then H, is harmonic within A. If hi(@) denotes its boundary values, then 
(8) gives 
h,(@) = 0, h(@) £0 (all 6). 


Therefore the same inequalities hold for H, and H_ within A. As they vanish 
at (0, —1), we have 


0 0 
onus _ > aie: aaa < : 
(10) ay H,(0, —1) 2 0, ay H_(0, -1) $0 


Hence (5) holds for G, and therefore also for F. By symmetry, the normal 
derivative of F at each point of A is bounded by Ky ; hence the same is true of 
any partial derivative of F on A. 

Now suppose there were a point p within A at which some partial derivative, 
say 0F/dy, were not bounded by Kn. As dF /dy is harmonic within A and 
continuous on the boundary, we have a contradiction with the above inequality 
and the maximum-minimum theorem. 

TuEorEM 4. Let C be a.simple closed curve of class C’ in the C’-m-manifold® 
M(l<rSw). If CC’-bounds” the 2-cell D, then it C’-bounds a 2-cell D*. 

Let A be the unit circle in the plane, with interior B, and let ¢ be the given 
('-homeomorphism of A + B into D. Suppose first that r is finite or r = ©. 
We may suppose ¢ defined over a slightly larger region B’ (compare footnote 6). 
Let y be a C’-map of B’ into M approximating (@, B’, 1, ») for some » > 0 
(Lemma 1). M being in EZ, , ¢ and y each have u coordinates ¢; and y; ; con- 
sider the functions 
(11) Sip) = op) — ¥ilp) (@@ = 1,°--, 4) 
on A. Extend the f;(p) through a neighborhood R of A by letting them be 
constant on the radii; then they are clearly of class C’ in R (see the proof of 
DM, Lemma 4). This defines the f;(p) and their partial derivatives of order 
< ron A; the f,(p) are now of class C’ on A, as a subset of the plane (see AE §3). 
Extend them so as to be of class C’ throughout B’, by AE Lemma 2. It is clear 
from the proof of the lemma referred to that there is a constant Ksuch that if 
the f;(p) and their first derivatives are bounded by 7 > 0, then the same is true 
of the extensions F;(p) of the f;(p), with » replaced by Kn. Set 


(p) = ¥i(p) + Fi(p) in A + B. 
Then ,(p) is of class C’ in B’, and equals ¢;(p) in A. This set of functions 
maps B’ into E, , A going into C; if » and hence Ky is small enough, this pro- 
jects (see DM, Lemma 23) into the required cell in M. 


See DM, §13. Except for the case that r = w, similar theorems are easily proved in n 
dimensions. Note that, by the definition in DM, the function ¢ below coincides in A with 
the function defining C; hence ¢, considered in A alone, is of class C’. 
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Suppose now that r = w. We first replace ¢(p) by a map of class C’, by the 
above proof; call this ¢ again. Define y and the f;(p) again; the f;(p) are now 
analytic on A. Extend them through some B’ containing A + B by Lemma 4. 
Making the f;(p) and their first and second partial derivatives < 7 in absolute 
value makes the F';(p) and their first partial derivatives < Kn in absolute value. 
Again map B’ into E, , using the functions @;(p), and project onto M.” 


APPENDIX I 
Tue ImBEDDING THEOREM FOR CLOSED MANIFOLDS 


We shall give a simple proof that any closed C’-m-manifold M (1 S$ r S «) 
may be C’-imbedded in a Euclidean space E,. We shall then show that if M 
is either open or closed, u > 2m + 1, and 2 S r Sa, then M may be projected 
in some direction into a subspace E,-1, and hence into Eam,;:. The latter fact 
is useful also in other connections. The two facts together prove the imbedding 
theorem for closed manifolds with 2 < r < «.” 

To prove the first statement, let U; , U2, --- be coordinate systems of class 
C” defining M, using the closed m-cube Q: —1 S x S 1 (i = 1,---, m). 
Say U; = 6,(Q). Let Q’ be the cube —} < 2; S } and set U; = 0,(Q’). As M 
is closed, there is an ssuch that U; , --- , U; cover M. Leth(z) be a function of 
class C” of the real variable x such that 


0ife <s —lorz21, 
h(x) = 
lif-}<2<}, 


0 < h(x) <1 for all other x.” 
Set 
H(z, ee » Lu) = h(21) a h(Xm), 


H(t, ---,%m) = %:H(a1, +--+ , tm) (¢@ =1,--+,m). 
Then H = 1,4; =2z;inQ’. Foreachi = 1, ---,mandj = 1, ---, 8, set 





11 The use of the Dirichlet problem in this connection was suggested to me by L. Ahlfors. 
The n-dimensional case, with r = w, might be more easily handled as follows. Suppose NV 
is a compact analytic manifold in E, , and f(p) is analytic in N; we wish to extend f through- 
out E, so as to be analytic (i.e. A and B above are replaced by N and E, — N). Perhaps 
one can show that for K sufficiently large, some integral equation such as 


f(z) = T’K" I o(ye**"2vdy 
N 


(compare AE §15) may be solved for ¢(y); f(z) is then analytic in E, . 

12 This is the proof originally discovered by the author. The method of proof can also 
be extended to the case of open manifolds. 

13 We may use AE, Lemma 2, or use 


elly 


ely 4+ elld-») = - 1). 
ely + el/i-w)’ h(x) = g(2z — 1) (1/2 < 2 <1) 


g(y) = 
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f ( ) H(6;"(p)) in U;, f ( ) H(6;'(p)) in U;, 
ip) =), , wre). : 
; 0in M — U;, O0in M — U;. 
This is a set of » = (m + 1)s functions of class C’ in M. Arrange them in a 
definite order. 

Let ¢ map each point of M into that point of EZ, with these functions as co- 
ordinates; ¢ is of class C’. To show that ¢ is regular, take any p in M; say p 


isin U;. Project ¢(U;) onto the m-plane P of the functions f,;, -- - A ee 
BE, , and let y be the map of U; into P thus defined. As H; = z; in Q’, maps 
each point (%1, +--+ , 2m) of U; into the point of P with the coordinates fig = 2. 


Hence y is regular, and consequently ¢ is regular at p. To show that ¢ is (1-1), 
let p and q be distinct points of M. If they are both in some U;, the above 
proof shows that ¢(p) ¥ $(q). If not, say p is in U; while q is not. Then 
foi(p) = 1 and fo;(q) < 1, and again ¢(p) ¥ ¢(q). 

In the proof of Theorem 5 we shall use the following extension of DM 
Lemma 13. 

Lemma 5. If A = Ai + Ao + --- is a subset of the C’'-k-manifold S, and 
each A; is of zero k-extent, then S — A is dense in S. 

Each A; is nowhere dense in S (apply DM Lemma 13 to A,); the statement is a 
consequence of the Baire Theorem.” 

We shall now prove the second statement. 

THEorEM 5. If M is a C’-m-manifold (2 = r S w) in E,,u > 2m + 1, we 
may imbed it by projection in a subspace E,1. If u» = 2m + 1, we may project 
it into a local manifold in Ex. The direction along which we project may in 
either case be taken arbitrarily near a given direction.” 

Let S,-1 be the unit (u — 1)-spherein E,. For pand qin M, p ¥ q, thereisa 
point ¢(p, g) of S,-1 whose direction from the origin is the same as that of q from 
p. For p in M, there is an (m — 1)-sphere S(p) in S,-1, the intersection of 
8,1. with the m-plane through the origin and parallel to the tangent plane to 
Mat p. We shall find a point x arbitrarily near any 2 in S,_; which is on no 
$(p, q) or S(p); this gives a direction along which we may project. Let U1, 
Ur,--- be coordinate neighborhoods in M such that each p is in arbitrarily 
small U;. For each i, j such that U;-U; = 0, let Ai; be the set of all points 
$(p, 9) for p in U; and q in U;; then > A;; covers all the ¢(p, q). Each A;;is 
of finite 2m-extent and hence of zero (u — 1)-extent (DM, Lemmas 15 and 14). 
Let B; be all points on all S(p) for pin U;. As M is of class C’, B; is a C’-map 
of the product of the m-cell Q and an (m — 1)-sphere, and hence is of zero 





“We may take open spheres G; in S whose diameters approach 0, such that G; is in 
G..and has no pointsinA;. Thenthere isa point p in each G; ; pis notin A. 
* The theorem is not true for r = 1. For let ¢(t) map the unit interval 0 < ¢ S 1 con- 
tinuously into the whole of the unit sphere S,_, inE,. There is a curve of class C' in E, , 
vie v(t), whose direction for each ¢ is given by ¢(t), with ¢ = are length approximately; 
itmay be made (1-1). Joining the ends gives a C'-l-manifold for which there is no 
Projection as in the theorem. 
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2m-extent. There is a point x near 2 and not on any A;; or B;, by Lemma 5. 
To prove the second statement in the theorem, we consider merely the B;. 


APPENDIX II 


It seems worth while to give more details in the proof of DM Lemma 16, in 
particular, of the statements at the top of p. 662. 

(a) If no & existed, there would be for each integer n an e, > 0 and points 
x, and y, of A within e, of each other, whose transforms under 7’, are distant 
apart at least ne,. As A is closed and bounded, 7'.0(A) is bounded; hence 
e. 0. We may therefore suppose 2, > 2’, yn > 2’, x’ in A. But this clearly 
contradicts the differentiability of T.0(r) at x = 2’. The same proof (using 
a” in place of a’) shows that the statement holds for all a within 7 of a’. 

(b) A directional derivative dx’/d&; is a partial derivative after a rotation of 
axes: aj = >, a;i&;, || a;; || an orthogonal matrix. Hence 


ax’ dar’ 
> ee De = Da = 1. 
0a; 0a; i 

As the dx’/da; are independent and the sets of c; run over the unit (h — 1)- 

sphere, which is self-compact, the possible || d2’/d&; || have a lower bound 8 > 0. 

As in (a), we may choose 8 so that this holds for all a within 7 of a’. 


(c) To make one of T.(A*), T'.(A*) fail to intersect B*, it is clearly sufficient 
to take a and a’ such that for each z in A, 


A = || Ta(z) — T.(x) || 2 g +. 


If a’ approaches « along a straight line lying within 7 of a’, then lim A/ || a’ — a || 
is a directional derivative, and hence is = 8. Hence, for a and a’ within some 
¢ of aX S 1), A 24 lla’ — all 6. Now if|la’ — «|| 2 4fe/6, then A 2 
2te = ke +. 
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ON THE FIXED POINT FORMULA 
By S. LerscHetz 
(Received June 10, 1937) 


The object of the present note is to give a new and final proof of the fixed 
point formula for LC spaces (= absolute neighborhood retracts). For the sake 
of simplicity we consider only continuous single valued transformations 
(= cs.v.t.). A comparison with our earlier proof’ will show that practically 
the whole burden may now be thrown on the abstract complex, the extension to 
abstract spaces being reduced to the barest minimum. 


1. Our starting point is the fixed element formula for abstract complexes.’ 
Let K be a finite complex and let E’, be its elements. We shall only consider 
rational chains and their transformations. A transformation 7 of the type 
envisaged has the form 


(1.1) TE’, = x', ;E'; z',,; rational. 


In order that 7’ possess some fixed element, i.e. that some E', be a member 
of the chain TE}, , it is necessary and sufficient that some number z,,; + 0 


(}unsummed). A sufficient condition is then that 
(1.2) 6 = >, (—1)” trace z, ¥ 0, tp = || 25.3 ||. 


The transformations that really matter are those which permute with F, 
the boundary operator: TF = FT. This property means that 7 transforms 
a chain and its boundary into a chain and its boundary, and in particular a 
cycle into a cycle. It may be shown then that if {7}} is a base for the p- 
cycles and 


Typ = ¥p.iVr> Il ¥ pall = yes 
we have trace z» = trace yp and hence 
(1.3) 6 = >, (—1)? trace yp. 


The precise result which we need may now be explicitly formulated as 
—_—_———xqx 


1 See our Colloqium Lectures, Topology, New York (1930), Chapter VII, pp. 347, 359. 

* Details and references regarding the author’s proof for manifolds, Hopf’s extension to 
geometric complexes and the author’s proof of the same will be found in Topology, Chapter 
VI. The proof for abstract complexes is due to A. W. Tucker: Annals of Math., vol. 34 
(1933) p. 238. He also introduced the transformations permutable with F. See in re- 
gard to the abstract complex: S. Lefschetz, Bull. American Math. Soc., vol. 43 (1937). 
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THEOREM 1. If a chain-transformation T permutable with F has no fixed 
elements its invariant 6 computed from (1.3) is zero. Therefore a sufficient condi- 
tion for the presence of fixed elements is 0 # 0. 

It is this theorem which we propose to extend to LC spaces. 


2. We recall briefly certain needed definitions, notably of the singular ele- 
ments and of LC spaces.’ We are dealing throughout with a basic compact 
metric space R. The singular elements of R may be introduced in two distinct 
manners. Under one definition the singular cells are made the basic elements 
and the chains, cycles, complexes defined in terms of the cells. Under the 
other definition, which we shall adopt here, each element is considered as the 
c.s.v.t. of a simplicial polyhedral antecedent determined up to a simplicial 
homeomorphism.’ It may be shown that any element of the first type has a 
subdivision of the second type so that as regards homology groups the difference 
between the two types is not very great. 

A semi-singular complex K is a singular image of a closed subcomplex L of a 
given simplicial complex K* which includes all the vertices of K*. The mesh 
of a singular complex is the maximum diameter of its cells. The mesh of a 
semi-singular complex K associated as above with K* is the maximum of the 
diameters of the realized cells and of the sum of the realized faces of the non- 
realized cells. 

The space R is said to be LC (= locally connected) if for each « > 0 there 
exists an 7(e) > 0 such that any semi-singular complex K of mesh <7 can be 
completed to a full singular complex of mesh <e. 

Suppose FR is an LC space and e > Ois given. Choose 6 = n(e)/4, u = n(5) 
and vy = min (u/3, 6). Then choose a finite set of points {A‘} in R so that 
every point is within a distance »v of this set. Let 6’ be the complex having the 
A’s for its vertices, it being agreed that any set of vertices form a simplex if 
their diameter is <u. We may regard ®’ as a semi-singular complex on R, 
in this case the closed subcomplex is the set of vertices. As its mesh is <u, 
it may be completed to a singular complex ® of mesh <6. 

Let 7 be a point transformation defined throughout R and sending each point 
into one of the points A* nearest to it. Let K be a singular complex on F of 
mesh <v. Consider the transformation 7 applied only to the vertices of K. 
For any simplex of K the diameter of the set into which its vertices are mapped 
is <3v S uw. Hence this is a simplicial map of K into #’. Construct the 
abstract complex K composed of K and ®’ together with the prismatic cells 
joining each simplex of K to its image in’. K may be simplicially subdivided 





* See S. Lefschetz, Annals of Math., vol. 35 (1934), pp. 118-129 (errata in our paper: 
Duke Journal, vol. 1 (1935), p. 1.) 

* See S. Lefschetz, Bull. American Math. Soc., vol. 39 (1933) pp. 124-129. 

® See notably Alexandroff-Hopf: Topologie, p. 332. They call this second type of sin- 
gular element “‘continuous’’. 
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without touching K or ®’ and without introducing further vertices.° In R 
we have the partial map of K composed of K and ®. The mesh of this semi- 
singular complex is <3v + 6 S n(e); hence the missing cells of K may be in- 
serted so as to have a diameter <e. Since every singular complex has a sub- 
division of mesh <», we see that every singular complex has a subdivision which is 
edeformable into a chain of ®. 

We shall base the homology theory of R on singular chains and cycles.’ An 
immediate consequence of the above result is that every cycle of R is homologous 
toa cycle of 6. Therefore the homology groups of R are isomorphic with sub- 
groups of the homology groups of @ finite simplicial complex. This implies that 
all the homology groups for dimensions above a certain n vanish. 

It follows that we may find a base for the p-cycles of ® consisting of two 
sets: {5}, 7 = 1, 2,---,7, a maximal independent set for R and {A‘}, 
i = 1, 2,---, s which bound in R. In terms of Betti-numbers: r = R,(R), 
r+s = R,@’). These sets need only to be considered for p S n. We have 
then explicitly certain chains C’,,; such that F(Ci4:) = Ai. 


mM 


3. We are now ready to take up the proof of the fixed point formula for the 
LC space R. Let T be ac.s.v.t. of R into itself. Its effect upon the cycles of R 
is described by homologies 


(3.1) TI, ~ Yul >, Yo = Il Yall, 
and we may therefore introduce the number 
(3.2) 6 = >, (—1) trace y,. 


§ is clearly independent of the choice of bases and hence is a function of the 
“homology-class” of T. We have then the following extension of Theorem 1: 

THrorEM 2. If T is ac.s.v.t. of the LC space R into itself without fixed points 
the invariant 0(T) = 0. Therefore a sufficient condition for the presence of fixed 
points is @ ¥ 0. 


4. Suppose 7’ is without fixed points. We may then choose «¢ so small that 
every point is displaced a distance >4e by 7’, and v so small that any set of 
diameter <y is at a distance >e from its transform. This is to be in addition 
to the other inequalities imposed in No. 2. 

Let now W be the finite singular complex consisting of @ and of the cells of 





* Let Pl, ---, Prbe the vertices of K, let Q' = +P’, and let ¢ = P*, ---, P* be any simplex 
ofK. The sets of vertices P#, ---, PiQi --- Q* are vertices of certain simplexes whose 
dimension is dim ¢+1. Their realized facesarethosein K or®. The LC condition enables 
us to insert them for all cells of K at once and the realized cells corresponding to ¢ have for 
sum the deformation cell D¢ of ¢ in the sense of Topology p. 78. To have D¢ oriented we 
must take the alternate sum of the cells. 

" For LC spaces these cyclesand their bounding relations yield the same homology groups 
& Vietoris cycles. See Topology, p. 333. 
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the chains C4: (p = 0, 1,---,n). We may e-deform a )-subdivision of Ty 
into ® (No. 2). Let 7 be the induced chain-transformation on #. That is to 
say, any cell ¢', of & becomes first T¢', then, after subdivision and ¢-deforma- 
tion, goes into a certain new chain T¢', of 6. We have. then 


(4.1) Te, = Xp,ib>- 
Since both T and the ¢-deformation are permutable with F the same holds for 
T. .Therefore TT’, is a cycle of ® and 
(4.2) F(TC34) = Tay,. 
Since a deformation transforms a cycle into a homologous cycle we have 
TY’, ~ TT} on R. 
It follows that the cycle of ® 
Tri — yj, ~O0onR 


and hence it is ~ to a linear combination of A’s on ®, or 


(4.3) TY, ~ y3isT) + 2; 45 on &. 
From (4.2) follows also 

(4.4) TA’, ~ 0 on ©. 

Hence 


6(T) = >. (—1) trace yp = 0(T). 


Now in view of the choice of ¢, \, u, v, every chain at the right in (4.1) is ata 
distance >e > 0 from ¢>. Therefore 7 has no fixed element, so that by 
Theorem 1, 0(7’) = 0 = 0(T). This proves Theorem 2. 


PRINCETON UNIVERSITY 
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ON BICOMPACT SPACES 
By Epvarp Crcu 
(Received February 3, 1937) 


The theory of bicompact spaces was extensively studied by P. Alexandroff and 
P. Urysohn in their paper Mémoire sur les espaces topologiques compacts, Ver- 
handlingen der Kon. Akademia Amsterdam, Deel XIV, No. 1, 1929; I shall 
refer to this paper with the letters AU. An important result was added by 
A. Tychonoff in his paper Uber die topologische Erweiterung von Réumen, Math. 
Annalen 102, 1930, who proved that complete regularity is the necessary and 
sufficient condition for a topological space to be a subset of some bicompact 
Hausdorff space. As a matter of fact, Tychonoff proves more, viz. that, given a 
completely regular space S, there exists a bicompact Hausdorff space 8(S) 
such that (i) S is dense in B(S), (ii) any bounded continuous real function 
defined in the domain S admits of a continuous extension to the domain 6(S). 
It is easily seen that B(S) is uniquely defined by the two properties (i) and (ii). 
The aim of the present paper is chiefly the study of 6(S). 

The paper is divided into four chapters. In chapter I, I briefly resume some 
well known definitions adding a few simple remarks. In particular I show that 
anarbitrary topological space S determines a completely regular space p(S) such 
that a good deal of topology of S reduces to the topolegy of p(S), this being 
true in particular for the theory of real valued continuous and Baire functions. 
Chapter II contains the theory of the bicompact space 8(S) mentioned above. 
Here I shall recall’ only a few results of chapter II. First, if the space S is 
normal, then B(S) may be defined without any reference to continuous real 
function since property (ii) may be replaced by the following: if two closed 
subsets of S have no common point, then their closures in B(S) have no common 
point either. Second, if the space S satisfies the first countability axiom, then 
Sis completely determined by (8), S being simply the set of all points of 8(S) 
where the first countability axiom holds true. This implies that in this case 
(embracing the case of metrizable spaces) the whole topology of S may be 
reduced to the topology of the bicompact space 6(S). Hence it is evident that 
it is highly desirable to carry further the study of bicompact spaces and in 
particular of B(S). Of course it must be emphasized that 6(S) may be defined 
only formally (not constructively) since it exists only in virtue of Zermelo’s 
theorem. If J denotes the space of integer numbers, then I think it is impossible 
to determine effectively (in the sense of Sierpifiski) a point of (J) — J. I was 
even unable to determine the cardinal number of B(J). (The paper contains 
several other unsolved problems.) The space 6(I) — I furnishes incidentally a 
positive solution of a problem proposed by Alexandroff and Urysohn (AU, p. 54: 

823 

















824 EDUARD CECH 


Existe-t-il un espace bicompact ne contenant aucun point (x)? The authors 
write in this connection: La résolution affirmative de ce probléme nous donnerait 
un exemple des espace bicompacts d’une nature toute différente de celle des 
espaces connus jusqu’é présent). In chapter III, I call a completely regular 
space S topologically complete if SisaGsin B(S). The reason for this designation 
lies in the fact that, if S is metrizable, it has this property if and only if it is 
homeomorphic with a metric complete space. The proof is an easy adaptation 
of Hausdorff’s well known proof of the theorem that a G; in a metric complete 
space is a homeomorph of a metric complete space. In chapter IV, I consider 
locally normal spaces and I prove that a locally normal space S is always an 
open subset of some normal space. This was of course to be expected but I 
think it would be difficult to prove without the theory of 8(S). 


I 


A set S is called a topological space (and its elements are called points) if 
there is given a class § of subsets of S (called closed subsets of S) such that (1) 
the whole space S and the vacuous set 0 are closed, (2) the intersection of any 
family of closed sets is closed, (3) the sum of two closed sets is closed. A set 
GC Sis called open, if the complementary set S — Gis closed. A neighborhood 
of aset A C S (A may consist of a single point) is an open set containing A. 

The intersection of all closed sets containing a given set A is called the closure 
of A and is denoted by A. The closure operation has the following properties: 
(1)0=0,()ACA,3)A+B=A+4+B, (4) A = A. Conversely, it is 
possible to define the general notion of a topological space starting with an 
operation A subject only to conditions (1)-(4) and defining closed sets by the 
condition A = A. 

An open base of a topological space S is a class 8 of open sets such that any 
open set is the sum of some of the elements of 8. The class of all open sets 
is a particular open base. Any open base 8 has the following properties: (1) 
given a point z ¢ S, there exists a U e 8 such that x e U, (2) given a point ze 8 
and two sets U and V such that U eS, Ve %, xe UV, there exists a set W 
such that W «8,xe«W,WCUV. Conversely it is possible (and the possibility 
is utilized very frequently in practice) to define a topological space starting with 
a class 8 subject only to condition (1) and (2); the closure A of a set A C S 
consists then of all the points x such that 


U «%, xe U implies UA = 0. 


A fixed subset T of a topological space S is always considered as a topological 
space, defining a set A C T to be relatively closed (i.e. closed in the space T) 
whenever A is the intersection of 7 with some closed subset of S. Aset ACT 
is relatively open whenever A is the intersection of 7 with some open subset of S. 
The relative closure of a set A C T is the intersection TA of T with the closure of 
A in the space S. Any open base 8 of S determines an open base Bo of T; 
the elements of %) are the intersections of T with the elements of 8. 
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A mapping f of a topological space S; into a topological space S2 is an operation 
attaching to each point x e S; a definite point f(x) € S: ; we always suppose that, 
given any point y ¢ Se , there exists at least one point x eS; such that f(r) = y. 
The space S; is the domain of f, Sz is its range. The image f(A) of aset A C 8S, 
is the set of all points f(x), x running over A. The inverse image f '(B) of a set 
BC & is the set of all points ze S; such that f(z) «B. The mapping f is 
one-to-one if 


a1 € Si, 22 € Si, 41 ~ Xz implies f(x) + f(x). 


If f is one-to-one, then the inverse operation f is a one-to-one mapping of S; 
into S,. The mapping f will be called a function if its range consists of real 
numbers. The function f is bounded if its range is a bounded set. 

The mapping f is called continuous at a point x e S, if, given any neighborhood 
V of f(x), there exists a neighborhood U of x such that f(U) C V. f is called 
continuous (simply) if it is continuous at any point re S,. f is called homeo- 
morphic if it is one-to-one and if both f and fare continuous. f is continuous, 
if and only if the inverse image of any closed subset of Sis a closed subset of S; . 

Aset A C S is callea a G;-set if there exists a countable sequence {G,} of 
open sets such that A = []?G, ; A is called an F,-set if there exists a countable 
sequence {F,} of closed sets such that A = >-; F,. The complement of a 
G-set is an F,-set and vice-versa. 

S is called a Kolmogoroff space’ if the closures of any two distinct points are 
distinct. S is called a Riesz space’ if any single point is closed. Sis a Riesz 
space if and only if the intersection of all the neighborhoods of any point x 
consists of z only. S is called a Hausdorff space if the intersection of the closures 
of all the neighbhorhoods of any point z consists of x only. Any Riesz space is a 
Kolmogoroff space. Any Hausdorff space is a Riesz space. Any subset of a 
Kolmogoroff space is a Kolmogoroff space. Any subset of a Riesz space is a 
Riesz space. Any subset of a Hausdorff space is a Hausdorff space. Let 8 
beany open base of S. Sis a Kolmogoroff space if and only if, given two distinct 
points x and y, there exists a set U eB containing precisely one of the points 
sandy. S is a Riesz space if and only if, given two distinct points z and y, 
there exists a set U ¢ ® containing z and not containing y. S is a Hausdorff 
space if and only if, given two distinct points z and y, there exist sets U and V 
such that U e ®, V eB, xe U, ye V, UV = 0. 

Now we proceed to prove that the theory of general topological spaces (in the 
sense precised above) can be completely reduced to the theory of Kolmogoroff spaces. 
let S be a topological space. Two points xz e S and y ¢ S will be called equiva- 
lent (for the time being) if = g. Let F be any closed subset of S and:let z and 
y be two equivalent points; if x e F, ‘then & C F, since F is closed, but y «9 and 
j= %,so that yeF. It follows that any closed subset of S consists of complete 
SE 


‘See P. Alexandroff and H. Hopf, Topologie I, p. 58. 
"See G. Birkhoff, On the combination of topologies, Fund. Math. 26, p. 162. 
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classes of mutually equivalent points. Now let us attach to each point x «8 4 
new symbol r(x) chosen in such manner that 7(x) = r(y) if and only if x and y 
are equivalent; let us call Sp the set of the symbols 7(x), so that 7 is a mapping 
of S into Sp. Aset Ao C So will be considered as closed if and only if its inverse 
image + (Ap) is a closed subset of S. It is evident that S) is a topological space 
and that 7 is a continuous mapping. Further it is evident that for any set 
A C S we have 7(A) = 7(A); in particular 7(@) = r(x) for anyzeS. If 
r(x) # r(y), we have & ¥ ¥; since the sets Z and @ are closed, it easily follows 
thatr(%) ¥ r(g), or r(x) ¥ r(y), so that Sp is a Kolmogoroff space. Conversely, 
let So be a Kolmogoroff space. Let 7 be a mapping of a set S into S). Let us 
call closed in S the inverse image of any closed subset of S). Then S is the 
most general topological space and 7 has the previous meaning. Evidently 
the topology of S is quite completely described by that of Sp . 

S is called a regular space if it is a Kolmogoroff space having the following 
property: given a neighborhood U of a point 2, there exists a neighborhood V of 
x such that VC U.’ We shall prove that any regular space S is a Hausdorff 
space.. Let x and y be two distinct points of S. If we had both z 9 and 
y € £, it would follow, since @ and @ are closed, that ¢ C j and 9 C Z, ie. Z=4, 
which is impossible. The argument being symmetrical, we may suppose that z 
does not belong to 7, so that S — 7 is a neighborhood of x. Hence there exists a 
neighborhood U of x such that UV C S — g. Putting V = S — U,wehavetwo 
open sets U and V such that x eU, ye V, UV = 0, so that S is a Hausdorff 
space. 

Any subset of a regular space is a regular space. 

S is called a completely regular space if it is a Kolmogoroff space having the 
following property: given a closed set F and a point ae S — F, there exists a 
continuous function f (in the domain S) such that f(a) = 0 and f(x) = 1 forany 
zeF.’ It is easy tosee that a completely regular space is regular and that any 
subset of a completely regular space is a completely regular space. 

Now we shall start with an arbitrary topological space S and we shall attach 
to it a uniquely defined completely regular space p(S) in such manner that a 
great deal of topology of S may be reduced to that of p(S). Two points x and 
y of S will be called equivalent (for the time being) if f(x) = f(y) for every 
continuous function f (in the domain S). To each point z ¢ S let us attach a 
new symbol p(x) chosen in such a manner that p(x) = p(y) if and only if x and y 
are equivalent;* let us call S, the set of all the symbols p(x), so that p is a mapping 
of S into S; = p(S). We shall introduce a topology in S, by defining an open 





3 The neighborhoods may here be restricted to a given open base of S. 

‘ This is usually done assuming a priori that S is a Riesz space; for this point I am in- 
debted to Dr. K. Koutsky. 

5 We may assume that 0 S f(x) S 1 for every z « S, since we could replace f with ¢ by 
defining y(x) = f(x) if0 S$ f(z) S$ 1, o(x) = Oif f(z) <0, and¢(z) = 1 if f(z) > 1. 

6 It is evident that r(x) = r(y) implies p(z) = p(y), but of course we may restrict our- 
selves to Kolmogoroff spaces. 
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base B for S,;. An element [f, J] of B will be defined by a continuous function f 
in the domain S and an open interval J, [f, J] consisting of the points p(x) of S; 
such that f(x) eI. To prove that S; is a topological space we have to verify two 
things. First, for any ae S, there evidently exists an [f, J] containing p(a). 
Second, let p(a) belong both to [f; , /;] and to [fe , J2]; we have to prove that there 
exists an [f, I] such that p(a) ¢ [f, I] and [f, J] C [fi, hi)-[fe, Ie]. There exists a 
number e > 0 such that, for 7 = 1 and for 7 = 2, the interval fi(a) — e < t < 
f(a) + eis a subset of J;. It is easy to see that we may put f(x) = | fi(x) — 
f(a) | + | fo(x) — fo(a) | , choosing J to be the interval — e <t<e. Hence S; 
is a topological space. 

Since the topology of S; was defined by means of continuous functions in the 
domain S, it is easy to see that p is a continuous mapping of S into S, so that, if ¢ 
is any continuous function in the domain §S,, f(x) = ¢[p(x)] is a continuous fune- 
tion’in the domain S. Moreover, in our case the converse is also true: any 
continuous function in the domain S has the form f(x) = ¢l[p(x)], ¢ being a continu- 
ous function in the domain S, . 

If p(a) and p(b) are two distinct points of S, , then there exists a continuous 
function f in the domain S such that f(a) # f(b). There exist two disjoined 
open intervals J; and Jz such that f(a) «J; and f(b) eI,. Then [f, J;] and 
(f, Is] are two disjoined open subsets of S; and p(a) e[f, 11], p(b) e[f, Zs]. It 
follows that S; is a Hausdorff space. As a matter of fact, S, is a completely 
regular space. Let ® be a closed subset of S, not containing the point p(a). 
There exists an [f, J] such that p(a) e[f, J] C S: — ©; we may suppose that J 
consists of all numbers t such that | t — f(a) | < e(e > 0). If| f(x) —f(@| Ze, 
put g(x) = 1; if | f(z) — f(@) | < e, put g(x) = &*. | f(x) — f(@)|. Then gisa 
continuous function in the domain S, so that there exists a continuous function ¢ 
in the domain S, such that g(x) = ¢g[p(zx)]. It is easy to see that y[p(a)] = 0 
and g(x) = 1 for each ze ®. 

Let F be a closed subset of S. We shall prove that a necessary and sufficient 
condition for the set p(F’) to be closed in S, is that for any point 


aeS — p |o(F)] 


there exists a continuous function f in the domain S such that f(a) = 0 and f(x) = 1 
for each xe F. First suppose the condition satisfied. If p(F) were not closed 
in S; , we could choose a point a such that 


p(a) € p(F) — pF). 


Since p(a) e S, — p(F), there would exist a continuous function f in the domain $ 
such that f(a) = O and f(x) = 1 foreachzxeF. There would exist a continuous 
function g in the-domain S; such that f(z) = ¢[p(x)]. For z « p(F) we would 
have (x) = 1; since ¢ is continuous, it easily follows that o(x) = 1 for z € of F), 
in particular g[p(a)].= 1, i.e. f(a) = 1, which is a contradiction. Secondly, 
suppose p(F) closed in S,. Let aeS — p |p(F)]. Then p(a) eS: — p(F). 
Since S; is completely regular, there exists a continuous function ¢ in the domain 
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S, such that g[p(a)] = 0 and g(x) = 1lforeachzep(F). Putting f(x) = ¢lo(x)], 
we have a continuous function f in the domain S such that f(a) = 0 and f(z) = | 
for each ze F. 

As a corollary, we obtain that, if the space S itself is completely regular, the 
mapping p is homeomorphic. 

The following property is characteristic for completely regular spaces S: 
Let o be a continuous mapping of S into a topological space R such that each con- 
tinuous function f in the domain S has the form f(x) = ¢glo(x)], ¢ being a continuous 
function in the domain R. Then the mapping o is homeomorphic. The property 
cannot be true if S is not completely regular, as is seen by putting « = p. Hence 
suppose that S is completely regular. If ae S, be S, a ¥ b, there exists a 
continuous function f in the domain S such that f(a) ¥ f(b); since f(z) = 
glo(x)], we have o(a) # o(b), i.e. the mapping ¢ is one-to-one. It remains to 
show that if F is a closed subset of S the set o(F) is closed in R. If o(F) is not 
closed, there exists a point a e S such that 


a(a) €o(F) — o(F). 


There exists a continuous function f in the domain S such that f(a) = 0 and 
f(x) = 1 for each xe F. We may put f(x) = ¢[o(x)] and we have g[o(a)| = 0 
and g(x) = 1 foreach x eo(F). Since ¢ is continuous, we must have g(x) = 1 
for each x € ¢(F), hence for x = a, which is a contradiction. 

Consider the following three properties of a topological space S: (1) If F; and 
F, are two closed sets such that F, FP, = 0, there exist two open sets G; and G; 
such that F; C G,, F2 C Ge, GiG, = 0. (2) If F; and F2 are two closed sets 
such that FF, = 0, there exists a continuous function f in the domain S such 
that f(x) = 0 for each x e F; and f(x) = 1 foreach xe Fs.’ (3) If F is a closed 
set and if ¢ is a bounded’ continuous function in the domain F, there exists a 
continuous function f in the domain S such that f(z) = (2) for each ze F. 
It is easily seen that (2) is formally stronger than (1) and that (3) is formally 
stronger than (2). But Urysohn proved’ that all three properties are equivalent 
to one another. A space having these properties is called normal. Property (2) 
shows that a normal Riesz space is a completely regular space (hence a regular 
space, therefore a Hausdorff space). 

If the space S is normal, then p(S) is normal as well. Let #; and #2 be two 
closed subsets of p(S) such that ®;4, = 0. Then F; = p -(4,) and F, = p (42) 
are two closed subsets of S such that F;F, = 0. Since S is normal, there exists a 
continuous function f in the domain S such that f(x) = 0 for each a ¢ F, and 
f(x) = 1 for each xe F,. There exists a continuous function ¢ in the domain 
e(S) such that f(x) = ¢g[p(x)]. Evidently g(x) = 0 for each z € ; and g(x) = | 
for.each x € ®.. 

If the space S is normal, then for a eS, b € S we have p(a) = p(b) if and only if 





7 It is easy to prove that the word bounded may be omitted. 
§ P. Urysohn, Uber die Méchtigkeit zusammenhdngender Mengen, Math. Annalen 94, 1925. 
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i-6 40. Suppose first that ce d-b. If fis.a continuous function in the domain 
S. it is easy to see that f(a) = f(c) = f(b), whence p(a) = p(b). Secondly, 
suppose that ad-b = 0. Since S is normal, there exists a continuous function f 
in the domain S such that f(z) = 0 for each x € @ and f(x) = 1 for each z €b, 
whence f(a) = 0, f(b) = 1. 

If the space S is normal and if F is a closed subset of S, then p(F) is a closed 
subset of p(S). LetaeS —p  [p(F)]. For x ¢F we have p(a) ¥ p(x), whence 
i-? = 0; therefore d-F = 0. Hence there exists a continuous function f in the 
domain S such that f(z) = 1 for each ae F and f(x) = 0 for each z ¢ 4, in par- 
ticular f(a) = 0. We know that this implies that p(F) is closed in p(S). 

The last two theorems show that, if S is normal, the space p(S) and its topology 
may be completely described without any explicit reference to continuous 
functions: The space p(S) consists of symbols p(x) attached to single points 
ze, p(x) and p(y) being identical if and only if @-¢ # 0; and a set © C p(S) is 
closed in p(S) if and only if the set p (#) is closed in S. It is an interesting 
problem to give a similar description of p(S) in the general case. 

If the space S is normal, then a necessary and sufficient condition for a set AC S 
to be both closed and a G;; ts the existence of a continuous function f in the domain S 
such that f(x) = 0 af and only if xe A. Suppose first that such a function f 
exists. Then A = {f(x) = 0} is a closed set and G, = { | f(z) | < 1/n} are 
open sets and A = [[@,. Conversely let A = A = IIG.., G, being open. 
Since S is normal, there exist continuous functions f, in the domain S such that 
f.tz) = Oforzxe A, f,(xz) = lforreS —G,,0 Sf.(x) S$ lforreS. Itis 
sufficient to put f(z) = >) 2-"-f,(z). 

A point x of a topological space S is called a complete limit point of aset A C S 
if, for any neighborhood U of x, the cardinal number of the set AU is equal to 
the cardinal number of the set A. A family € of subsets of S is called monotonic 
if for any two sets A e ©, Be € we have either AC BorBCA. A family € 
of subsets of S is called a covering of S if each point of S belongs to some set of C. 

Consider the following three properties of a topological space S: (1) Every 
infinite subset possesses at least one complete limit point. (2) A monotonic 
family of non-vacuous closed subsets has a non-vacuous intersection. (3) Any 
covering of S consisting of open sets contains a finite covering of S. It is known 
that all three properties are equivalent to one another.’ A space having these 
properties is called bicompact. It is known that a bicompact Hausdorff space is 
normal’ (hence completely regular). A closed subset of a bicompact space is a 
bicompact space. Conversely, a bicompact subset of a Hausdorff space is closed.” 
It easily follows that a one-to-one continuous mapping of a bicompact Hausdorff 
space is homeomorphic. 

Let {.8,} be a family of sets; the subscript « runs over an arbitrarily given set J. 
The cartesian product $,.S, of the family {S,} is the set of all families x = {z,}, 
EE eee 

* AU, p. 8. 

1° AU, p. 26. 

4 AU, p. 47. 
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each x, belonging to S,. The z,’s are called the coordinates of x. If every S, 
is a topological space, we introduce a topology into S = $,S, by means of the 
following open base 8: The elements of % are sets of the form $,G@, where (1) 
each G, is an open subset of S,, (2) G, = S, except for a finite number of sub- 
scripts u. It is easy to see that S is a Kolmogoroff space, a Riesz space, a 
Hausdorff space, a regular space, a completely regular space, if and only if every 
factor space S, belongs to the corresponding category of spaces. If S is normal, 
every S, is normal as well; but the converse is false. 

The cartesian product S = $3.8, of any family of bicompact spaces ia a bicompact 
space. Using Zermelo’s theorem, we may suppose that the set I consists of all 
ordinal numbers less than a given ordinal number. Let there be given an 
infinite subset A of S. We have to construct a complete limit point z = {z,} 
of S. According to the way the topology of S was introduced, it is sufficient to 
construct the coordinates z, by transfinite induction, choosing each z, ¢ S, in 
such a way that it have the following property 7, : If there is given a finite 
number of subscripts «, S « and, for each c, , a neighborhood G, of z,, (in the 
space S,,), then the cardinal number of the intersection of A with the set of 


those points « = {z,} for which z,, ¢G, (for each of the given subscripts ¢,) is” 


equal to the cardinal number of A. We need only prove that the definition of 
the z,’s by transfinite induction may be carried through. Hence suppose that, 
for a definite value \ e J, the points z, (with property 7.) having already been 
constructed for . < X, it is impossible to choose 2, € S, with property 7m. Then, 
for every point y, e S,, there exist: a neighborhood T'(y,) of the point y, (in 
the space S,), a finite (perhaps vacuous) set M(y,) of subscripts « < \ and, for 
each . e M(y,), a neighborhood G(z,, y,) of the point z, (in the space S,) such 
that the cardinal number of the set A-H(y,)-K(yy) is less than the cardinal 
number of A, where H(y,) is the set of all points x = {z,} for which x ¢ T(y) 
and K(y,) is the set of all points x = {zx,} for which x, ¢G(z. , ys) for every 
te M(y,). Since the space S, is bicompact, there exists a finite set of points 
ye S( 1 SiS m < ~) such that 


(1) > T(ys”) = Sy. 

The cardinal number of the set 

(2) D A-H(ys”)-K(y”) 
i=1 


is less than the cardinal number of A. On the other hand, it follows from (1) 
that 


2d, Ay”) = 8 
so that the set (2) contains the set 


(3) A. I Kyi”). 
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It follows that the cardinal number of the set (3) is less than the cardinal number 
of A. But it is easy to see that this is in contradiction with property 7, , 
choosing u < \and w2e for every ue + M(ys”). 


II 


Since a bicompact Hausdorff space is completely regular, every subset of a 
bicompact Hausdorff space is also completely regular. Following Tychonoff, 
we shall prove conversely that every completely regular space is a subset of some 
bicompact Hausdorff space. 

Let S be given completely regular space. Let 7 denote the interval 0 < ¢ < 1. 
Let @ denote the set of all continuous functions f in the domain S such that 
{(S) C T. Choose a set J having the same potency as the set #, so that there 
exists a one-to-one mapping of I into %; let f, be the function corresponding to 
cel. ForceZ, put T, = T and let R be the cartesian product 2,7,. Since 
every 7’, is a bicompact Hausdorff space, FR is also a bicompact Hausdorff space. 
For any x e S, put g(x) = — = {&.} eR, where &, = f(x). Theng is a mapping 
of the space S into the space S* = g(S) C R. It is easy to see that the mapping 
gishomeomorphic. For. eZ and ée€R, putyg.(é) = &. Theng,isa continuous 
function in the domain R such that ¢,(R) = T. Moreover, we see that ¢,{g(x)] = 
f(x) for x € S. 

If S is a completely regular space, let 8(S) designate any topological space 
having the following four properties: (1) B(S) is a bicompact Hausdorff space, 
(2) Sc B(S), (3) S is dense in B(S) (i.e. the closure of S in the space 6(S) is 
the whole space B(S)), (4) every bounded continuous function f in the domain S 
may be extended” to the domain B(S) (i.e. there exists a continuous function ¢ in 
the domain B(S) such that ¢(x) = f(x) for every x « S). 

The space B(S) exists for every completely regular S. Using the above notation, 
we easily see that the closure of S* in the space R has the properties (1)-(4) 
relatively to S*, so that B(S*) exists. Since S and S* are homeomorphic, 
8(S) exists as well. 

(riven a completely regular space S, the space B(S) is essentially unique. More 
precisely: If B, and By both have properties (1)-(4) of B(S), then there exists a 
homeomorphic mapping h of B, into Bz such that A(z) = xforeachzeS. This 
is but a particular case of the following theorem: Let S be a completely regular 
space. Let B be a space having properties (1)-(3) of B(S) (but not necessarily 
property (4)). Then there exists a continuous mapping h of B(S) into B such that: 
(i) h(x) = 2 for each x € S, (ii) h[{B(S) — S] = B — S. The mapping h is one-to- 
one (and consequently homeomorphic) if and only if B also possesses property (4). 
Let I, 7, R, g and S* have the above meaning. Divide the set J into two dis- 
joined subsets I; and I» , putting « e J, if and only if the continuous function f, 
may be extended to the domain B. Let R,; denote the cartesian product $, 7, 
where « runs over J; and T, = T for each v. For any ze B, put gi(z) = & = 
‘flier, €Ri, where & = ¢,(x), y, being the extension of f, to the domain B. 


—_—__ 


* It follows easily from property (3) that the extended function is uniquely defined by f. 
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Then g; is a homeomorphic mapping of the space B into the space B* = 9,(B) Cc 
R, , just as g was a homeomorphic mapping of S into the space S*. For any 
point € = {&.}..,¢R, put k(é) = {&.}.67, € Ri. Evidently k is a continuous 
mapping of R into R,. For x «5S, it is easy to see that k[g(x)] = gi(x) so that 
k(S*) C B*. Since k is continuous, it follows that k(S*) C B*, where S* is the 
closure of S* in the space R and B* is the closure of B* in the space R;. Since 
B* is a homeomorph of B, B* is a bicompact Hausdorff space, whence B*¥ = B*. 
Therefore k(S*) C B*, i.e. k defines a continuous mapping ky of S* into a subset 
of B*. Since S* was homeomorphic with 8(S), and B* was homeomorphic with 
B, ko defines a continuous mapping h of B(S) into a subspace h[B(S)] of B; 
evidently h(x) = a for every xe S. The space h[8(S)], as a continuous image 
of the bicompact space B(S), must be bicompact. It follows that h[8(S)] is 
closed in B. On the other hand, h[8(S)] > S must be dense in B. Therefore, 
h{[8(S)] = B, i.e., h is a continuous mapping of B(S) into B. If B possesses 
property (4) of B(S), we have J; = IJ, whence R, = R and k is the identity. 
This readily implies that the mapping h is homeomorphic. 

Returning to the general case, we still have to prove that A[@(S) — S] = 
B—S. Ofcourse A[8(S) — S]}> B-—S. It remains to arrive at a contradic- 
tion in supposing the existence of a point b e 8(S) — S such that a = h(b) € S. 
Since B(S) is a bicompact Hausdorff space, it is completely regular. Hence 
there exists a continuous function ¢ in the domain B(S) such that g(a) = 0, 
g(b) = 1. Let Q be the set of all points x e S such that g(x) 23. Then Qisa 
closed subset of S, so that there exists a closed subset P of the space B such that 
Q = SP. Since B is a bicompact Hausdorff space, it is completely regular. 
Hence there exists a continuous function y in the domain B such that ¥(a) = 0, 
y(x) = 1 foreacha e Pand0 S y¥(x) S 1 foreachzxeB. From property (4) of 
B(S) it follows that there exists a continuous function x in the domain 8(S) such 
that x(x) = ¥(x) for each x e S, whence x(a) = 0. Since h is a continuous 
mapping of 8(S) into B, y[h(zx)] is a continuous function in the domain A(S). 
The set C of all points x e 8(S) such that y[h(x)] = x(x), is closed in B(S) and 
contains the set S which is dense in B(S); therefore C = B(S), whence x(b) = 
¥{h(b)] = ¥(a) = 0. The set D of all points x ¢ 8(S) such that both g(x) > 3 
and x(x) < } is open in B(S) and is not vacuous, since b e D. Since S is dense in 
B(S), there exists a point ce S-D. Since c e D, we have x(c) < 4; since ceS, 
we have x(c) = ¥(c). Therefore ¥(c) < }so0 thatc e S-(B—P)=S—Q. From 
the definition of Q it follows that g(c) < 4; since c ¢ D, this is a contradiction. 

Two subsets A; and Az of a topological space S will be called completely 
separated if there exists a continuous function f in the domain S such that 
f(x) = 0 for each « ¢ A; and f(r) = 1 for each x € Ao.’ It is easy to see that Ai 
and A» are completely separated if and only if the closed sets A; and A: are 
completely separated. We know that S is completely regular if and only if 
any single point x and any closed set not containing x are always completely 
separated. We know that S is normal if and only if two closed sets without 
common points are always completely separated. 
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Let S be a completely regular space. We characterized the space B(S) by 
the properties (1)-(4) given above. We will now show that 8(S) may be also 
characterized by the properties (1), (2), (3) and (4’), where (4’) means the follow- 
ing: If A; and Az are two completely separated subsets of S, then the closures of 
A, and Ag in the space B(S) are disjoint. Suppose first that A; and A» are two 
completely separated subsets of S. Then there exists a continuous function f 
in the domain S such that f(z) = 0 for each x € A; and f(x) = 1 for each x € Ae. 
We may suppose that 0 S f(x) S 1 for each z e S, so that there exists a continu- 
ous extension ¢ of f to the domain 6(S). Letting the bar denote closures in the 
space B(S), we have g(x) = 0 for each z e A, and ¢(x) = 1 for each x € Az, so 
that indeed A,A, = 0. Conversely, let the space B have properties (1), (2), (3), 
(4’). There exists a continuous mapping A of the space B(S) into the space B 
such that h(x) = x foreach ze S. It is sufficient to prove that the mapping h 
is one-to-one. Suppose the contrary. Then there exist two points a ¢ 8(S), 
be B(S) such that a + b, h(a) = h(b). There exists a continuous function f 
in the domain B(S) such that f(a) = 0, f(b) = 1. Let A; denote the set of all 
points z e S such that f(x) S 4; let Az denote the set of all points x e S such that 
f(x) 2 §. Itis easy to see that A; and A, are two completely separated subsets 
of S so that A; A, = 0 where the bar designates closures in the space B. Since 
h(a) = h(b), we shall have a contradiction if we shall prove that h(a) € Ai, 
h(b) «A. Let U be any neighborhood of h(a) in the space B. Then h '(U) 
is a neighborhood of a in the space B(S). Since f(a) = 0 and since S is dense in 
8(S), itis easy to see that h-'(U)-A, ¥ 0, whence U- A; ¥ 0. Since U was an 
arbitrary neighborhood of h(a) in the space B, we have indeed h(a) ¢ A; and 
similarly we prove that h(b) ¢ Ae. 

In the particular case when S is a normal Riesz space, it follows from the 
result just proved that 6(S) may characterized by the properties (1), (2), (3) 
and (5) where (5) means the following: Jf F; and F» are two closed subsets of S 
without common points, then the closures of F; and F2 in the space B(S) have no 
common points. Conversely, if there exists a space B having properties (1), (2), (3) 
and (5), then S is normal and B = B(S). Indeed, it is easy to see that property 
(5) is stronger than property (4’) so that B = B(S). If F; and F are two closed 
subsets of S and F,F, = 0, then F,F, = 0, the bar indicating closures in B. 
Since B is a bicompact Hausdorff space, it is normal, so that there exists a 
continuous function g in the domain 6(S) such that g(x) = 0 for each x ¢ F,and 
y(t) = 1 foreach x e F,. Hence it follows that S is normal. 

Let S be a completely regular space. Let 7 be a closed subset of S; let T 
denote the closure of T in the space 6(S). Then we have T = A(T) (ie. T 
possesses the properties (1)-(4) of 6(7')) if and only if every bounded’ continuous 
function in the domain T admits of a continuous extension to the domain 8S. Sup- 
pose first that 7 = @(7') and let f be a continuous function in the domain T 
such that e.g. 0 < f(z) S$ 1 for each xe 7. Since T = Q(T), there exists a 
continuous extension g of f to the domain T; of course 0 S g(x) S 1 foreach xe T. 
Since 6(S) is a bicompact Hausdorff space, it is normal; since T is closed in 
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B(S), there exists a continuous extension ¢ of g to the domain B(S). Hence f 
may be continuously extended to the domain @(S) and therefore also to the 
domain S C B(S). Conversely suppose that every bounded continuous function 
in the domain 7’ may be continuously extended to the domain S. Of course 7 
has always properties (1)-(3) (relatively to 7’); therefore to prove that T = 8(7) 
it is sufficient to prove that 7 has property (4’) (again relatively to T). Hence 
suppose that A, C JT and Az C T are completely separated in the space T. 
Then there exists a continuous function f in the domain T such that f(r) = 0 
for each x € A; , f(x) = 1 foreach x e Az and0 S f(x) S lforeachzeT. There 
exists a continuous extension ¢ of f to the domain S, whence it readily follows 
that A, and A: are completely separated in the space S. Since (8) has property 
(4’) (relatively to S), we have A, Az = 0, the bar indicating closures in the space 
B(S). But of course A, and A? are closures of A; and A: in the space 7’, so that 7 
has indeed property (4’) relatively to T. 

The theorem just proved has the following consequence: Jf S is a normal 
Riesz space, then T = B(T) (the bar indicating closure in 6(S)) for every closed 
subset T of S. If the completely regular space S is not normal, then there exists a 
closed subset T of S such that T ¥ B(T). 

If @ is a family of neighborhoods of a point z of a topological space S, then we 
say that # is complete if, given an arbitrary neighborhood G of z, there exists a 
neighborhood U of x such that both Ue® and U CG. The least cardinal 
number of a complete family of neighborhoods of z is called the character” of x 
(in the space S) and is denoted by x(x) = xs(x). If TC Sand ze T, it is easy 
to see that 


Xr(z) S xs(z). 
Let S be a completely regular space. Then for every point a e S we have 


xs(@) = x~(s) (a). 


Let & be a complete family of neighborhoods of a in the space S whose cardinal 
number is equal to xs(a). It is sufficient to construct a complete family W of 
neighborhoods of a in the space B(\S) such that the cardinal number of does 
not exceed xs(a). The family W will be constructed as a transform of the family 
®, each U ¢ ® determining a 7(U) ¢ ¥, in the following way, 

7(U) = B(S) - S—U 
(the bar indicating closures in the space B(S)). Of course Visa family of neigh- 
borhoods of a in the space (S) and the cardinal number of W does not exceed 
xs(a). Hence we have only to prove that, given a neighborhood G of a in the 
space B(S), there exists a U e ® such that 7(U) C G. There exists a continuous 
function f in the domain 8(S) such that f(a) = 0 and f(x) = 1 for each z € B(S) — 
G. Let H denote the set of all points x « S such that f(z) < }. Then H isa 
neighborhood of a in the space S, so that there exists a U e® such that U CH. 





13 AU, p. 2. 
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It remains to prove that 7(U’) C G. Supposing the contrary, there exists a 
point be 7(U) — G. Since b « B(S) — G, we have f(b) = 1. Let V be an 
arbitrary neighborhood of 6 in the space 6(S). Since f(b) = 1 and since S is 
dense in B(S), there exists a point ce SV such that f(c) > }. Since U CH, 
we cannot havece U. Thereforece S — U sothat (S — U) V #0. Since V 
was an arbitrary neighborhood of b in the space B(S), we have be S — U = 
a(S) — 7(U), which is a contradiction. 

Let S be a completely regular space. Let A C B(S) — S(A # 0) be both closed 
and a Gs; in B(S). Then the cardinal number of A is = 2®°. Since A is both 
closed and a G; in the normal space A(S), there exists a continuous function f 
in the domain B(S) such that f(z) = 0 for each x¢€ A and f(r) > 0 for each 
zreB(S) — A. The set of all points x € 8(S) such that f(r) < n‘(n = 1, 2, 
3, ---) is open and not vacuous. Since S is dense in 8(S), there exists a point 
a, ¢ S such that f(an) <n. Since AS = 0, we have f(a,) > 0. It is evident 
that the points a, may be chosen is such a manner that f(a,4:) < f(a,). Let 
us arrange the rational numbers of the interval 0 < ¢ < 1 in a simple sequence 
\r,}. There exists a continuous function ¢ in the domain 0 < t < © such that 
0 < g(t) < land g[f(a,)] = r.(n = 1, 2, 3, ---). Since f(x) > 0 for each x € S, 
we obtain a bounded continuous function g in the domain S such that g(z) = 
¢lf(x)| for each a e S. There exists a continuous extension h of g to the domain 
8(S). Choose a real number a,O0 Sai. There exists a sequence %) < % < 
iz < +++ such that r;,, ~ aforn— ©. Let M, designate the set of points a;,, 
Ginss) Gingg, °°? SOthat M,C S, M,D Misi,M, ¥ 0. Since the space B(S) 
is bicompact, there exists a point b e I] M.. Since the functions f and h are 
continuous, we have f(M,) € f(M,), h(M,) C h(M,) = g(M,), whence f(b) « I] 
j(M,), h(b) « II g(M,,). Since f(a;,) > 0, g(a:,) > a for n > &, we easily 
see that f(b) = 0, h(b) = a. Since f(b) = 0, we have be A. Therefore, for 
each a such that 0 S a < 1, the set A contains a point b such that h(b) = a. 
Hence the cardinal number of A is at least 2°. 

Let S; and Se be two completely regular spaces satisfying the first countability 
axiom. Let the spaces B(S;) and B(S2) be homeomorphic. Then the spaces S; 
and Sz are homeomorphic. We may assume that B(S;) = B(S2). According to 
the preceding theorem no point x ¢ 6(S;) — S, is a G; in B(S;). But every 
point x ¢ S, satisfies the first countability axiom relatively to S. and, therefore, 
after the theorem last but one, relatively to B(S2) as well and hence z is a G; in 
B(S2) = B(S,). Therefore S, C S; and similarly S,; C S:, so that S; = S2. 

Let I denote an infinite countable isolated space (e.g. the space of all natural 
numbers). It is an important problem to determine the cardinal number 
mof BZ). All I know about it is that 


geo <mca Q2Ro- 


It is easily seen that each point of J is an isolated point of B(I) so that the set I 
Ils open in B(I). Since J is countable, it is an F, in B(J). Hence B(J) — I is 
both closed and a G; in B(1) so that the cardinal number of (J) — I is = 2®°. 
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On the other hand, since the set J is dense in the Hausdorff space (J), it is easy 
to see that a point x « B(/) is uniquely determined knowing the family of all sets 
A C I such that x ¢ A, so that the cardinal number of (J) is at most equal to 
the cardinal number 2”*° of all families of subsets of J. 

A topological space S is called compact if, given any infinite subset A of S, 
there exists a point z e Ssuch thatre A — z. 

Let the normal Riesz space S be not compact. Then the cardinal number of 
B(S) — S is at least equal to the cardinal number of B(I) (hence at least equal to 
2*°) Since S is not compact, it is well known that S contains a closed subset F 
homeomorphie with J. Since S is normal, we have B(J) = I C £B(S), so that 
B(I) — Ic B(S) — S. But the sets B(J) — I and B(J) have the same cardinal 
number. 

I do not know whether this theorem remains true if we replace normality by 
complete regularity. It may be shown that the assumption of normality may 
be replaced by the following weaker assumption”: If F; and F2 are two closed 
subsets of S such that F; 7s countable and F,F2 = 0, there exist two open sets 
G, and Gz such that G,; D F; , Gz D Fe , GiGe. = 0. 

If the space S is compact, then the set 8(S) — S may consist of a single point. 
Let S be the set of all ordinal numbers <a, w being the first uncountable 
ordinal number. Let So be the set of all ordinal numbers Sw;. The topology 
of S and S, is the usual topology of an ordered set, an open base being given by 
the family of all open intervals. It is well known that S is a compact normal 
Riesz space and that So is a bicompact Hausdorff space. We shall prove that 
So = B(S). Since it is evident that Sp possesses properties (1)—(3) of B(S), it is 
sufficient to prove that a continuous function f in the domain S admits of a 
continuous extension to the domain S,. This is an easy consequence of the 
following theorem. If f is a continuous function in the domain S, then there 
exists a point — « S such that f is constant for x = —. It is sufficient to prove that, 
given a number ¢ > 0, there exists a point &(e) e S such that | f(z) — f(y) | <e 
forxeS,yeS,2> &e),y > Ee). Supposing the contrary, there would exist in 
S two sequences {a,} and {b,} such that a, < bn < any, and | f(an) — f(bn) | 2 €. 
But this is impossible, because f would then be discontinuous at a, a being the 
first ordinal number greater than each a, . 

We say that x « S is a x-point”, if there exists a sequence {x,} C S — (x) such 
that lim z, = 2, i.e. that, given any neighborhood U of x, we have z, ¢ U except 
for a finite number of subscripts n. Alexandroff and Urysohn raised the ques- 
tion’ whether there exists a bicompact Hausdorff space which is dense in itself 
and which contains no x-point. We shall prove that the space B(I) — I has 
this property. Supposing the contrary, there exists a point c « B(I) — I and a 
sequence {a,} C B(I) — I — (c) such that lim a, = c. We may suppose that 
the points a, are all distinct from one another. Let A, be the set of the points 





14 AU, p. 58. 
15 AU, p. 53. 
16 AU, p. 54, 
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Gy . Anz» Any *** together with the point c. It is easy to see that A, is a closed 
subset of BU). We shall construct successively open subsets U,, of the space 
a(I) as follows. Uj, contains the point a, but U,A, = 0. If, for a certain 
value of n, we have already constructed the set U, so that U,-Any, = 0, let 
U,.; be an open subset containing a,,; , but such that U,4,-U; = Oforl <i <n 
and Un4it Ansg = 0. It is easy to see that the successive construction of the 
sequence {U,} may be carried through. Now put @ = J ->, Una, ¥ = I: 
> Un. Then ®¥ = 0 and the sets and W are of course closed in J, since I 
isanisolated space. Since J isnormal, we must have 6¥ = 0, the bars indicating 
closures in B(J). On the other hand, since J is dense in B(J) and U, is open in 
a(I), it is easy to see that JU, = U,, so that a, « 1U, , whence we easily get the 
contradiction ce @Y. 


III 


We shall say that the space S is topologically complete if there exists a bicompact 
Hausdorff space B > S such that SisaG;in B. Of course S is then completely 
regular. A Gs in a topologically complete space is a topologically complete space. 
A closed subset of a topolologically complete space is a topologically complete space. 

A topological space S is topologically complete if and only if it ts completely 
regular and a G; in B(S). If Sis a G; in B(S), then it is topologically complete, 
since B(S) is a bicompact Hausdorff space. Conversely suppose that S is 
topologically complete. Then there exists a bicompact Hausdorff space B > S 
such that Sis a Gsin B. Let By be the closure of S in the space B. Then Bo 
is a bicompact Hausdorff space and S is dense in By and a G; in By). We know 
that there exists a continuous mapping h of B(S) into By such that h'(S) = S. 
Since S is a Gs in By , it is easy to see that h'(S) = Sis a G; in B(S). 

Let T be a completely regular” space. Let S C T be a topologically complete 
space. Then S is a G; in the closure of S in the space T. Let So be the closure of 
Sin the space (7). It is sufficient to prove that SisaG,;in So. Since So is a 
bicompact Hausdorff space and since S is dense in Sp , there exists a continuous 
mapping h of B(\S) into Sp such that h[B(S) — S] = So — S. Since S is topologi- 
cally complete, it isa Gs in B(S), so that B(S) — Sis an F, in B(S). Hence there 
exist closed subsets F,, of 8(S) such that >> F, = 6(S) — S, whence Sp — S = 
D KF,). Every F,, is a bicompact space, so that every h(F,,) is a bicompact 
space. Since h(F,,) is a bicompact subset of the Hausdorff space Sp , it is closed 
in Sy , so that Sp — Sis an F, in S and finally S is a G; in Sp. 

Let T be a topologically complete space. Let SC T. Then S is a topologically 
complete space if and only if it is the intersection of a closed subset of T and a G; 
nT. If S = FH, where F is closed in 7 and H isaG;in T, then F is a topologi- 
cally complete space and S is a Gs in F, so that S is a topologically complete 
space. Conversely let S be topologically complete. Then S is a Gs in the 
closure § of S in T, so that S = SH, H being a Gin T. 


‘7 | do not know whether this assumption is necessary. 
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Let S ¥ 0 be a topologically complete space. Let {G@,} be a sequence of open 
and dense subsets of S. Let H = II Gr. Then H ¥ 0 and, moreover, H is dense 
in S. There exists a regular compact (as a matter of fact, bicompact) space 
K > Ssuch that SisaG;in K. We may suppose that S = K, the bar denoting 
closure in K. The sets G, being open in S, there exist sets T, open in K and 
such that G, = S-T,. Since S is a G; in K, there exist sets A, open in K and 
such that S = Il A,. Since S is dense in K and G, are dense in S, the sets G, 
are dense in K. Choose an arbitrary point a e S and an arbitrary neighborhood 
V of a in the space S. All we have to prove is that HV # 0. There exists a 
neighborhood U> of a in the space K such that V = SU,. Since the set G, 
is dense in K, there exists a point a,¢€GiUy) = S:-T,Uy) C ATi Uo. Hence 
A, T, Uo is a neighborhood of a; in the space K. Since K is regular, there exists a 
neighborhood U, of a; (in the space K) such that U; C Ai T, Uo. Generally, 
let there be given for a certain value of n a point a, €G, and its neighborhood 
U,, (in the space K) such that U, C AnT,Un1. Then a,eG,C Sand SU, 
is a neighborhood of a, in the space S; since G,4; is dense in S, there exists a 
point dni1€ GniiUn = S-PayiUn C AnuTnyiUn. Hence AnyilnsiU, is a 
neighborhood of a,4; in the regular space K, so that there exists a neighborhood 
Uni Of Gn41 (in the space K) such that Oni C Angi Pn41Un. Thus we construct 
a sequence {a,} of points and a sequence {U,} of open sets so that a, ¢G,Un, 
Onsr © AnsiTniiUn. Since ane Un, we have U, ¥ 0. Since K is compact 
and Oni C Un, there exists a point be [] U, = [[ Un. Since Orsi C 
Anti lniiUn, we have b eI 4,. Il r,=S-[[ rr, = [1G = FZ. More- 
over be Uy), so that be HU, = AV. 

Let S be a metric space. A Cauchy sequence in S is a sequence {z,} C S 
such that, given a number e > 0, there exists a number p= such that the distance 
of x, and 2, is less than ¢, whenever both m and n are greater than p. A metric 
space S is called metrically complete if, given any Cauchy sequence {z,} in S, 
there exists a point x e S such that lim z, = x. <A topological space is called 
completely metrizable, if it is homeomorphic with a metrically complete space. 

We next prove our principal theorem: A metrizable space S is topologically 
complete if and only if it is completely metrizable. 

Let S be a metrically complete space and let p be its distance function. We 
may suppose that p(x, y) S 1 for every pair of points, since otherwise we may 
replace p by pi , putting pi(x, y) = p(a, y) if p(x, y) S 1, p(x, y) = Lif p(a, y) > 1 
Since S is metric, it is completely regular, so that B(S) exists. For any given 
a eS, p(a, x) is a bounded continuous function in the domain S so that there 
exists a continuous function ¢,(x) in the domain 6(S) such that ga(x) = p(a, 7) 
for each ae S. If aeS, be S, then the set 7(a, b) of all points x ¢ B(S) such 
that ga(x) + g(x) = p(a, b) is closed in B(S) and contains S. Since S is dense in 
8(S), we must have T(a, b) = B(S), ice. ga(x) + go(x) = p(a, b) for each x € B(S). 





i8 It is evident from the proof that it is possible to replace this by the weaker assumption 
that S is a Gs in some regular compact space. 
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Forae Sand n = 1, 2,3, +--+ let I'(a, n) be the set of all points x € 8(S) such 
that g(r) < n. Since the function gq (x) is continuous, I'(a, n) is an open 
subset of B(S). Therefore 


G. = Lo T(a,n) 
aeS 
isan open set. We shall prove that S = Il G, , so that the set S is a G; in 
8(S) and thus topologically complete. Evidently Il G, > S. Conversely let 
be IG, . We have to prove that be S. According to the definition of G, , 


there exist points a, € S such that ¢.,(b) < n. Therefore 


p(an, Om) = ?a,(b) + ¢a,,(b) 4 : + La 
n m 


so that {an} is a Cauchy sequence in S. Since S is metrically complete, there 
exists a point ae S such that a = lima,. It is sufficient to prove that a = b. 
Suppose that a # b. Since B(S) is a Hausdorff space, there exist two open 
subsets U and V of B(S) such thataeU, be V, UV = 0. Since US is a neigh- 
borhood of a in the metric space S, there exists an integer n > 0 such that U 
contains every point x e S such that p(a, 2) < 2-n™'. This can be written in the 
form SW C U, W being the set of all points x € B(S) such that ga(x) < 2-n™. 
Since ga is continuous, W is an open subset of B(S). Since S is dense in B(S) 
and U, V and W are open in 6(S), we have WC W = SWC UC BS) — V, or 
WV = 0. Hence for each x ¢€ V we have ¢,(x) = 2-n™'; in particular ¢,(b) = 
2:n". Since p(n, @m) <n + m™” and lim a, = a, we have p(a, an) Sn. 
Hence for each x € S we have p(a, x) S p(a, dn) + p(an, 2) Sn + plan, 2), 
whence it easily follows that for each x ¢ B(S) we have ¢ga(x) S ¢a,(%) + nin 
particular ¢a(b) S ¢a,(b) +n < n> +n" = 2-n™", which is a contradiction. 

Now suppose that the metric space S is topologically complete. Let p denote 
the distance function of S; again, we shall suppose that p(x, y) < 1 for every 
couple of points. Since S is topologically complete, there exists a sequence 
\F,| of closed subsets of 8(S) such that 6(S) — S= 2) F,. If S = B(S), then 
S is a bicompact metric space, and then it is well known that S is metrically 
complete. Hence let us suppose that S ~ B(S); we may then assume that 
F, # 0 for every n. Given any point a eS, p(a, x) is a bounded continuous 
function in the domain S, which admits of a continuous extension ¢, to the 
domain B(S). If the point b « 8(S) is different from a, then there exist open 
subsets U and V of B(\S) such that ae U,be V, UV = 0. Since SU is a neigh- 
borhood of a in the metric space S, there exists a number e > 0 such that U 
contains every point x e S such that p(a, x) < e. Since S is dense in A(S), it 
easily follows that U contains every point x ¢8(S) such that ¢.(z) < e. Since 
U Cc B(S) — V = B(S) — V, we have U c A(S) — V so that b €A(S) — U, 
whence ga(b) = e. Thus we proved that ¢.(b) > 0 for every b « 8(S) except 
forb = a. Since the set F,, ¥ 0 is closed in the bicompact space 8(S), it is easy 
to see that the function ¢,(x), x running over F,, , admits of a minimum value 
o(a,F,). Sinceae S,F,S = 0, we have o(a, Fn) > 0. 
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If a e S, b € S, then we have p(a, x) S p(a, b) + p(b, x) for every x € S, whence 
ga(x) & p(a, b) + ¢a(x) for every xe B(S). Therefore o(a, F,) S p(a, b) + 
o(b, F,,), and similarly o(b, F,) S p(a, b) + o(a, Fn). Hence 


| o(a, Fy) se o(b, Fy) | = p(a, b). 
Now let us put forze S,yeS 
Sn(x, y) = p(x, y) + o(x, Fn) + oly, Fr), 


p(x, y) 
fr(x.y)’ 


pal, v) = (0, v) + D2 gala 9). 





gn(x, y) = 


Since p(x, y) 2 0, o(z, F,) > 0, o(y, Fn) > 0, we have f,(z, y) > 0. Hence 
gn(x, y) exists and 0 < g,(z, y) < 1, so that the series >> 2°"-9,(z, y) is conver- 
gent. It is evident that po(z, y) = po(y, x) and that po(x, x) = 0, whereas 
p(t, y) > Oif x ¥ y. Next we shall prove that po(z, z) S po(z, y) + poly, 2) 
for re S, ye S,zeS. Since 


Ye «—*% 
c+h ctt 
and since 0 < p(x, z) S p(x, y) + p(y, z), we have 





force >0,05St4564 


p(x, y) + ply, 2) 





nlx, 2) S F 
W(t, 2) 5 ea) + oly, 8) + o(@, Fa) + 06, Fa) 
Since 

o(y, F,,) = p(x, y) + a(x, F,), 

o(y, F,,) P ply, z) + a(z, F,), 
we have 


p(2, y) + o(z, F,.) + o(y, Fn); 
p(x, y) + ply, 2) + o(z, Fr) + o(2, Fn) = . |, 2) + oly, F.) + o(e, F), 


whence 


Gn(t, Z) S gn(z, y) + gly, 2), 
so that indeed 


po(x, z) S po(x, y) + poly, 2). 


Hence pp has all the properties of a distance function. Next we prove that 
p and po are equivalent metrics in S, ie. that for ze S and {z,} C S we have 


lim p(x, , x) = O if and only if lim po(z, , x) = 0. 
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< po(2n ’ x). 
Conversely suppose that lim p(z,, x) = 0. Choose a number e > 0 and an 
integer k > O such that 2**! < ¢. Then we have for all values of n 


If lim po(tn, 2) = 0, then lim p(z, , x) = 0, since 0 S p(z,, 2) 


co) ce) 


> 2 ‘grn,2) = Do 2 =2* < e, 


i=k+1 i=k+1 


whence 


k 
po(tny 2) < p(tn, 2) + > 2‘ giltn, x) + Fe 


: —t p(rn, x) 
S (tm, 2) + d2 Gas) + (2, Fp + 2° 





Since lim p(x, , x) = 0, we must have 
k 


: —¢é p(rn, 2) —_ 
lim, 202 as) hee) 7 


so that there exists an integer p such that for n > p we have 





k 


—i p(Xn, x) 
9S A” int) +o) ~ 





Therefore 
po(In ’ x) < p(Ln ’ x) +e 


forevery n > p. Since lim p(x, , x) = 0 and the number e > 0 was arbitrary, 
we have indeed lim po(z, , 7) = 0. Thus we proved that p and po are equivalent 
metrics in S, i.e. that the metric spaces S = (S, p) and (S, po) are homeomorphic. 

It remains to be shown that the metric space (S, po) is metrically complete. 
Hence suppose that {z,} is a Cauchy sequence in (S, po). We have to prove 
that there exists a point z e S such that lim p(x, , x) = 0, or, what we already 
know to be equivalent, that lim p(z, ,x) = 0. Since the space 8(S) is bicompact, 
it is easy to see that there exists a point x « B(S) such that, given any neighbor- 
hood U of x (in the space B(.S)), we have z, ¢ U for an infinite number of values 
of n. It is sufficient to prove that ze S, for then, since {z,} is a Cauchy se- 
quence, it is easy to show that lim p(z,, x) = 0. Suppose, on the contrary, 
that the point x belongs to the set 8(S) — S = >> F,. Hence there exists an 
integer k > O such that x ¢ F; . 

We shall prove that o(t,, Fx) ~ 0 for n — ©. Choose a number e > 0. 
There exists an integer p > 0 such that for n > p,m > pwe have p(t, ,2%m) S 
po(tn, 2m) <e. Letnbegreater than p. The number o(z, , Fy) is the minimum 
value of ¢,,(y) for yeF,. Since x ¢ F;, we must have 0 < o(%n, Fx) S ¢z,(2). 
There exists a neighborhood ©, of x in B(S) such that | ¢.,(2) — ¢z,(x) | < © 
for every z€Q,. There exists an integer m, > p such that 2,,,, €2, , whence 
Gzn(2mn) — Gz,(t) | < €, ie. | p(tn, Lm,) — Gz,(Z)| <e. Since n > p, mn > Pp, 
we must have p(tn , m,) < €, Whence ¢z,(z) < 2e. Therefore 0 < o(t,, Fi) < 
2e forn > p, so that indeed o(z, , F,) ~ 0 forn— o. 
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Since {z,} is a Cauchy sequence in (S, po), there exists an integer p such that 
po(tn, 2p) <2 foreachn > p. But 


p(rn, %_) 
Pn Tp) + o(In, Fe) + o(xp, Fi)’ 


pon, Zp) 2 2“ geltn, Zp) = 2~ 





Since 
a(Lp ’ F;) > p(Xn ’ 2) + o(Xp ’ F;), 


it follows that 


Ln, tp) 2 2 plan, Xp) = 0, 
ply te) Ot ale FD 





so that for every n > p we have 





p(Xn, Lp) 1 
0<s < 
p(In, Lp) + a(n, Fr) i 
whence p(tn, Zp) < o(an, Fx). But o(a,, F,) - 0 f - ©, Therefore 
p(t%n, Zp) > O0forn— «. Hence there exists an integer g >. ~¢  h that for 


every n > q we have p(x, , Zp) < 2 ¢z,(x). [Since ze S, xe B(S) — S, we 
know that ¢,,(x) > 0.] There exists a neighborhood U of z in the space 8(S) 
such that ¢2,(z) > 3¢2,(x) for any ze U. There exists an integer n > q such 
that x, « U, whence p(tn , Xp) = ¢z,(%n) > 2¢z,(x), which is a contradiction. 


IV 


Let S be a completely regular space. Let A(S) be the set of all points x ¢ B(S) 
such that x possesses a neighborhood U(in the space 8(S)) such that S-U is a 
normal space. [U is the closure of U in B(S)]. It is easy to see that A(S) is an 
open subset of 8(S). 

Let F, and F 2 be two closed subsets of a completely regular space S such that 
F,F, = 0. Then 


F,- F-(S) = 0, 


the bars indicating closures in B(S). Supposing the contrary, there exists a 
point ae F,-F,-\(S). Since ae d(S), there exists a neighborhood U of a (in 
the space 8(S)) such that S‘Uisanormal space. There exists a neighborhood V 
of asuch that VC U. Put 


@, = V-F,, & = U-F, + S(U — U). 


Then , and 42 are two closed subsets of SU such that 2:4, = 0. Moreover, 
it is easy to see that ae@,-6,. Since SU is a normal space, there exists a 
bounded continuous function f in the domain SU such that f(z) = 0 for each 
ze, and f(r) = 1 for each re@,. For xe S put (i) g(x) = f(z) if re SU, 
(ii) g(x) = lifxeS—U. Thenit is easy to see that g is a bounded continuous 
extension of f to the domain S. According to the definition of (S), there 
exists a continuous extension ¢ of g (hence of f) to the domain 6(S). We have 
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g(t) = f(x) = 0 for each z € ®, and g(x) = f(x) = 1 foreach xe #:. Since gis 
continuous, we must have g(x) = 0 for each x €®, and g(x) = 1 for each x € $2, 
so that ;$2 = 0, which is a contradiction. 

The topological space S will be called locally normal if each point zx € S pos- 
sesses a neighborhood U such that U is a normal space. Any normal space is 
locally normal; more generally, any open subset of a locally normal space is 
locally normal. 

A locally normal Riesz space S is completely regular. Let a be a given point 
of a locally normal space S and let V be a given neighborhood of a. There 
exists a neighborhood U of a such that U is a normal space. Also UV is a 
normal space, since it is a closed subset of U. Since (a) and UV — UV are two 
closed subsets of the normal space UV without a common point, there exists a 
continuous function f in the domain UV such that f(a) = O and f(x) = 1 for each 
reUV — UV. Forze S put (i) g(x) = f(x) if x e UV, (ii) g(x) = 1ifreS — 
UV. Then it is easy to see that g is a continuous function in the domain S 
such that g(a) = Oand g(x) = 1 foreacha2e S — V. Therefore S is completely 
regular. 

A completely regular space S need not be locally normal. Let w be the first 
infinite ordinal number. Let w; be the first uncountable ordinal number. Let 
S; be the space of all ordinal numbers S w. Let S_ be the space of all ordinal 
numbers S w,:w. The topology in S; and in &» is defined in the usual way by 
means of intervals. Let Sj. be the cartesian product of the two spaces S; and 
S.. Let T be the set of all points (x, y) € Siz , for which z = wand y = a,-n(n = 
1,2,3,-:-). Let S = Sy — T. Then S isa completely regular space, but it 
is not locally normal. 

It is easy to see that a completely regular space S is locally normal if and only 
if SC AGS). I do not know whether there exists a completely regular space 
S# Osuch that S-A(S) = 0. 

A Riesz space S is locally normal if and only if it is homeomorphic with an open 
subset of a normal Riesz space.” We know that an open subset of a normal 
Riesz space is a locally normal Riesz space. Conversely let S be a locally 
normal Riesz space. Let Sp) be a new space consisting of all points of S and of a 
single new point w. The topology of Sp is defined as follows. If weAC So, 
then A is closed in So if and only if A — (w)isclosedin S. If AC So — @) = S, 
then A is closed in Sp if and only if (i) A is closed in S, (ii) A Cc X(S), the bar 
indicating closure in B(S). It is easy to see that So is a Riesz space and that S 
isan open subset of Sy. It remains to be shown that the space Sp is normal. 
Let F; and F, be two closed subsets of Sp such that FF, = 0. Since the point 
belongs at most to one of the two sets F; and F;, we may suppose that F, C S. 
Since F, is closed in Sp , the closure F, of F, in the space B(S) is a subset of A(S). 
Put F; = F,2 — Ww). Then F; and F; are two closed subsets of S and FF; = 0. 
We know that F,-F,-(S) = 0 (the closures being formed again in B(S)). But 
_ 

'® T do not know whether the restriction to Riesz spaces is really necessary in this theorem. 
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F, C X(S) so that F; and F; + B(S) — d(S) are two closed subsets of B(S) 
without a common point. Since B(S) is a bicompact Hausdorff space, it js 
normal, so that there exists a continuous function ¢ in the domain (S) such that 
v(x) = O foreach x ¢€ F, and g(x) = 1 for each x ¢ F; and for each z ¢ B(S) — X(S). 
Let us define a function f in the domain S) in the following way. If z « S, then 
f(x) = ¢(x); moreover fw) = 1. Then it is easy to see that f is a continuous 
function in the domain Sp such that f(x) = 0 for each x ¢ F; and f(x) = 1 for 
each ze F2. , 

I conclude with two more unsolved questions. A topological space S$ jis 
called completely normal if every subset of S isa normal space. S may be called 
locally completely normal if every point x e S possesses a neighborhood U such 
that U is a completely normal space. S may be called completely locally normal 
if every subset of S is a locally normal space. It is easy to see that a locally 
completely normal space is completely locally normal. I do not know whether 
the converse holds true. Any open subset of a completely normal space is a 
locally completely normal space. I do not know whether a locally completely 
normal space must be homeomorphic with an open subset of a completely 
normal space. 


Brno, CZECHOSLOVAKIA, 
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REMARK ON BICOMPACT SPACES 
By Bepkicu Pospfsin 


(Received April 26, 1937) 


We write exp x = 2' for each cardinal number r. 

TueorEM I. For each infinite cardinal number , there exists a bicompact 
Hausdorff space S and a subspace T C S such that (i) T is an isolated space, 
(ii) T is dense in S, (ili) the cardinal number of T is b, (iv) the cardinal number of 
S is exp exp b. 

Proor. Let H denote a set of § elements. Let X denote the set of all 
functions ¢ defined over H and assuming only values 0 and 1. Let 2 denote 
the family of all subsets of X such that any A eQ is the set of all functions 
yeX assuming a given value at each of a given finite number of given elements 
of H. Then the cardinal number of X is exp § and the cardinal number of 0 is b. 
We consider X as a topological space, a neighborhood of ¢ « X being any A «Q 
such that ge A. It is easy to see that we may choose a set E dense in X of 
cardinal number §. Let F denote the set of all mappings of X into a subset of X. 
Let 7’ denote the set of all finite families ¢ of pairs (C; , e.) where C;, €Q, e. « E 
and any two sets C;, have a vacuous intersection; the pairs (C;. , e..) will be termed 
the coordinates of te T. 

We put S = JT + F, the topology of S being defined by neighborhoods as 
follows. A neighborhood of t « T consists of t only. Neighborhoods of f « F 
will be defined in a somewhat complicated manner. Choose a finite number of 
different points 4 ¢«X(1 S$ k <n). For1 S k S n, choose sets Ay €Q and 
B, eQ such that x, € A, and f(a,) « B.. Let Q be the set of all g « F such that 
g(t.) ¢B,for1 $k <n. Define a set P C T in the following manner. An 
element ¢ of 7’ belongs to P if and only if, for 1 < k S n, there exists a coordinate 
(C., ex.) of t such that 2, €C;,, Cy C Ax, ee € B,. [Of course, t may possess 
more than n coordinates.] Let K be any finite subset of P. Put O = P—K-+ 
Q. Any such set O is a neighborhood of f in our space S. 

The properties (i)-(iv) being evident, to prove theorem I it suffices to show 
that S is a bicompact Hausdorff space. This is indeed true but a quicker way 
of completing our proof is as follows. It is easy to see that all our neighborhoods 
are both closed and open in our space S, whence it readily follows that S is a 
completely regular space. Therefore, using a result of Tychonoff,’ there exists a 
bicompact Hausdorff space B containing S. If S) denotes the closure of S in B, 
then the spaces Sy) and 7’ C Sp satisfy our theorem. Indeed, it is easy to prove 


‘A. Tychonoff, Uber die topologische Erweiterung von Réumen, Math. Annalen, 102, 
1930, 544-561. 
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that the cardinal number of Sp cannot exceed exp exp 5, since Sp is a Hausdorff 
space containing a dense subset of cardinal number b. 

In a recent paper,” Cech attached to any completely regular space T a unique 
bicompact space (7) > T and posed the problem of determining the cardinal 
number of 8(7’) in case T is an isolated countable space. The auswer to Cech’s 
question is a particular case of the following 

THEOREM II. Let T denote an infinite isolated space of cardinal number }: 
then the cardinal number of B(T’) is exp exp 6. 

Proor. Again applying the final sentence in the proof of theorem I, the 
cardinal number of 8(7') cannot exceed exp exp 6. By theorem I, there exists a 
bicompact space S > T of cardinal number exp exp 5 such that 7 is dense in S. 
In his paper, already quoted, Cech proved that there exists a continuous map- 
ping of B(7’) into S. Hence the cardinal number of 8(7) is not less than exp 
exp b. 


Brno, CzECHOSLOVAKIA. 





2. Cech, On bicompact spaces, Annals of Math., 38, 1937, 823-844. 
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ZUM HOPFSCHEN UMKEHRHOMOMORPHISMUS 
Von Hans FREUDENTHAL 
(Received January 11, 1937) 


Eine Abbildung einer Mannigfaltigkeit auf eine andere induziert einen 
Homomorphismus zwar der Bettischen Gruppen der einen in die der andern, 
nicht aber im Allgemeinen auch des einen Schnittringes in den andern. Vor 
lingerer Zeit hat aber H. Hopf [1] mit der Lefschetzschen Produktmethode 
“Umkehrungen” von Mannigfaltigkeitsabbildungen angegeben; eine solche 
Umkehrung besitzt unter anderen wichtigen Eigenschaften die, ein Schnittring- 
homomorphismus zu sein; aus diesen Eigenschaften hat H. Hopf eine Reihe 
bedeutsamer Folgerungen gezogen. Spiiter hat H. Hopf [2] zur Untersuchung 
der Abbildungen der S; auf die S. wiederum derartige Umkehrungen definiert 
(fiir Abbildungen verschieden-dimensionaler Mannigfaltigkeiten). Auch Verf. 
[4] hat sich mit derartigen Umkehrungen beschiftigt, und zwar im AuSfenraum 
abgeschlossener Teilmengen von Sphiiren. 

Hier soll gezeigt werden,’ wie sich diese Umkehrhomomorphismen sehr 
einfach im Rahmen der neueren Homologietheorie ergeben; itibrigens wird sich 
ihr Giiltigkeitsbereich einigermafien erweitern. Alle diese “Umkehrungen’”’ 
kommen iibrigens auf dasselbe hinaus; die Art, wie sie hier eingefiihrt werden, 
erinnert wohl sehr an die Methode von H. Hopf [2] und Verf. [4], ist aber vielleicht 
noch etwas einfacher. Die Haupteigenschaft der ‘‘Umkehrungen” ergibt sich 
aber sicher viel einfacher als bisher. 

Eine friihere Arbeit des Verfassers wird als bekannt vorausgesetzt und mit 
AG zitiert. 


1. Wir iibernehmen die Bezeichungen von AG. Insbesondere sei also } der 
Dualitiitsoperator, der (in d-dimensionalen Homomlogiemannigfaltigkeiten) 
B’ topologisch isomorph auf Bz_, abbildet. Wir nehmen immer eine bestimmte 
Eckenordnung an und kénnen dann praktischer mit 0d arbeiten. Wir hatten 


(AG(2)): 
od[ao +--+ a,] = > r(a “++ @, +++ Ga)[a, +++ aa] 


(in allen derartigen Formeln seien nur normale Simplexe zugelassen). 


ne er a ae oa 


‘Zusatz bei der Korrektur: Unsere Ergebnisse iiberschneiden sich mit denen von H. 
Whitney in einer inzwischen erschienenen Note: On products in a complex, Proc. Nat. 
Acad. USA 23 (1937), 285-291. 

; 3 Alexanderscher und Gordonscher Ring und ihre Isomorphie, Ann. of Math. 36 (1937), 
47-655. 
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Da fiir die Bettischen Gruppen }d ein Isomorphismus ist, so ist auch das durch 
(27? d)2? = 2° "(b2”) ” 


definierte hintere 5 ein Isomorphismus und zwar, wie sich zeigen wird, im 
Wesentlichen derselbe. Dagegen wird natiirlich keineswegs auch fiir die 
Gruppe der Komplexe vorderes und hinteres 0d identisch sein. Man hat vielmehr 


[b, --+ bal(od[ao «+ a,]) = Zz, (do *** ApDpi1 +++ ba), 


falls diese Ecken ein Simplex erzeugen und a, = 8, ist, sonst 0; die rechte Seite 
ist aber auch gleich 


> (bo Se ba) [bo _ bp] [ao : iad ap] 
(bei festem [b, --- ba] zusummieren) baw.0. Also 
[b, ++ bal od = >> w(bo --+ ba) [bo «++ B,]. 


Hinteres od liefert also fiir die Komplexe dasselbe wie vorderes 0’d (wenn 0’ die 
simpliziale Verschiebung ist, die auf der umgekehrten Anordnung der Ecken 
beruht); fiir die Bettischen Gruppen unterscheiden vorderes und hinteres 
sich also in der Tat nicht: 


(D) dz’ ~ 2°d 

2. Wir hatten weiter das Alexandersche Produkt (fiir normale obere Simplexe) 
[ao * ++ Gp|*[a, -** Apic] = [do -** A, *** Gy4e], sonst 0, ferner in d-dimensionalen 
Homologiemannigfaltigkeiten den Schnitt (AG(4)) dt? X t, oder praktischer 
o(dt” X t,): 


o(d[a +++ a] X [ao +++ ae]) = [a, --+ ae]; 


schlieBlich im Aufienraum S\A eines Teilpolytops A der d-dimensionalen 
Homologiesphire das Gordonsche Produkt 


Zp @ 2% = U(Koir K hors) mit z, = thir, Ze = thes: (in S). 
Wir hatten den Isomorphismus a = rb oder, praktischer, 
a = rod 
von B’(A) auf Ba_,1(S\A) und (AG (5)) fiir 2’, 27 C A: 
a(z2’-2°) ~ az” @ az’ in S\A. 





* Die hier gebrauchte Produktbildung zwischen oberen und unteren Komplexen usw. 
gleicher Dimension (siehe AG 1) setzt immer duale Koeffizientenbereiche voraus. Man 
verwechsle sie nicht mit der Alexanderschen (AG 10), die immer mit einem Multiplikations- 
punkt geschrieben wird (der hier fehlt). 

* Wir haben leider in AG bei der Schnittdefinition beide Faktoren vertauscht, was nur 
einen Vorzeichenunterschied gegen die iibliche Definition ergibt, aber sonst kaum etwas 
ausmacht. Trotz der kleinen Unsymmetrien, die entstehen, behalten wir die Definition 
bei. Die Formeln (U’), (A’), (V’) usw. werden nach der Vertauschungsformel fiir den 
Schnitt von dieser Abweirhung iibrigens nicht beeinfluBt. 
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Endlich hat man nach E. Cech [1] (in beliebigen d-dimensionalen Homologie- 
mannigfaltigkeiten) die Isomorphie 


d(2°-2") ~ bz” X bz’, 
die sich bei uns so ergibt: Es geniigt, 
od(z’-2") ~ o(bd2” X obdz”) 
zu beweisen. Das ergibt sich wiederum aus 
od(t’-t”) = o(dt’ X odt’), 


was wir folgendermafien verifizieren: Sei t? = [ay --+ a,]; dann ist die linke 
Seite gleich p J T(do *** Ap *** Apis *** Ga)[Apye *** Gal, falls t? = [a, --~ a,40] ist, 
sonst 0. Rechts hat man fiir solche Wahl von f° und ¢’: odt? = }> r(ao--+ a, +=: 
a,)|a, +++ a]. Beide Seiten stimmen also iiberein. 

Damit hat sich die Isomorphie beider Produktbildungen ergeben. 


3. Wir betrachten jetzt eine stetige Abbildung f einer yu-dimensionalen 
Homologiemannigfaltigkeit M in eine »-dimensionale, N. Ohne Beschrinkung 
der Allgemeinheit diirfen wir voraussetzen, daf} f simplizial ist und die Reihen- 
folge der Ecken nicht stért (also of = fo). 

Bei den Operationen 0 und d miissen wir im Folgenden unterscheiden, ob sie in 
M oder in N genommen sind; da im Allgemeinen keine Mifverstindnisse 
méglich sind, wollen wir diesen Unterschied nicht explizit ausdriicken; nur wo 
es unbedingt nétig ist, hangen wir den Index M oder N an. 

GemaifSZ AG 2 induziert f Homomorphismen 


[K,(M) C K,(N), fB,(M) C B,(N), 
K’(N)f Cc K°(M), B’(N)f C B’(M). 
Bei Homologiemannigfaltigkeiten ist aber auch 
ft = ofp 
ein Homomorphismus 


f*B’(M) C B’*”(N), 


B,(N)f* © Boin+(M). 
f* wirkt also gerade in umgekehrter Richtung wie f. 
Man hat die Relationen 
df* = fd, oder praktischer 


odf* = fod, 


was auch fiir Komplexe sinnvoll ist. 

Es ist fir die Anwendungen sehr wichtig, da f* nicht einfach abstrakt 
definiert ist, sondern da es etwa zu einem unteren Zyklus in N ganz konkret 
ein f* -Bild liefert. In Worten ausgedriickt lautet die Konstruktion z. B. so: 


(R) 
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Man nehme den Zyklus als Linearform von Dualzellen an; von einer Dualzelle 
erhailt man das f* -Bild, indem man vom zugehérigen Simplex der urspriing- 
lichen Teilung die (gleichdimensionalen) Urbilder sucht und deren Dualzellen 
addiert. 

Das hintere f* ist damit fiir untere Komplexe aus Dualzellen (dk”’) erklirt 
und bildet }K” °(N) homomorph in }K” *(M) ab. Nach AG (1) geht dabei 
der Rand eines Komplexes in den Rand des Bildes tiber, also ein Zyklus in einen 
Zyklus, usw., so daf} diese konkrete Definition (unter Beriicksichtigung von 
(D)) dasselbe liefert wie die obige abstrakte (fiir die Elemente der Bettischen 
Gruppen). 

Man bemerkt, daf} die zu ff*z, gehérige Punktmenge in der zu z, gehdérigen 
Punktmenge enthalten ist oder wenigstens in denselben »-dimensionalen Sim- 
plexen wie die von z, liegt. Das ist fir Anwendungen (H. Hopf [2]) sehr wichtig 
und wiirde bereits die Auffassung von f* als “‘Umkehrung”’ von f rechtfertigen. 

Es gilt aber noch mehr: Wir werden beweisen: 


(U) (*(2f) ~ yz fiir wp = », 


(y = Abbildungsgrad von f). 
Weiter wissen wir (AG, 10), daf} das hintere f ein Ringhomomorphismus ist, 


P47 : 
(A) (2-2°)f ~ 2f-2"f; 
etwas Derartiges kénnen wir von seiner ‘‘Umkehrung”’, dem vorderen {*, natiir- 


lich nicht erwarten, wohl aber erhalt man, wenn man in (U) 2’ durch 2’:z’ ersetzt 
und (A) beriicksichtigt, 
f*(2?f-2"f) ~ Poye” ~ 2-2" Ff). 

Wir werden aber viel mehr beweisen: ganz allgemein (fiir beliebige u, v) gilt 
(V) P(e -2"f) ~ fF2?-2? 

(hier ist natiirlich 2 C M, 2’ C N). 

(U) ist (wenigstens fiir 1 = v) ein Spezialfall von (V), den man erhalt, wenn 
man in (V) fiir 2’ den 0-dimensionalen oberen Grundzyklus von M (die Summe 
der Ecken), also fiir f*z’ den y-fachen 0-dimensionalen Grundzyklus von N 
einsetzt. 

Nehmen wir vorliufig (U) und (V) als bewiesen an! Ersetzen wir in (U), 
(A), (V) baw. 2’ und z’ durch z,-d und z,’d (was wir bis auf Homologien diirfen), 
beriicksichtigen wir (R), (D) und die Beziehung, die nach 2 zwischen Produkt- 


und Schnittbildung besteht, und schreiben wir zum Schlu® wieder p und ¢ fiir 
p’ und o’, so erhalten wir 


(U’) f(z, f*) ~ vz, fiir u 2 », 
(A’) (z, xX Zo)f* dies z,f* x z.f*, 
(V’) {(zf* X Zo) ™~ 2 X fee. 


Umgekehrt kann man natiirlich aus (U’), (A’), (V’) wieder (U), (A), (V) ableiten. 
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(U’), (A’), (V’) sind dieselben Formeln, die bei der Hopfschen Umkehrung [1] 
auftreten. Man darf daher vermuten, da das hintere f* selbst mit der Hopf- 
schen Umkehrung iibereinstimmt; in 7 werden wir das auch beweisen. Dann 
haben wir fiir die Hopfsche Unshishoune eine neue (einfachere) Definition 
gegeben und ihre Haupteigenschaften von neuem (einfacher) abgeleitet. 

Seien nun die Mannigfaltigkeiten M und N Homologiesphiren R und S, 
und sei fk C S, fA C B (A und B abgeschlossene Teilmengen von R und S). 
Eine einfache a wird aus (U’), (A’), (V’) die Formeln (U”), (A”), 
(V’’) ergeben: 


{(z,f*) ~ vz, in S\B fir p = », 
(z. @ 2.)f* ~ 2 f* @ zf* in R\A, 
f(z.f* ® 2) ~ % @ fze in S\B. 
4. Wir beweisen nun (U’) und (V’) (statt (U) und (V)). Wir nehmen in 
(U’) 2” *od statt z, und haben dann (wegen (R)) 
f(z” °ofd) ~ yz” od fiir » = v 
zu beweisen. Wir werden sogar 
f(z” ’fod) = yz” od 
beweisen,* und das ergibt sich aus 
f(t" *fod) = yt” °ob, 


was wir jetzt verifizieren: Sei t’” = [b, --- b,]. Dann ist t”’f = >> [a, --- a,’ 
mit b, = fa,,-+- ,b, = fa,, also t” fod = >> (ay --- a,--+ a,) [ao --- a,] er- 
streckt iiber alle [ap --- a, +--+ a,] mit b, = fa,,---, b, = fa,. Links haben 
wir demnach 


ft *fod) = > w(ao +++ a, +++ a,)[bo «++ bo] = D> [bo --+ bp] D, w(ao -++ a, +++ a,), 


Wo by) = fao,---,b, = " gesetzt ist und die innere Summe sich auf festes 
[bo --- b,] bezieht, waihrend die auf ere iiber alle [by --- b,] zu erstrecken ist, die 
mit [b, --- b,] ein v-dimensionales Simplex bilden. Die innere Summe ist aber 
gleich ya(by --- b, +++ b,), also stimmen linke und rechte Seite tatsiichlich 
tiberein. 

Fiihren wir in (V’) die Substitution z, = 2” °d aus, so haben wir nur (unter 
Beriicksichtigung von (D)) 


fo(d(t” *f) X t.) = o(dt"” X fte) 


zu beweisen. Nehmen wir t, = [ao-+- el, fte = [bo --+ b.], so verschwindet 
gemif} 2 die rechte Seite dann ‘aa nur dann nicht, wenn t” ° = [by -- + b,_,] ist; 
sie wird dann [b,_, -:+ b.]. Links erhalt man dann und nur dann etwas Nicht- 


HDR ied 
‘Man beachte of = fo. 
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verschwindendes—und zwar auch wieder [b,_, --- 6.|—, wenn in t’ °f [a --- 
a,_,| auftritt, also auch wieder fiir t”° = [bo -- - b,_,]. 

Um (U”), (A”), (V”) zu erhalten, miissen wir etwas genauer verfahren. Wir 
brauchen uns nur um Polytope A und B zu kiimmern. Die Ecken von S 
diirfen wir so anordnen, dafi die von B hinter allen andern kommen. Ist nun z, 
ein Zyklus aus S\B, so kann man 2’ “od innerhalb S\B wahlen, so daf es in 
S\B mit z, homolog ist. Analog darf man mit einem etwaigen k,,, aus S\B 
verfahren, dessen Rand 2,;; ist. 'Wendet man darauf hinten f*an, so kommt 
man in die Urbildmenge von S\B, also sicherlich in R\A, woran die weitere 
Anwendung von 0d nichts aindert. f* ist damit als Homomorphismus 


B,(S\B)f* © Bo+n»(R\A) 


definiert. Die Gleichheit, die wir oben im Beweise von (U’) erhalten haben, 
zeigt aber unmittelbar, daf} die durch (U”’) ausgedriickte Homologie wirklich 
in S\B gilt. (A”) ist ohne weiteres klar, und (V”) ergibt sich analog aus (U”) 
bei genauerer Betrachtung des Beweises von (U’). 


5. Die folgenden Sitze beziehen sich wieder auf beliebige Homologiemannig- 
faltigkeiten. 

a. (fg) = f*g*. (Beweis klar.) 

b. Ist die Homologiemannigfaltigkeit M Teilmenge von N und g die Abbil- 
dung, die M punktweise auf sich selbst abbildet, so ist z,q* ~ z, X M (wo M 
auch den yu-dimensionalen Grundzyklus von M bezeichne).—-Denn wenn wir in 
(U’) z, durch M, also gz, auch durch M ersetzen, kénnen wir links den Faktor 
M weglassen und erhalten die gewiinschte Beziehung. 

c. Ist {M C N, bM’ C N, ist weiter M’ Teilmannigfaltigkeit von M und 
stimmen f und § auf M’ iiberein, so ist z,h* ~ z,f* * M’.—Das folgt aus a und b, 
wenn man noch die Abbildung g M’ C M einfiihrt, die auf M’ die Identitit ist. 

d. Ist M C N, so ist es gleichgiiltig, ob man den Schnitt zweier Zyklen aus 
M in M oder in N bildet.—Folgt aus (A’). 

e. ( ; ) bedeute die Bildung des Cartesischen Produktes. ) sei die Pro- 
jektion von (M;N) auf N. Dann ist (fiir z, C N): 


(M; Zp) ™ &p p*. 


Beim Beweise machen wir von einer anderwirts von Verf. [5] abgeleiteten 
Simplizialzerlegung des Cartesischen Produktes zweier Simplexe ¢, und 4 
Gebrauch. Die Ecken von t, werden mit 0,--- ,u, die von ¢, mit 0,-°: ,” 
numeriert. Ecken von (¢,; t,) sind die Paare (a8 aus den Ecken von ¢, und t,; 
man kann sie sich in der Matrix 


00 Ol --- Ov 
10 11 --- ly 


me pl eee pv 
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aufschreiben Die (u + v)-dimensionalen Simplexe u,,, von (t,; t,) werden so 
definiert: Jedes u,,, besteht aus einer Folge von Elementen von I, die mit 00 
beginnt, mit uv endet, und in der jedes Element rechter oder unterer Nachbar 
seines Vorgiingers ist. 1 + y,(u,+,) sei die Zahl der Elemente von u,,, in der 
g-ten Spalte; n(ty++) = bs BYs(Uy+). Addiert man diese u,,, mit dem Koeffi- 
zienten (—1)**? so erhilt man die gewiinschte Simplizialzerlegung von 
(t,; 4). 

Um 

(M; 2) ~ z,p* 


zu beweisen, nehmen wir uns je ein willkiirliches Simplex ¢, aus M und t, aus N 
und berechnen auf beiden Seiten den in (¢,; t,) liegenden Anteil. Wir kénnen 
das auch so ausdriicken: Wir ersetzen M durch t, und N durch t, und beweisen 


(t.; t,) = t pod mit t, = t’ ody. 


Sind die Ecken von ¢, und ¢, wie oben numeriert, so verschwindet die linke Seite 
dann nur dann nicht, wenn ¢, = [0 --- p], also t” *® = [p --- »] ist; sie wird dann 
gleich der algebraischen Simplexsumme, gebildet aus der Matrix St’, die nur 
die 0-te bis p-te Spalte von M umfaGt. Rechts hat man t’”’p = > [a,p +--+ av]; 
zut’ *pod liefert aber nur [up - - - uv] einen Beitrag, und zwar gerade das, was wir 
links ausgerechnet haben. Fiir andere Wahlen von ¢, verschwindet auch die 
rechte Seite, so daf} unsere Gleichung bewiesen ist. 


6. Wir zeigen nun, dafi die Hopfsche Umkehrung [1] von Mannigfaltigkeit- 
sabbildungen mit unserer iibereinstimmt. 

Die Hopfsche Umkehrung war so erklirt: Man bilde in (M; N) das Lef- 
schetzsche “Bild” von f, d.h. die Mannigfaltigkeit M’, die aus den Punkten 
(a; fa) zusammengesetzt ist. (M;z,) X M’ ist ein Zyklus in M’ (wenn z, einer 
in N ist); seine Projektion auf M ist das Umkehrungsbild von z,. Wenn man 
M’ als einen Reprisentanten von M auffa®Bt und f durch die Projektion von M’ 
auf N ersetzt, kann man sich die letzte Projektion iibrigens sparen. 

Nun ist nach 5e: (M; z,) ~ z,p*, also (M; z,) X M’ ~ z,p* X M’. Das ist 
aber nach 5c und der letzten Bemerkung des vorigen Absatzes wesentlich nichts 
Anderes als z,f*. Damit ist die Aquivalenz bewiesen. 
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1. The object of this note is to extend some of the methods which I have used 
elsewhere’ so as to apply to algebras in modular fields. 

THEOREM 1. If an algebra has a nilpotent basis, it is itself nilpotent. 

Let wu, U2, +--+ , Ua be a basis of an algebra A which has an identity, each 
element of the basis being nilpotent. If N is the radical of A, we may suppose 
its basis forms a part of the given basis, and A — N has then also a nilpotent 
basis; we therefore suppose that A is semi-simple. It is clear that each irre- 
ducible part of A also has a nilpotent basis since, if e; is the identity of one part 
and ¢ = 1 — e,, then u = e,uey + e2ueg = 4, + ve and wu’ = vi + v3. Hence 
it is sufficient to prove the theorem for a simple algebra. 

Let €, , 2, --- , @€n be a complete supplementary set of idempotent elements of 
A and set A =  ¥ Ai;, Aij = e:Ae;. If, say, Ai: hasaradical N;, then AN;A = 
Ae;N;e;A does not contain e; and, being therefore less than A, it forms an in- 
variant subalgebra; but A is simple and hence A;; has no radical and, since e; 
is primitive, it is a division algebra. If we now extend the field, the basis is still 
composed of nilpotent elements and we may suppose the field so extended that 
each division algebra A;; is of order 1. 

Since A;; = e;, then A;;A;; is either e; or 0. If Ai; Aji = e:, we can find 
€ij < Aij, ej: < Aji such that e;;e;; = e; ; for we cannot have A;;e;; = 0 for 
every ¢;; and, if not 0, it equals e;. Also e;;e:;e;; = ej:e; = ej; and hence ej:e;; 
is not 0 and therefore equals e;. If we have also e;;e;; = e:, &:; < Ai;, then 

0 = (¢i; — exiejers = (i; — exsesz = Cis — C3, 
and the same reasoning shows that we cannot have e;;e;; = 0; hence for each 
2 aad j for which AijAji ~ Owe have Ai; = Ci7 5 Aji = ji. 

Suppose now that, say, AizA2 = 0 from which it follows as above that 
An Ay = 0. Then if N = Ay + Aa we have e; ANAe, = 0 and, since A is 
simple, N = 0. Hence either A;; = 0 or A;; = e;; and, if we set e; = ei , We 
have a basis for A which forms a part of the ordinary matric basis for matrices 
of order n. Since in the matric algebra the trace of e, is 1, A cannot have a 
nilpotent basis and hence the theorem is proved.” 


2. It is convenient to repeat here with some amplifications a theorem which 
was given many years ago.° 





1 Lectures on Matrices, New York, 1934, pp. 155, 159, quoted hereafter as ‘“Lectures”’. 

2 It is easily seen that no ¢;; is 0 but this is not required in the proof. 

’ Wedderburn, Hypercomplex Numbers, Proc. Lond. Math. Soc. (2) 6, 1907, p. 105. In- 
separable extensions were not considered in this paper. 
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THEOREM 2. If A is a commutative algebra whose identity is its only primitive 
idempotent element, rt can be expressed in the form A = D + N where N is the 
radical and D is a field isomorphic with A — N, unless the derivative of the char- 
acteristic function of A — N is identically zero. 


same degree as the order of the field when f’(A) # 0 and, when this condition is 
satisfied, there is a primitive element x’ whose characteristic function g(A) 
has the same degree as f(A) and has no multiple roots. If z is an element of A 
corresponding to x’ in A — N, then, since g(x’) = 0, g(x) lies in N and hence 
there is a minimal integer r such that [g(x)]" = 0. We now seek a rational 
polynomial in z, say z, such that g(z) = 0,2 = x (mod. N). Letz = 2+ u; 
then* 


g(x) 2 i ae 


(1) 0 = gz) = g(a) +9'@ut+ => : + Gani" 


Under the given conditions the coefficient of u has an inverse and it is readily 
proved by induction that (1) can be formally inverted as a series of the form 


(2) w= 92 + +++ = hy(x)g(x) + he(alg(@)P +--+ + haga] 
where the h’s are rational functions of x with rational coefficients whose de- 
nominators are not singular and where the series terminates since [g(x)]’ = 0. 
The algebra generated by z is then of the same order as A — N and the theorem 
is therefore proved. 

The following example shows that this result does not necessarily follow 
when f’(A) = 0. Let F be the field obtained by adjoining an indeterminate ¢ 
to the field of rational integers reduced modulo 2, and let A be the algebra 
generated by an element a which satisfies the equation a‘ + ¢? = 0. Here 
N = (a +t, a(a’ + 2)) and, if we set A = (1, b, a” +t, a(a’ + #)), we have 


b = B) + fia + B(a” + t) + Bala’ + ¢) 
b° = Bo + Bia’ = Bo + Bit + Bila’ + 2). 
If b° is linearly dependent on (1, 6), we must have 6, = 0, which is impossible 


since (1, b, a” + t, a(a’ + t)) isa basis of A. Hence in this case the field cannot 
be separated from the radical. 

It should be noticed that the algebra, A — N, defined by a’ + t = 0 is not 
semi-simple when the field is extended by the adjuntion of B = t’; for then 
(a — B)” = 0 and, if b = a — 8, the extended algebra has the basis (1, b) in 
which b? = 0. 


3. THErorEM 3. If the field F of a semi-simple algebra A is extended by the 
adjunction of a root of a separable equation, the algebra remains semi-simple. 





‘ The coefficient of u* is determinate even if s = 0 in the field. 
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We may suppose without loss of generality that A is simple, say A = D x M, 
where M = (é,,) is a simple matric algebra and D a division algebra. If after 
the adjunction of an irrationality & of degree m + 1, A is no longer semi-simple, 
it will contain a radical N with an element of the form 


(3) N= +aét--- + ant” 


where a, a, --- , have coefficients in the original field when expressed in 
terms of the original basis. We may suppose that the a’s are in D; for >: Cip Meg; 
is in D and )>; e:pnegiin N. If the a’s are not commutative, say a;a; ¥ a;a;, 
then a;n — na; is in N, is not 0, and contains fewer terms than (3). Hence bya 
repetition of this process we obtain an element of the radical of the form (3) 
in which the a’s are commutative. The a’s then generate a commutative divi- 
sion algebra F(ap , a; , - - -) which can also be regarded as a field over F. Let the 
irreducible equation in F of which £ is a root be f(A) = 0 and set h(A) = ap + aA 
+... +and”". If k(A) is the H.C.F. of f(A) and h(A), we can find polynomials 
a(A), B(A) with coefficients in F(a , a1 , ---) such that 


a(A)h(A) + BAA) = kQ). 


This gives a(£)h(€) = k() and hence k(é) lies in N. Let f(A) = k(A)k (A); 
since k(A) and k,(A) can have no factor in common when f(A) is separable, there 
exist polynomials 6(A), y(A) such that 


BA)KA) + YAMA) = 1, 


and, if nm, = 6(&)k(é) < N, b = y(£)ki(), we have n; + 6 = 1 so that b has the 
inverse 1 + m + ni +---. Hence k,(¢) has an inverse. But k(£)k(t) = 
f(é) = 0 so that we must have k(~) = 0, from which it follows that h(é) = 0 
so that the radical is0. The theorem is therefore proved. 

The preceding theorems are sufficient for the discussion of the classification 
of algebras given in my Lectures with one apparent exception on page 163 where 
the number 2 appears in the inverse of an element, but this is easily avoided by 
replacing u by 1 + ae and vby 1 — ea. 


PrincETON, N. J. 
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1. Introduction. We consider a group © of linear transformations in an 
n-dimensional vector space V,. If a transformation G of G is performed, the 
components of a general tensor of rank f undergo a linear transformation M,(G@) 
and these M,(G) form a representation I, of G. The investigation of M, is of 
great importance for the theory of representations. In particular, we have to 
study the breaking up of Mt, into its irreducible constituents. When dealing 
with this question we may replace Jt, by its enveloping algebra A;, i.e. the 
totality of all matrices which can be written as linear combinations of matrices of 
MN, with scalar coefficients. 

Here at once the problem arises of giving a direct characterization of the 
matrices belonging to this algebra Ay. If @ is the full linear group consisting 
of ali non-singular linear transformations, we can easily give the answer. The 
matrices of Ay can be characterized by certain conditions of symmetry. There 
is no essential difference between the case of this group @ and the case of the 
unimodular group where one considers only the transformations of determinant 1. 

However, one meets with difficulties in the case of the other semisimple 
continuous groups. H. Weyl’ determined the enveloping algebra A,, if G is 
the complex group. But in his proof he had to make use of the results of the 
theory of representations for this group G. It seems desirable to give a method 
which is independent of this theory, in order to be able to develop the theory of 
representations starting from the investigation of the algebra Ay. In the case 
of the orthogonal group the direct characterization of Ay has not yet been given. 

It is my aim to give an elementary method which works for all semisimple 
groups. Instead of A; we first consider the commutating algebra By, which 
consists of all matrices commutative with every matrix of Ay. In §2 we treat 
for any group & the problem of finding a basis of B; , and show that it is equiva- 
lent to the problem answered by the fundamental theorem of invariant theory. 
We may characterize Ay as the commutating algebra of B,, provided we know 
that Ay is semisimple, or in other words that the representation My, of G is 
completely reducible. This follows for a semisimple group from the general 
theory of representation, if the underlying field is the field of all real or all 
complex numbers. In §3 a direct proof of the complete reducibility will be 
__ 

* Presented to the American Mathematical Society, September 1, 1936. 

‘ Mathematische Zeitschrift 35, p. 300 (1932). 
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given if & is the complex group or the orthogonal group, and K is any field of 
characteristic 0. Thereby we obtain a characterization of the elements of A, 
in these cases. In the case of the full linear group or that of the unimodular 
group @ we use our method in the other direction (§4). Here the algebra A, 
is known from the beginning, and we can derive the algebra B, from it. The 
results of §2 then give a proof of the fundamental theorem of invariant theory. 

In §5 we study the algebra By more closely. If © is the full linear group, it 
is well known that B; is homomorphic to the group ring of the symmetric group 
G, of permutations on f symbols. This is the basis for the important con- 
nection between the representations of the full linear group and the symmetric 
permutation group.” It seems, therefore, that the algebras which play the 
same role for the other simple continuous groups are of some interest. 

In a later paper, I shall investigate the algebras Ay and By further and apply 
these considerations to the theory of representations and to a proof of the second 
fundamental theorem of invariant theory. 


2. The commutating algebra. Equivalence with the fundamental theorem 
of invariant theory. We consider a group G of linear transformations 


(1) 2 = > Gik Lk 


in an n-dimensional vector space V, with the coordinates 2, %2,°-: ,%n. 
The coefficients gi, of G and the x; may here belong to any given field K. 

Let t;,i...; be the components of a tensor of rank f, (7, = 1, 2, +++ , ), fora 
fixed f. These components undergo a linear transformation induced by the 
transformation (1) 


(2) li sig ents “5 z: GJiyky Jinks + Qiks teyke-+-ky + 
ki, ka, °**, ky 
We denote the system 7, i2, ++: , 2%, of f indices by [7] and similarly the 
system k, , ke, --: , ky by [k], and write (2) in the form 
(3) * eel)’ = 22 mG), [kee] 


[k] 


where we have set 
t([2]) = bisig-+-iy ’ 


(4) 

m/((z], [k]) = GiykyJigk, *** Jisky- 
In the sum (3), [k] is ranging over all n’ systems [k], (ki, ke, «°°, ky = 1, 
2,---,n). Wearrange these n’ systems [k] in a fixed order (for instance, choosing 





? This connection has first been given by I. Schur, Dissertation, Berlin, 1901. Cf. in 
addition I. Schur, Sitzungsberichte d. Preuss. Akad. 1927, p. 58, H. Weyl, The Theory of 
Groups and Quantum Mechanics, London, 1932, Chapter 5, and also van der Waerden, Math. 
Ann. 104, p. 92 and p. 800, 1931. The method given in this last paper is essentially the same 
as Schur’s second method. . 
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the lexicographical arrangement). In the matrix M(G) of the transformation 
(3), a row is given by a symbol [7] and a column similarly by a symbol [k]. 
In the row [7] and the column [k], we have the coefficient (4). 


(5) M(G) = (m((i], [k])). 


If two transformations G and H of @ are performed one after the other, the 
tensor ti,i,...i, undergoes first M(G@) and then M(H). We readily obtain 
M(HG) = M(H)M(G)._ This shows that the matrices M(@) form a representa- 
tion M of G. 


We denote by A the system consisting of all linear combinations, A = c;M, + 
@M,+-:- + c¢,M,, of any finite system M,, M:,---,M, of elements of M 
with coefficients c, in K. Obviously, A forms an algebra, the enveloping algebra 
of Xt. We write the matrices A in the same manner as M(GQ) in (5), 


(6) A = (a({¢], [K])) 


where again the symbol [7] gives the row and [k] gives the column. Our problem 

is to find a system of relations for the (n’)* coefficients a({i], [k]) which form the 

necessary and sufficient conditions that a matrix A, (6), actually belongs to A. 
At the same time with A we consider the matrices 


(7) B= (b({2], [k])) 


of the same degree n’ which are commutative with every element A of A. These 
matrices B also form an algebra B, the commutating algebra of A. 
It is, of course, sufficient to require that B is commutative with M(@) for 


every G in G, 

(8) M(G) B = BM(G). 

This gives 

(9) 2 m((i], [7})b(L3], [k]) = 2 b([2], [7])m({9], [k)). 


We consider now f vectors r(1), r(2), --+ , r(f), 
(10) t(p) = (a1(p), t2(p), -** , Zn(e)) 


which undergo cogrediently the transformation G of @ and, furthermore, 
vectors u(1), u(2), --- , u(f), 


(11) u(p) = (w(p), uw (p), +++ , w'()) 


which undergo the contragredient transformation , 


(12) 2,(p)’ = > 9 ix T(p), 


(13) u? (a) - D giju(o)’. 
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We then have (cf. (4)), 
(14) =, (1)’a;,(2)’ +--+ 24,(f)’ = 2 m([J], (k))ae,(1)aey(2) +++ rx,(f), 


k] 


(15) uw? (1) uj? (2) +++ wf) = De (a), [Au%? (1)’u (2)! +» ul (py, 


(i) 
We multiply (9) by 


(16) Xi,(1)u,(2) +++ ruy(fyuS? (1)! u?(2)’ «++ u&P(f)’ 
and add over all [7], [k]. On the right-hand side; we use (14) and obtain 
(17) oe bua [alu (1)! «++ uP (f)’a5(1)’ +++ 2i/(f)’. 
tie17 
On the left-hand side, we use (15) and obtain 
(18) bela Feu?) «++ uP fay 1) +++ ay(f). 
dds 
Comparison of (17) and (18) shows that 
(19) J = ¥ dell, uC) ++ WP Qa (l) +++ 24 


is an invariant for the group G.* 

If, conversely, an invariant J of © is given which depends linearly and 
homogeneously on f cogredient vectors (10) and f contragredient vectors (11), 
we may set J in the form (19). We may now retrace each step: The invariance 
of J shows that (17) and (18) are equal for every Gin ©. Using (14) and (15) 
and comparing the coefficients of (16) on both sides we come back to (8). 

This shows that the coéfficients b([7], [k]) of the matrices B of B are characterized 
by the fact that they appear as the coefficients of the invariants J, (19). 

Let J; , J2,--: , Jy be such a system of invariants (19) that every invariant 
J of this type can be written in the form J = Ji + @Je + °°: + eydy, with 
constant coefficients c, in K. If J, corresponds to the matrix B, in B and J to 
the matrix B, we have 
(20) B= ¢B, + @B.+--: +eyvBy. 

The linearly independent matrices among B,, Bz, --- , By constitute a basis 
of B. 

In the cases of the groups G which are of principal interest for us, the main 
theorem of invariant theory allows the construction of a system J; , J2, °°: , Jw. 
The corresponding elements B,, Be, ---, By in B yield a construction of the 
most general element B of B in the form (20). It is, in general, not important 
for our purpose to select a linearly independent basis among B,, Bz, --: , By- 





3 An alternative proof is obtained as follows: One may write (8) in the form 
B = M(G)BM(G"). This equation shows that b({i], [k]) is an invariant tensor under the 
transformation (1), if i:, i2, --- , iy are treated as covariant indices and ky, kz, --* » hy 
as contragredient indices. Therefore, the b({i], [k]) are the coefficients of an invariant, 
depending linearly on f contragredient vectors and f cogredient vectors. 
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The commutating algebra A* of B certainly contains A, A* = A. Moreover, 
if we know that A is semisimple, the theorem holds* that B also is semisimple, 
and that A itself is the commutating algebra of B. In this case, the elements A of 
A may be characterized by the equations 


(21) AB, = B,A, (o = 1,2,---, N) 


and this gives a solution of the problem formulated in §1. 

The fact that A is semisimple is equivalent to the fact that A, as a system of 
matrices, is completely reducible, and this again is equivalent to the complete 
reducibility of Mt. If K is the field of all real or of all complex numbers, and if G 
is a semisimple continuous group, it is shown in the theory of representations 
that every representation 9% is completely reducible. Therefore, the method 
given here can be applied in these cases. We shall, however, prove the complete 
reducibility for the most important of these groups in §§3, 4 by direct elementary 
methods. 

The result of this §2 can be slightly generalised. If we denote the representa- 
tion M(G@) of G@ belonging to the tensors of rank f by M;(G), we may ask which 
matrices B satisfy the relation M,;(@) B = BM,.(G) for all G in @ and fixed 
fandf*. Weshall put here B = (b({z],-{k})), where [7] has the same significance 
as above whereas {k} ranges over all systems k,, ke, --- , ky of f* indices 
k,, (k. = 1, 2,--+,n). The same method applies. The only difference is 
that J here will be an invariant depending on f contragredient vectors u(1), 
u(2),--+ , u(f) and f* cogredient vectors r(1), --- , r(f*). 


3. The complete reducibility for the case of the orthogonal group and the 
complex group. 

a) The orthogonal group. Let & be the group of all orthogonal transforma- 
tions, first for the case when K = P is the field of all rational numbers. Then J 
also consists of orthogonal matrices and is, therefore, completely reducible. 
Hence A in this case is semisimple. We choose a basis 


(22) Ai, A2,°*+, Ay 
in A and a basis 
(23) B,, Be, -::, By 


inB. Every matrix commutative with all the A, lies in B, every matrix com- 
mutative with all the B, lies in A. There are invariants J;, J2, ++: , J. cor- 
responding to B,, Be,-::,B,. Here J, is invariant under all orthogonal 
transformations @ with real coefficients because every such G is the limit of 
orthogonal transformations G with rational coefficients.’ It follows from the 
main theorem of invariant theory that J, is a polynomial in the inner products 





‘Cf., for instance, H. Weyl, Annals of Math (2), 37, p. 709 (1936), theorem (1.4 — B). 
* This fact easily follows from a parametric representation of the orthogonal group. 
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of any two of the vectors, and, if we restrict ourselves to the group of proper 
orthogonal transformations (determinant +1), in the determinants of n of the 
vectors. We replace now K = P by any field K of characteristic 0. The last 
consideration shows that J, still is an invariant of © and, therefore, B, still 
belongs to B. On the other hand, it is trivial that A, still belongs to A. 

Each of the systems (22) and (23) still constitutes a maximum system of 
linear independent matrices commutative with every matrix of the other system. 
This shows that (22) still is a basis of A and (23) isa basis of B. It follows that A 
is completely reducible, and this is what we wanted to prove. At the same time, 
we readily see that the fundamental theorem of invariant theory holds for any 
field K of characteristic 0. 

We can now easily give the invariants J, and the matrices B, (§2), and set 
up the equations (21) in explicit form, but we will postpone this until §5. 

b) The complex group. Let © now be the complex-group with coefficients 
in any field K of characteristic 0. At the end of this section we shall prove 

Lemma 1. Let f(gu, gi, °** 5 Gnn) = S(gix) be a polynomial in n’ variables. 
If f vanishes for all systems gis. for which the matrix (gi) = G belongs to & and all 
the gix are rational, then f vanishes for all gix for which the matrix G = (gix.) belongs 
to & and the gi: lie in K. 

The coefficients m([z], [k]) of M(G) are polynomials f(g.) and so are the 
coefficients in any equivalent representation P-'M(G)P, where P is a fixed 
non-singular matrix. . 

If we have complete reducibility of the representation Jt in the case that 
K = P is the field of all rational numbers, the lemma shows that we have com- 
plete reducibility for any other K of characteristic 0. If in the case K = P 
complete reducibility of It does not hold, it does not hold for any other K of 
characteristic 0. It is, therefore, sufficient to investigate the question of 
complete reducibility for a fixed field K of characteristic 0, so we choose the 
field of all complex numbers. We are going to show that Mt actually is com- 
pletely reducible. We use a second lemma which we will prove simultaneously 
with lemma 1. 

Lemma 2. If a polynomial f(gix) vanishes for all gi. for which G = (gix) lies in® 
and is unitary, then f(gix) vanishes for all (gi) = Gin G. 

We shall assume that lemma 2 has been proved. We denote by G* the sub- 
group of all elements of G which are unitary. Let * be the representation of © 
formed by the matrices M(G*) for G* in G*. Since G* is unitary, so is M(G"*) 
and, therefore, IN* is completely reducible. We may find a matrix P with 
constant coefficients such that P~\M(G*)P breaks up completely into irreducible 
constituents. The lemma then shows that P-'M(G)P, G in G, breaks up in 
exactly the same way, and the constituents here are irreducible because they are 
so when we restrict our attention to the subgroup G*. Hence Mt also is com- 
pletely reducible. 

PROOF OF LEMMA 1 AND LEMMA 2. We denote the variables in the space 
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V, here by t1, Zr, U2, 2, *** ,2,, XZ ;m = 2y, and take the invariant skew- 
symmetric form in the form 


(24) {t, y} _ De eye’ adi Lp’ Yp) = pM (i, k) x5 Ye. 


¢,k=1,1’,+++,v, 


b\. ; . 
If Z = (° A is a unimodular matrix of degree 2, ad — be = 1, the trans- 


formation P;(Z), 


Ul 

Xi = ax; + bry 
, 

rye = cx; + dzy 


ty = 2 for | # i, #’;1 = 1,1’, 2,2',+++,» ; 


belongs to G and so does the transformation Q,, ;(Z), 


/ 
Li = az; + bz; 


, 

ty = dx; — CX; 
! 

Tz = CX; + dx; 
! 

r= — bz; + ax; 


zr, = Xi for | ¥ 4, 1’, j, j’. 
One sees easily® that there exists a product 
(25) R,(Z,) Re(Ze) sib R.(Z) = II 


with the following properties: (1) Every R,(Z,) is either a P;(Z;) or a Q;;(Z;). 
(2) If G is an element of @ the unimodular matrices Z; can be chosen in such a 
way that GIT has the form 


(26) Gu ={|0 1/0-:-0 


T U 


The matrix GII, (26), lies in@. Therefore, we have 0 at the places indicated 
by T. The matrix U will belong to the complex-group for the case of n-2 
dimensions. We deal with U in a similar manner as with G now only taking 
P; witht > 1 and Q;; withi > 1,7 > 1. We finally obtain a product II of the 


same form as (25) such that GII equals the unit matrix J. Then G = Il’. 
Since the inverse of every R,(Z,) is of the same form, we obtain a product 


(27) | S1(Z1) S2(Ze) +++ Si(Zi) 


* The argument is similar to the one used by E. Mohr, Dissertation, Géttingen, 1933, but 
for our purpose, Mohr’s generating elements are not suitable. 
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such that every S, is either a P; or a Q;; , (2) every G in © can be obtained in 
(27) if the Z; are properly chosen. 

Conversely, it is clear that (27) belongs to G. If all the Z; have rational 
coefficients, so has (27). Further, if all the Z; are unitary, so is (27). From 
(27) we derive a parametric representation of © 


(28) G = G(m, Ua, °** , Ug) 


such that (28) lies in G for all values of wu , w,--: , Ug, and every element of @ 
can be obtained in this form’, and that, furthermore, G has rational coefficients 
if all wu, we, °°* , Ug are rational. 

We express now, in the case of lemma 1, all the gi. in f(gix) by uw, we, -++ , uy. 
We obtain then a polynomial F(u, we, ++ , Ug) which vanishes if uw, Ww, °+- , ug 
are rational. Then F vanishes identically in um, uw,--++, ug and this gives 
lemma 1. 

Secondly, we may derive from (27) a similar parametric representation 


G = G*(,, v2, °** , UF) 


such that G lies in G for all »; , ve, - +: , v» and every element of G can be obtained 
in this form, and that, furthermore, G is unitary if all the v, are real. An argu- 
ment similar to that used in the case of lemma 1, gives lemma 2. 


4. Proof of the fundamental theorem of invariant theory for the full linear 
group. We consider now the full linear group G. Let [7], as in §2, be a system 


of f indices (a; , 72, °°: ,t); (% = 1,2,--:,n). If 
eS Lee 
(29) P = ( J ) 
Pipe*** Py 
is a permutation of 1, 2, --- , f, we denote by [z]p the system (Zp, , tp, , ***, tp,) 
From (4) or 


m([t], [k]) = QirerGinke °° GJisky » 
it follows immediately that we have 
m([i]p , [k]e) = m((z], [K)). 
Of course, the corresponding relations 
(30) a([t], , [k]p) = a((2], [k]) 


hold for every element A = (a((i], [k]) of the enveloping algebra A. 
We construct a set of systems ([7], [k]), 


(2), KD), EP), HY, «+>, EP], PY 


such that every ([7], [k]) can be obtained in the form ({i”]p, [k‘” Jp) for a properly 
chosen permutation P and for exactly one ». The m({i”], [k‘”}) are then all 
different for » = 1, 2,---,M. A linear homogeneous relation between the 





7 We need not consider exceptional elements, if we take q large enough and use suner- 
humerary parameters. 
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m([i”], [k‘" }) with constant coefficients c, holds for independent gix if it holds 
for all gj with non-vanishing determinant. If follows that in such a relation all 
coefficients ¢, vanish. This shows that 9% and hence A contains exactly M 
linearly independent elements and that the coefficients a({i‘”’], [k\”]), (u = 
1, 2,-:- , M) can be arbitrarily assigned in an element of A. Consequently, 
that the equations (30) be satisfied is a necessary and sufficient condition 


that a matrix A belongs to A.* 
We set 6(7, k) = Oforz ¥ k, 5(t, k) = 1 for? = k and form the matrix 


(31) Bp = (8(t1, kp.) 5(t2 , Kp) +++ 5(ty, Kpy)) = (8([d, [K]e) 


for every permutation (29). We find then for any matrix C = (c([7], [k])) of 
degree n’ the relation 


CBp = (2 e((2], [7]) 6([9], [Klr)) = (c((c], [k]r)). 
In particular, for two permutations P and Q of 1, 2, --- , f, we have 


BpBg = Brg ’ 


and the Bp form a representation of the symmetric group S;, consisting of all 
permutations of f indices 1, 2,--- ,f. Moreover, we have 


PC = BpiC = (2 5({i], [jlpDe(( Jl, [k)) = (c([ilp, [k])). 


Hence 
Br CBp = (c([il , [k]e)). 


The equations (30) therefore express the fact that A is commutative with all 
Bp. Let us denote by B* the enveloping algebra of the representation Bp of 
©;. Then A is the commutating algebra of B*. As a representation of a finite 
group the representation Bp of G; is completely reducible provided that the 
underlying field K has the characteristic 0. It follows’ that A is completely 
reducible and that B*, conversely, is the commutating algebra of A. Hence 
B* = B. 

Every element of B can be written as a linear combination of the special 
elements Bp. It follows that every invariant J, (19), is a linear combination 
of the invariants Jp corresponding to the Bp. According to (7), (31) and (19) 
we have to set 

™ “ 2 5G » kp.) ++ diy, kp,)u“? (1) = u“? (fae, (1) ++ wa,(f) 


= > u? (1) 24, (1) dae ul? (flan, (f) 
= Du” (ra (p) «+ Lu’? (f)xi,(y), 
(32) Jp = (u(1), r(pi))(u(2), r(p2)) «++ (uf), (py) 





* Cf. H. Weyl, Annals of Math. (2) 30, p. 499, (1929) and van der Waerden’. 
*Cf.4, 
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where (u, r) = >. uz; denotes the inner product of a cogredient vector tanda 
contragredient vector u. The fact that every invariant J, (19), can be written 
as a linear combination of the invariants (32) gives the special case of the funda- 
mental theorem of invariant theory in which we have the same number of co- 
gredient and contragredient vectors. 

It is not difficult to derive the general theorem from the special case treated 
here. I give this argument for the sake of completeness. Let J be an invariant 
depending linearly and homogeneously on f cogredient vectors x(1), r(2), --: 
r(f) and h contragredient vectors u(1) u(2),--- ,u(h). We have 


(33) J'= (det ix)’ J 


where J’ is the value of the invariant for the transformed vectors rx(7)’ u(2)’, ef. 
(12), (13). On comparing the degree with regard to all the gj in (33), we have 


(34) f=onrth. 


The fundamental theorem of invariant theory states that J is a polynomial Z 
in the products (u(z), r(k)), the determinants of n of the vectors r(7), and the 
determinants of n of the vectors u(z). The determinants of the first kind occur 
only if f > h, and every term in Z contains r such determinants. The deter- 
minants of the second kind occur only if f < h, and every term in Z contains | r| 
such determinants. Let us assume that the theorem has already been proved 
for smaller values of | r | ; it is true for r = 0 as we have seen. We may assume 
that f > h, otherwise we interchange the r(z) and the u(z). We introduce n 
new contragredient vectors u(h + 1),---,u(h + n). Let D be their deter- 
minant. Then DJ is an invariant which, according to (34), has the weight r — 1. 
Therefore, for DJ the theorem is true. Hence, we obtain a representation 


(35) DJ= De (ulh+1), (pd) +++ (lh +2), r(pn))Zorp9-+-00 » 


P1P2°°'Pn 


’ 


where Z,,p,...p, is a polynomial in the products (u(z), xr(k)), (¢ S h) and 
the determinants of n vectors x(7), every term containing r — 1 such deter- 
minants. The equation (35) holds for every system u(h + 1),--: , u(h + n) 
of n vectors. We may, therefore, compare the coefficients of every term 
u“?(h + 1)u“?(h + 2) --- u“(h +n) on both sides. We thus obtain 


(36) x(t . 12 ~ might ~ tn)* J= Z. £4, (1) pies Lin(Pn)Zpi09-+-Pn 


PisP2s°**sPn 
where 


0, if two of the z, are equal 

1, if 7,, 22, +: , én, form an even permutation 
(37) X(t1,%2,°°*, tn) = 4 of 1,2,---,n 

—1, if 4, %,-+-++, t, form an odd permutation 
of 1,2,--+,n. 
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On multiplying (36) by x(t, %,--+,%,) and adding over all i, i, --- 
(i, = 1,2, +++ , ), we obtain 
niJ = bs | r(p1), I (ps), . os r(pn) | WP eatia+> te 
Pn 


PisP2"**s 


where the factor of Zp,,n2,---,p, On the right is the determinant of r(p;), r(ps), --- , 
1(pn). This proves our statement. 

If K is a field of characteristic p ¥ 0, our consideration can be applied as long 
asf < p,h< p. Every representation of the symmetric group G; still is com- 
pletely reducible for its order j! is not divisible by p. In particular, the represen- 
tation Yt; is completely reducible for f < p, and it splits into irreducible parts 
in exactly the same way as in the case of characteristic 0. 


5. Construction of the algebras A and B. 

a) The orthogonal group.—Let © now be the group of all orthogonal trans- 
formations with determinants +1 or —1. The fundamental theorem of 
invariant theory for this case states that every invariant J, (19), is a polynomial 
in the inner products 


(x(z), r(k)), — (x(@), u(k)), ~— (u2), u(F)). 
Every term of this polynomial must contain each of the vectors u(1), u(2), --- , 
u(f), r(1), x(2), --- , x(f) exactly once. Therefore, J is a linear combination 
of the products of the form, 
(38) J = (v(1), v(2))(v(3), v(4)) --- (v(2f — 1), v(2f)), 


where v(1), »(2), --- , v(2f) form a permutation of u(1),---, u(f), (1), °°: , 
t(f). We represent u(1), u(2), --- , u(f) by f dots in a row, and r(1), r(2), --- , 
t(f) by f dots in a second row. We connect two dots by a line, if the inner 
product of the corresponding vectors appears in (38). We thus obtain symbols S 
of the following type (e.g. f = 5) 


mv oom | 


To every such symbol S corresponds an invariant (38) which will be denoted by 
Js. For instance, the symbol (39) corresponds to 


(40) (u(1), u(3))(u(2), r(1))(u(4), x(2))(u(5), 4(5))(x(3), £(4)). 
The total number of symbols S is 
(41) N = (2f — 1)-(2f — 3) --+ 5-3-1, 


since we have 2f — 1 possibilities of joining the first dot to another dot, then 
2f — 3 possibilities to join the next unconnected point ete. 
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Every invariant J, (19), is a linear combination of the N invariants Js, 
According to §2, every element B of B is a linear combination of the elements B, 
corresponding to Js. We form Bs. 

Put again 6(7, k) = 0 for? ¥ k, 6(t,7) = 1. The invariant (40) reads, when 
expressed by the components, 


Je= — X__ Blin, Hs) Ga, Fa) BCG, ha) BCG, hs) (ha, hau (1) 
oes u“® (5) az, (1) eee 24,(5). 


In the general case, we associate f indices 2, , %,-°-: , 27; with the dots in the 
upper row, and f indices k,, ke, --- , ks with the dots in the lower row, and 
have 

Js = »» 3 5( jr, j2)5(Js, Js) °** 8(Jop—a.o¢)u°? (1) +++ uw"? (flare, (1) +++ ae, (f), 

eo, aoe 
where ji, je, °** jer are the indices 2, %,-°+- ,%, ki, ke, +++ , ky arranged in 
such a way that the dots corresponding to jop_1 , ja, are connected in S. 
The formulas (19) and (7) then show that Bs is given by 


(42) Bs = (5(j1 , j2)5(9s » Ja) + * + 5(Gaz—-1 , Jay). 
We use the symbol S itself to denote the element Bs. We now have a mul- 
tiplication of the symbols S. 

Using the form (42) of these matrices we obtain by a simple computation the 
following rule for the multiplication of two of our symbols S, and S,: We move 
S so that its upper row covers the lower row of S,. For instance, for f = 12 and 


Si = 
~~ 7 QA__O O——_O Oo—0O 


FO eae om 
AO ~ 0 a fp o-° 


S. = 


we obtain 


im 6” © — 
(43) SPN o—o 
“2 fee nS Oe 





We 
bu 
if t 


Ss 


cor 
def 
sar 


for 
for 


of. 
pre 
ver 
hay 
cas 


jou 
sha 
bel 
dot 
the 
H,. 
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We construct a new symbol S; by removing the dots in the middle row in (43) 
but retaining the dots in the first and last row. Two such dots are to be joined 
if they are joined in (43). In our example, 


oar o—O OoO—O 
8; = 


J oO FS LF OOO 


By a cycle in (43) we understand a set of dots D,, D:,--- , D, in the middle 
row in (43) such that D, is joined to D,, D2, to D3, +--+ , Di1 to Dy and D, 
toD,;. Let k be the total number of such cycles in (438), (in our example k = 2). 
We then have to set 


(44) S,S_ = n* Ss. 


It may happen that the N elements S are linearly dependent in B. We 
consider the N symbols S as basis elements of a new algebra IT of order N and 
define multiplication by (44). Then B is a representation of I (but not neces- 
sarily a (1-1)-representation). It is easy to show that I is associative. 

An element S in which dots of the upper row are always connected with dots 
in the lower row can be interpreted as a permutation of 1, 2,---,f. The rule 
for multiplication of the symbols S becomes in this case identical with the rule 
for multiplication of permutations. The group ring 2, of the symmetric 
permutation group G; in f symbols may, therefore, be considered as a subalgebra 
off. The particular invariants Js corresponding to permutations S have the 
property that only the inner products of a cogredient with a contragredient 
vector occur. If we had taken the full linear group instead of G, we would 
have had to consider only these S. This shows again that the algebra B in 
case of the full linear group is homomorphic to the group ring 2, , (cf. §4). 

We now consider the elements S in which there are exactly r connecting lines 
joining dots of the upper row. The totality of all linear combinations of these S 
shall be denoted by H,. In particular, Hy is identical with Z;. If S; in (44) 
belongs to H, , then S; belongs to H, with r’ = r because every line connecting 
dots of the upper row in S, also appears in S;. Similarly, if S, belongs to H,, 
then S; belongs to H, with r’ =r. It follows that the sum of H,, Hy41, 
H,42, +++ forms an ideal. We put 


o—o O—O o—o 
6) Z, = | | [---] 


oA—o O—O O— + 


Where there are r horizontal lines in each row. Every symbol S belonging to 
H, can be obtained in the form PZ,Q where P and Q are permutations (elements 








870 RICHARD BRAUER 


S of Ho). Furthermore, we have Z,Z, = n'Z, for r S$ s. It follows that Z, 
together with the permutations generate the whole algebra’. The correspond- 
ing fact, of course, is true in the homomorphic algebra B. 

The algebra A consists of all the matrices A, commutative with all elements of 
B. Because of the structure of B it is necessary and sufficient to require that 4 
is commutative with all permutations and with Z,, 


Z, = (5(t1 , %2)5(ki , ke) S(ts , hs)5(t4, ka) +++ 5(ty, ky). 


The first condition leads to (25); and so we obtain 

THEOREM: A necessary and sufficient condition that A = (a((t], [k])) belong 
to the enveloping algebra of the tensor representation of rank f in case of the orthogonal 
group is expressed by the equations 


(46 a) a([i]p , [k]p) = a((2], [k]) 


or every permutation P, together with 


5(ki , ke) Dy a((tr, a2, -*+ , %), (5,9, ks, ka, +++, ky) 
(46 b) ‘ 
= d(t1 , %2) Dd a((5, 5, ts, 4, ***, 4), (hi, ke, +> , ky) 


for all {| — (1,%, 93 » 4), [k] ‘a (ky , ke, hike , ky). 
b) The proper orthogonal group, determinant +1. We have now to consider 
invariants J, of the form, 


Jy = | v(1), 0(2), +++ , v(m) | (v(m + 1), v(m + 2)) +++ (v(2f — 1), v(2f)) 


besides the invariants (34). Here | v(1), »(2), --- , v(m) | denotes the deter- 
minant of the n vectors and v(1), »(2), --- , »(2f) form a permutation of u(1), 

-, u(f), x(1), --- , x(f). Of course, such an J, can be formed only if n is 
even. In the case of an odd number of dimensions n, the algebras A and B 
are identical with the corresponding algebras in the case of the full orthogonal 
group (case a)). 

In the case of an even n = 2y, we have to consider new symbols T' besides the 
symbols S. The symbols 7’ are of the same form as the symbols S, but n dots 
in them are left unconnected; e.g. 


ee lel 


—_—_—7 


v 
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In the corresponding invariant, the determinant of the n unconnected vectors 
appears as a factor. We assign a definite order to these vectors, by taking first 
those in the top row from left to right and then the vectors in the bottom row 
inthesame order. The rule for the multiplication of a symbol T and a symbol S 
can easily be given. In particular, one proves without difficulty that every 
symbol 7’ can be represented in the form S, 7’) S: where S; and S; are symbols S. 
It follows that Z,, To together with the permutations generate the whole 
algebra B in this case. The matrix corresponding to 7» is 


(x(t ’ de eToys ly ’ ky ’ ke wn @ ky) 8(ty41 ’ ky41) om 5(ty ’ ky)) 


where x(p1 , P2, °** » Pn) is defined in (37). 
We therefore obtain for an element A of A: 


n 


(46 c) } A((G1, °* +5 ty), (Gry oo Joy Kogyo + Ky) xCjry °° % Foy hay 2+ yh) 


J10°° sd e™ 


~ j a((jr, 9°) Ivy Cont, ny) P (ki, ++ Ky))x(iry 2+ +5 toy Sty °° Jo 
a, 
(46 c) together with (46 a) and (46 b) characterizes the matrices of A in this case. 

The rule for the multiplication of the two elements 7 can also be formulated. 
It is, however, more complicated and shall not be given here. 

c) The case of the complex-group. As in §3, we denote the coordinates by 
hh, ty, Ye, Xe, ***,2,,2,; n = 2, and take again the invariant bilinear 
form {x, y} in the form (24). The basis invariants from which we have to 
compose the invariants J, are here 


{x(z), r(k)}, (u(y), x), ~—Eu@), uk) }, (i < k). 


Again we may denote the Js by means of the symbols S. But in cases of two 
connected dots lying in the same row, we have to consider the skew product 
(u(t), u(k)}, respectively {x(z), r(k)}, instead of the inner product. So the in- 
variant Js corresponding to S, (39), is here (instead of (40)) 


Js = {u(1), u(3)}(u(2), 2(1))(u(4), x(2))(uS), (5) {x(8), x(4)}. 


The corresponding matrix is 


Bs = (e(is , is) 5 (ta , hy) 6(t4 , ke) 5(ts , ks) e(Ks , ks). 


In case of two arguments i or two arguments k, the factor 6 in (42) has to be 
replaced by «. The indices 7, , k, range over 1, 1’, 2, 2’,--+ ,»,»’. The law of 
multiplication is similar to (44). Again, S; has to be formed in the same way 
as in the case of the orthogonal group. One has, however, to add a factor 
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y(S:, S2) on the right side, whose value is +1, —1 or 0. Again Z,, (45) 
together with the permutations generates B. We then obtain 


a(li]>, [klp) = a({2], []), 
(47) J e(ki, ke) bh aa, etal, iy), (ji, je, ks, —-?¢ ky) )e(jx, ja) 


71,32=1,1',-+ +,» 


= €(i1, %2) : sy U(r, jay %3, -** 04), (ha, +++, hy))e(jr, jp). 


4 71:32=1,1’,-++,v 





as necessary and sufficient conditions that A = (a((z], [k])) belongs to A. This 
result is equivalent to the one given by Weyl, but it does not involve the algebras 
A belonging to tensors of other ranks than f. 
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GEOMETRY OF CONFORMAL SYMMETRY (SCHWARZIAN 
REFLECTION)! 


By Epwarp KaAsNnER 
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In this paper we derive certain new geometric theorems connected with the 
Schwarzian reflection or conformal symmetry determined by an arbitrary analytic 
curve C in the plane. These formulas describe the effect of the symmetry on 
curvature and some of its arc-length derivatives, for curves crossing the base 
curve C (theorem I). They may be considered as first steps towards developing 
a purely geometric construction for the conformal symmetry determined by a 
general base curve. In the case of a curve tangent to C there is an exceedingly 
simple arithmetic mean relationship for curvature and its first two derivatives 
(corollary 1). When C is a circle, the symmetry is of course ordinary inversion, 
and then the set of relations again becomes simpler (corollary 2). An applica- 
tion to the general bisection problem of curvilinear angles is discussed. Finally 
(§4) we show how the expression for the conformal invariant of a general curvi- 
linear right angle can be deduced from the invariant of a horn angle of second 
order contact in view of the symmetry formulas. A relation to Mullins’ inver- 
sive invariant is indicated. 

I wish to thank Annette Vassell and George Comenetz for valuable assistance 
in preparing this paper. The results have been extended to conformal symmetry 
on any curved surface by Comenetz,’ who has also found the appropriate 
conformal invariants. 


1. The conformal symmetry in a regular analytic arc C may be defined as the 
unique anticonformal transformation of a neighborhood of C into itself which 
leaves every point of C fixed. That such a transformation exists follows from 
the fact that it is possible to map a neighborhood of a straight line segment L 
conformally onto a neighborhood of C, with L going into C. The symmetry 
in C is then simply the transform of the ordinary reflection in L. Any symmetry 
is involutoric, since its square is a conformal transformation leaving the points 
of C fixed and hence is the identity. The symmetry in C is unique (in any 
given neighborhood of C), for the product of two such symmetries must as before 
be the identity. Clearly the symmetry which a curve determines is a covariant 
of the curve under any conformal transformation.’ 





‘ Abstract in Science, 83 (1936), p. 480. The author studied products of symmetries in a 
paper, Infinite Groups Generated by Conformal Transformations of Period Two (Involutions 
and Symmetries), Amer. Jour. Math., 38 (1916), pp. 177-184. 

* Abstract in Bull. Amer. Math. Soc., 42 (1936), p. 806. 

*H. A. Schwarz, Werke, II, p. 151; Osgood, Funktionentheorie (5th ed.), I, p. 706. 
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Let O be any point of C, and let the coordinate axes be chosen so that 0 is 
the origin and the tangent to C at O is the z-axis. Then C will be described in 
some neighborhood of O by an equation 


(1) y= ae + sr + yat+-:--. 


We shall suppose that C is oriented, say, to the right. 
An anticonformal transformation leaving O fixed can be represented in some 
neighborhood of O by 


(2) w= mz + mz + m2 +-:-, 


where Z = x — iy and w = X + 7Y (X, Y being the transformed coordinates), 
and where the coefficients m, are complex numbers: m, = un + tvn. If (2) 
represents the symmetry in C, then the m, are determined by the coefficients 
s, in (1). We shall obtain the expressions for m, --- , ms explicitly. To do 
this we separate (2) into real and imaginary parts: 
(2’) X = mrt ny + woe? — y*) + may +---, 

Y => Wyr%— MY + vo(ax° _ y’) oe Quexy + eee. 


Since the points of C are left fixed, equations (2’) become identities in z if we 
replace X, Y by 2, y and then eliminate y by means of (1). Equating coefficients 
of x, ++: , 2° respectively and solving for 41, :, °** , #s, ¥s, We find that 


kia = ln = 0; we = 0, % = 282 5 Ws = —4s3 , v3 = 283; 
(3) 4 = —10se83, v4 = 28; — 1083; us = —12s05, — 683 + 2853 , 
V5 = 285 we 422 ss x 


Let y be the curvature of C at O, y’ the derivative of curvature with respect to 
arc-length at O, y’’ the second derivative, and so on. Then the coefficients 
So, *** , 8; can be expressed in terms of the metric invariants y, °°: ,’” of C 
by the formulas 


(4) Qe=y, 6s=7', 24 =y" +37, 12085 = y'"” + 1977. 


Substituting (4) into (3), we obtain w, --- , 5 in terms of y, «+: ,y'”. 
FUNDAMENTAL THEOREM. The symmetry determined by any curve C 1s repre- 
sented explicitly to the fifth order by 


w= B+ iy + (—9 + bey) + [By t iter” — YF 
+ (bry — er +7) + toy” — 887 NE + 


This is the fundamental intrinsic representation of general conformal symmetry. 


(5) 





‘Cf. G. A. Pfeiffer, On the Conformal Geometry of Analytic Arcs, Amer. Jour. Math., 37 
(1915), p. 399 (with a; = 0). 
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9. Let D be any oriented analytic arc intersecting C at O, and let @ be the 
angle from C to Dat O. Then D has an equation 


(6) y=qrt+azr +asz°+-:-:-, 


where a; = tan 6.” If D denotes the image of D under the symmetry in C, 
then D is given by 


(7) Y = A,X + AsX’ + As X*+-:::. 


We wish to determine the transformed coefficients A; , --- , Ag in terms of the 
a, and the coefficients of the symmetry (5). 

As before, we convert (5) into the real form (2’). Then we substitute the 
expressions for X and Y into (7), and finally eliminate y by using (6). In the 
resulting identity we equate coefficients for the first four powers of x. Solving 
for Ay, °:* , Ag, we find 


— 
= —a + y(1 + ai), 

= —a3 + 4yaiaz + 4y(1 — ai) — 2y’a(1 + ai), 

= —a + 6yaia3 + 3yah + 4y’a142(3 — 5ai) — 3y“a2(1 + 5ai) 

+ rey — 8a) + ai) + drv/an(—9 + Mai)( + ai) + (1 + 5ai)(1 + ai). 


The first equation shows that the angle from C to D is —8@, as indeed it must be 
since the transformation is anticonformal. 

The calculation of As for a general value of a; would be too long. However, 
we will consider two important special cases, namely, when D is tangent to C 
(horn angle) and when D is perpendicular to C (right angle). 

If D is tangent to C at O, we set a, = 0 in (6) (and in (8:) — (8;)), and proceed 
as before. The result is 


(85) = —as + 4ya;(2a, — y) + y'a2 — $yy'@ + dor!” + B77 
(when a, = 0). 
If D is perpendicular to C at O, it has an equation of the form 
(9) z= by + by + hy +-:-, 
and the equation of D is 


(10) X=BY+BY'+ByY'+-::-. 

5 The calculation which follows does not apply if @ = 90° or 270°; nevertheless equations 
(11,) —. (115) are still correct then. For if we had represented D by z = biy + bry? + -°: 
instead of by (6) we would necessarily have found the same equations. 








876 EDWARD KASNER 


In this case the usual steps lead to the relation 
B; = —bs + 27(2B, — ba) —_— 37’ (2B +. bs) sm 2b; Bs + bey’ (2B, a bs) 
+ 47" (2be — Be) + 47° (Be _ be) ee sy” +p 43y%y/, 


Let I’ denote the curvature of the curve D at O, I’ the derivative of curvature 
with respect to arc-length at O, I'’’ the second derivative, and so on; and let 
I, I’, I’, --- be the corresponding quantities at O for the reflected curve D. 
Then (assuming first that D is oriented to the right) the coefficients az, --- , a; 
in the equation (6) for D are expressible in terms of T, --- , I’”’ and a, as follows: 


2az = (1 + ai)*"T, 

6as = (1 + aj)*(I’ + 3a,I”), 

24a, = (1 + aj)? ([T” + 10a,FT’ + 3(1 + 5aj)r, 
120a,; = 1’ + 191°I’ (when a; = 0). 


(85 ) 


The corresponding formulas for D have Ai, --- , As, I, ---, I’” in place of 
a,,°°:,I'’” respectively. If D is perpendicular to C and oriented upwards, 
the appropriate formulas are 


2h = —-T, 6b:=—I", 24b=—F’—3F", 120, = —I’” —199'T". 


For D (oriented downwards) we replace bz, +++ , bs, I, I’, P'’’, I’ by Bo, ---, Bs, 
—T, +I’, —f”’, +T’” respectively. 

Now using the above relations and the fact that a; = tan 6, we eliminate the 
a,, A,, b, and B, from (8) — (8s), (8g) and (8%) (for (8%) we use (11;) — (11s) 
with 6 = 90°). In the end we find the equations 


(11,) r+ T = 2y cos 8, 
(112) I’ + I’ = 2y’ cos 28, 
(113) Ir’ + 1” = 2y” cos 36 — 41 y’ sin 20 + 4y(y’ + I’) sin 8, 


which hold for any value of 9.° 
For the special value 6 = 0° we have the further equation 


(114) Tr” +7" = Qy'" a) 4y' (vy = Tr) (y a 2r) wil ly (y _ r) 
and, for 6 = 90°, 
(1) FP" +r" = a" 4+ 10(Ty” + I’y) — 4(3y*7’ — 277’ + 5T’y’). 


To summarize our main result we state the following theorem. 





* If the orientation of a curve is reversed, the curvature and its even derivatives change 
sign, but the odd derivatives are unchanged. It follows easily that (11,) — (11s) are still 
correct if D is oriented to the left. If we replace y, y’ by —y, —y”, (11’) applies for @ = 180° 
and (11;') for @ = 270°. 
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TuzorEM I. Let C be a given analytic curve, let O be a point of it, and let D be 
any curve cutting C at O at an angle 6. Let the image of D under the conformal 
symmetry determined by C be the curve D; then D cuts C at O at the angle —8. 
Denote the values at O of curvature and its successive arc-length derivatives, for C by 
1,7, °° Jor D by T, I’, +++ , and for D by T, T’,---. Then these curvatures 
and their derivatives up to the second order are related, for any value of 6, by the 
set of fundamental formulas (111) — (11s). In addition we have for the third 
derivatives the formulas (114) and (114), which apply in the special cases @ = 0° 
and 6 = 90° respectively.’ 

The remarkably simple forms of (11,) and (112) suggest simple geometric 
statements analogous to Meusnier’s theorem. They, and the other formulas, 
also supply geometric information concerning the curvature and derivatives of 
curvature of the curve bisecting a general curvilinear angle, as discussed later. 


3. The formulas are particularly simple when @ = 0°. This may be stated 
separately : 

CoroLLary 1: Suppose that a curve D is tangent to (and similarly sensed with) 
the base curve of a conformal symmetry. Then at the point of tangency the curvature 
of the base curve equals the arithmetic mean of the curvatures of D and the reflection 
of D under the symmetry. The same relation holds for the first derivatives of curva- 
ture with respect to arc-length, and for the second derivatives; but for the third there 
is the more complicated relation (113). 

If the base curve C is a circle we have the important special case of inversion 


(transformation by reciprocal radii vectores). To adapt the formulas (11) 
to this case we need only make y = + 1/r (r = radius of circle) and y’ = y” = 
yl" = 0. 

CoroLuary 2: Under inversion in a circle, curvature and its derivatives for any 
curve at a point of crossing the circle obey the relations 


Tr +27. = 2y cos 8, 
I’ +” =0, 
lr’ +7" = 4IT’y sin 8, 
which are valid for any 0; and also 
rr’ +r" = 4I’y(l — y) when 6 = 0°, and 
rr’ + r’” = 10/(r” — 2F’y) when @ = 90°, 


where y is the curvature of the circle.* 





We proved this for curves D analytic at O, but then it must also be true if D merely 
possesses a fifth derivative at O. This is seen by drawing an analytic curve having fifth 


order contact with the differentiable curve. 
* If we had calculated the r’’”’ + '’” formula for a general @, it would be easy to show, by 
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Returning to the case of a general base curve C, let us think of D and D as 
given, while C is to be found. This is the bisection problem: to draw a curve C 
through the vertex of a given curvilinear angle in such a way that the sides of the 
angle are reflections of each other under the symmetry in C.” 

Let the magnitude of the angle from D to D be a; then formulas (11) apply at 
once, with @ = 3a (or 3a + 7, depending on the orientation of the bisector (). 
To determine the bisector we simply solve for y, y’, --~ , if it is possible to do so, 

It can be shown that the general relation of the type (111) — (113) has the form 


rT” + rT” ii 2" cos (n + 1)0 + ree, 


(n = 0,1,2,--- ;y =, ete.), where the remaining terms on the right involve 
vy, yy, Ty-:+, 1” and 6. Hence if cos (n + 1)@ never vanishes 
(n = 0,1, --- ), all of the quantities y, y’, --- can be determined, and a unique 


(formal) bisector exists."° That is, if a = (p/q)e where p is even (p/q being in 
lowest terms), or if a/zx is trrational, there is a unique conformal bisector. Other- 
wise there is in general no bisector. For instance, angles of magnitude 0, 27/3, 
2/5, 4/5, --+ have a unique bisector, while angles of magnitude 7z, 7/2, 7/3, 
a/4, 32/4, 1/5, --- have in general no bisector. Thus if a = (p/q)r where q 
is even (2/2, 1/4, 32/4, --- ), neither an internal nor an external bisector exists 
in general; while if q is odd (0, 7, 7/3, --- ) there is a bisector, in general unique, 
internal if p is even and external if p is odd.” 


4. Let C, , C2 be a pair of oriented analytic curves passing through a point 0, 
such that the angle from C, to C2 at O is 90°. Let 71,71, °** and y2, 72, °°" 
denote curvature and its arc-length derivatives at O for C; and C2 respectively. 
Suppose that y2 + 7: ¥ 0; then by definition C, , C2 form a general curvilinear 
right angle.” 

We reflect C, by conformal symmetry in C2, obtaining an image curve C;. 





eliminating y and @ and allowing for magnification and reflection, that the ‘‘inversive curva- 
ture”’ 


(4/r’" — br’? — 47°92) /r’s 


is the invariant of lowest order of a single curve under the (direct) inversion group. This 
fundamental inversive invariant of a curve was first obtained by G. W. Mullins in a different 
form by using Lie theory. Mullins also finds an interesting geometric interpretation. 
See Differential Invariants under the Inversion Group, Columbia University Dissertation, 
1917; also B. C. Patterson, The Differential Invariants of Inversive Geometry, Amer. Jour. 
Math., 50 (1928), pp. 553-568. | 

The first equation in corollary 2 is essentially equivalent to an elementary formula for 
the effect of inversion on the radius of a circle which cuts the base circle at an angle 0. 

®° E. Kasner, Conformal Geometry, Proc. Fifth Inter. Congr. Math., Cambridge, 1912, II, 
p. 81. 

10 “‘Formal,’”’ because the series for C may not converge; see Pfeiffer, The F unctional 
Equation f(f(x)] = g(x), Annals of Math., 20 (1918), p. 13. 

11 Cf. Pfeiffer, On the Conformal --- , p. 419, for further results. 

12 The reference for this section is: E. Kasner, The Two Conformal Invariants of Fifth 
Order, read at the Inter. Congr. Math., Oslo, 1936, to be published in Trans. Amer. Math. 
Soc., 1937. 
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Let C, with its orientation reversed be called C;. Denote eurvature and its 
° a at 

derivatives at O by 71, %1,°*+ for C;, and by 7s, v3 ,°*: forCs. Then we have 

(12) w=—-h, W=h, W=—-H, wy =H. 

Furthermore, since the angle from C; to C, is 270°, formulas (11;) — (113) and 

(11;) (as modified in the footnote) yield 


(13) Tt =" Fie oA Oo v1 ~ 2Qys, 71 "= —v1 ae 4yo(ys + 71), 
A = 1 + Qy2" — live + yi1¥2) — 408272 — 2rive + 57173). 

Now C, and C; are tangent at O, with like orientation; and we see that y3 = y1, 
and y3 — v1 = —2(y2 + v1) ¥ 0. Consequently C,, C; form what we have 
called a horn angle of second order contact, or an “H;’’. 

We proved in the reference that under any (direct) conformal transformation 
the value of” 

414) A(ys — viva. — v1.) — 5lys — v1)” — 49°s — 0)” 
(ys — v1) 





y= n= = 1); and the sign of 13 — 1 , are invariants of an H;. If we eliminate 
73,3, °** by means of (12), and then 7,71, °:: by means of (13), we obtain 
the expression 


mt 


— 11") — Beny? + viv) — v272 + Brive — Siva + viN1 
(v2 + v1)" 

(times 2). Since the relation of symmetry is preserved by a conformal trans- 
formation, we conclude that the value of the above expression and the sign of 
v2 + v1(= —43(y3 — 71)) are conformal invariants of a general curvilinear 
right angle. 

We remark, in conclusion, that (14) and (15) are the only absolute conformal 
invariants of fifth order which arise in conformal differential geometry. There 
are no invariants of fourth order, and the only invariant of third order is the one 


(stated in the preceding footnote) for an ordinary horn angle, namely, 
v2 





, 
Te 
“es i — 7)?" 
The denominator of this fraction, or rather the equivalent expression | yz — 71 |, 
was rediscovered as a relative conformal invariant by Ostrowski (Jahr. Deut. 
Math.-Ver., 1934) who gives many interesting applications. The numerators 
and denominators of our absolute invariants are all relative invariants. There 
exist two relative invariants of fourth order, in addition to the relative invariants 
of second, third, and fifth orders given in the present paper. 


CoLumBra UNIVERSITY. 
'’ For a horn angle H: of first order contact the fundamental invariant is of third order: 
’ ’ 





Ty = raapege ; and the reciprocal M, is defined as the natural measure of the horn angle. 
a Vs 
See Cambridge Congr., 1912 and Proc. Nat. Acad., 22 (1936) p. 303, 23 (1937) p. 337, and 


Science, 85 (1937), p. 480. The last two papers deal with Trihornometry. 
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CLOSURES AND ADJOINTS OF LINEAR DIFFERENTIAL OPERATORS 
By IsraEL HALPERIN 
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INTRODUCTION 


In a real or complex Banach space B of elements f, g,---, with norm 
lS \|, {|g ||, --- , an operator T is a function whose values lie in the same Banach 
space but which need not be everywhere defined nor single-valued.’ 1 is said 
to be an extension of T; , in symbols T; > T;, or T; C T+, if for every f, the set 
of values of 72f includes all values of 7,f. The operator T is called linear 
if the set of values of T(cf + dg) includes all values of cTf + dTq, for all f, g 
and all numbers c, d (real or complex, depending on B). A closure operator T 
(for arbitrary 7’) is defined by the condition that Tf has g as one of its values 
if and only if 

In—J, Thm — 9; asm—> ©, 
hold simultaneously for some sequence of elements f, and values Tfm. It 
follows at once that T; D 7, implies T; D 7, and that always T DT. If 


f = T the operator T is called closed. It can be shown that every T is closed, 
that 7 is linear if T is linear, and that single-valuedness of T is not a sufficient 





1 See S. Banach: Opérations Linéaires. The theory given there for real B spaces extends 
in an obvious way to complex spaces. The set of f’s for which 7/f is a non-vacuous set is 
called the domain of T. A sub-set M of a real (resp. complex) B space, is called linear 
if f, g lie in M implies f + g and cf lie in M for all real (resp. complex) c. 

2 Let the direct sum space B @ B of all couples < fi, fe > , fi, fe in B, be made into a 
Banach space under the definitions 


<fi,fe>+<91, 92> 


<fitn,fe+ge> 
e<fi,fe> < efi, ef2 > 
I< fi, fe >|] = (AIP + I fel). 


If T is any operator in B, then the set of all < f, Tf > defines a sub-set G(T) in B ® B called 
the graphof T. Every sub-set of B @ B is obviously the graph of a uniquely defined opera- 
tor, so that there is a (1,1) correspondence between the operators in B and the sub-sets of 
B@®B. It is easy to see that T is linear if and only if G(T) is linear, and that G(T) is the 
topological closure of G(T). Hence T is alw ays closed and T is linear if T isso. 

For one-dimensional real Banach space, the real numbers, the linear, single-valued 7’s 
with non-single-valued 7, are precisely the well-known non-Lebesgue-measurable solutions 
of f(z + y) = f(x) + f(y) and can be determined by means of a Hamel’s basis for the real 
numbers, (see G. Hamel: Mathematische Annalen, vol. 60 (1905), pp. 459-462). A similar 
Hamel’s basis can be constructed for any Banach space and used to determine the every- 
where defined, linear and single-valued T’s with non-single-valued closures. 
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condition for that of 7.’ For linear, sinigle-valued and everywhere defined 7’, 
it is known that, 7 is closed is equivalent to T is continuous.’ 

If the Banach space is restricted to be a Hilbert space H with inner product 
(f,g) and norm || f || = (f, f)', then an adjoint operator 7* is defined as follows: 
T*g has an element g* as one of its values if and only if 


(Tf, 9) = (Ff, 9*) 


for all f, Tf.* From this definition follows that T, > T; implies T? D 77%. 
It can also be shown that 7* is always linear and closed, that (T)* = T* for 
all T, that T** = (7'*)* = T if T is linear, and that 7* is single-valued if and 
only if the 0 element in H is the only element orthogonal to all elements in the 
domain of 7.° 

In this paper we shall be concerned with a linear differential expression 


grtete 
bi, os ssagiy °** » Bed 
ruteestryesn ™ — st day's ++ day! 
considered as determining an operator in a Hilbert space of functions which 
are Lebesgue square summable (abbrev. L.s.s.) with inner product (f, g) = 
{f(P)g(P) dP. We shall seek to determine explicitly the closure and adjoint 
operators. Special cases of this problem are treated in Chapter III of Stone’s 





* See Banach loc. cit. page 41, Theorem 7. Everywhere defined continous operators are 
necessarily closed, but the converse may be false for non-linear ones, as shown by the 
function f(z) = 1/z for z 0, f(0) = 0. 

‘For the theory of Hilbert space, see J. v. Neumann: Mathematische Annalen 102 
(1929) pp. 49-131, or M. H. Stone: Linear Transformations in Hilbert Space, American 
Mathematical Society Colloquium Publications, vol. XV, 1932. For a discussion of adjoint 
and closure operators see particularly J. v. Neumann: Lecture Notes on Operator Theory, 
mimeographed at Princeton, N. J., 1934. 

fis said to be orthogonal to g if (f,g) =0. If M is any sub-set of H, let {M} be the set of 
all finite sums > c:fi, f;in M, c; arbitrary numbers. Then {M}is the smallest linear sub-set 
of H containing M, and the topological closure of {M} = [M] say, is the smallest closed 
linear space containing M. (If M is finite dimensional [M] = {M}.) Let QM be the set of 
those f which are orthogonal to all elements in M. Then OM is always linear and closed, 
and OOM = [M], QM = ©[M]. An everywhere defined linear operator U whose values 
ed all of H, is called unitary if (Uf, Ug) = (f, 9) forall f,g. For unitary U, QU(M) = 

(QM). 

*Let H @ H (see (2)) be made into a Hilbert space with inner product (< fi, fz >, 
<1, 92 >) = (f1, 91) + (f2, 92). Then T*g = g* means (Tf, g) = (f, g*), that is, (< TY, 
-f>, <g,g9* >) = 0 forall f, Tf. Define a unitary operator UinH ® H by U </fi, 
h>=<f2,-fi>. ThenG(T*) = QU(G(T)). Hence 7*is linearand closed. G(T*) = 
OU(G(T)) = U(QEG(T)) = U(E[G(T)]) = U(EG(T)) = OU(G(T)) = G((T)*) gives 
T= T*. If G(T) is linear, UU(G) = G and so G(T**) = QU(O U(G(T))) = OO 
UU(G(T)) = [G(T)] = G(P), that is, if T is linear then T** = T. Finally, (Tf, g) = 
(f,9*) = (f, g**) implies (f, g* — g**) =0. If now N = © (domain of 7) consists of only 
the 0 element, then g* — g** = 0, and hence 7* is single-valued. But if h #0 is in N, then 
T*(0) clearly has 0 and h as values, and 7* is not single-valued. 
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treatise.‘ Other writers have been able to avoid the real variable difficulties of 
determining the closure and adjoint by using a different inner product,’ but it is 
desirable to consider the operator in classical Hilbert space, which will be done 
here. Since the differential expression can be applied directly only to functions 
of sufficiently high order of differentiability, a linear space of such functions, 
extensive enough to be dense in the Hilbert space, will be chosen as domain of 
the operator and then the closure and adjoint will be sought. 
In §1 we consider the ordinary differential operational expression 


Dr(x) o + -++ + po(z) 


with linear boundary conditions, on a finite interval (a,b). It is first assumed that 
| pr(x) | 2 € > O and that the p,(z) satisfy certain differentiability conditions, 
and the operator is taken as defined for polynomials on (a, 6). The closure is 
then shown to be single-valued and defined for exactly those functions f(z) 
which satisfy the given boundary conditions and have absolutely continuous 
(abbrev. abs. cont.) (n — 1)™ derivative functions and L.s.s. n™ derivative 
functions; the value of the closure at f(x) is 


5 d' f(z) 

> p(x) “dar” 
which is defined almost everywhere and is L.s.s. The closure can therefore be 
represented directly by the original differential expression. The adjoint turns 
out to be a differential operator associated in the same way with the so-called 
Lagrange-Adjoint system.’ If the p,(x) are required to be merely measurable 
and bounded, then the adjoint need no longer be again a differential operator 
but may be of a more general type, the quasi-differential operator.* This new 
class of operators is proved to be closed with respect to taking closures and 
adjoints, and is therefore an operatorially correct generalization of the class of 
ordinary differential operators. 

In §2 these results are extended to semi-infinite and infinite intervals by 
means of the important Lemma 2.2 on differential forms, which also has some 
interest of its own. 

§3 deals with expressions of the form 





grat ++ <tme gpet>-9te 
Ping :-+snhs Pg » Xt) = mi + 2. Pras--seng Bs afta » 2) eer -e 
O21" +++ 02; phSne Ox;' +++ OX 
=1,+++,t 





6 See for example K. Friedrichs: Mathematische Annalen, vol. 109, (1934), pp. 465-487 
and 685-713. Also F. J. Murray: Transactions of the American Mathematical Society 37 
(1935) pp. 301-338, who also gives other references. 

7See E. L. Ince: Ordinary Differential Equations, Longmans, Green and Co. Ltd., 
London, 1927, pp. 123-124. 

8 See M. Bécher: Legons sur les Méthodes de Sturm, Gauthier-Villars et Cie, Paris, 1917, 
pp. 36-38. 
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Results are obtained which are analogous to those for the ordinary differential 
operator but we are led to an extension of the notion of linear boundary condi- 
tions, which, in integrated form, involves integration along the character- 
istic lines. 

§4 indicates the essentially different behavior to be expected in the case of 
the elliptic operator. 

The writer is greatly indebted to Professor J. von Neumann for proposing 
this problem and for inspiring guidance. In particular, Professor von Neumann 
supplied the proof of Lemma 2.1 on which is based the Lemma 2.2. 


1. THE ORDINARY DIFFERENTIAL OPERATOR ON A FINITE INTERVAL 


In this section, H will denote the Hilbert space of the functions which are 
L.s.s. on a finite interval, which we take as (0, 1) without loss of generality. 
The inner product (f, g) is given by the absolutely convergent integral 


1 
[ f(x)g(x) dx, where f(x) is any one of the class of Lebesgue equivalent func- 
0 


tions determining the element f of H. When there is no possibility of confusion, 
the function f(x) and the element f of H which it determines will be used inter- 
changeably, but it is to be remembered that f = g in H implies only f(z) ~ g(z).’ 

Two linear sub-spaces D, Dy , dense in H, will be important as domains for 
operators which we shall consider. They are defined by 


DeFIniTIon 1.1. D is the linear space of the f(x) for which 
(i) f ™—) (7) is abs. cont. 
(i) f(z) is L.s.s.” 


DEFINITION 1.2. Dp is the linear space of those f(z) in D for which f(z) 
f'(x), --- , fe), vanish for z = 0 and for z = 1. 


Farther on we shall define and consider intermediate spaces Dy with 
DID,yDDy. 


In the expression 
joel. +cat ++ +008 
ue da" dx" 
it will be assumed that 
(i) p(x) is abs. cont. for 1 < r S n. 
(ii) p{?(a) is L.s.s. for 0 < r <n.” 
(iii) | p,.(z)| >e>O. 





*~ here denotes equivalence in the sense of Lebesgue, that is, equality with the possible 
exception of a set of points of Lebesgue measure 0. 

'° Absolute continuity of f(—)(z) on the open interval (0, 1) (that is, on every closed 
sub-interval) is here equivalent to absolute continuity on the closed interval (0, 1), after 
proper definition of f-@) and f-(1), due to the square summability of f(x). We 
note also that the fundamental theorem of the (Lebesgue) integral calculus shows that the 
absolute continuity of f("—) (x) implies that of f(x), f(z), --- , ff )(z). 
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E will define, in the obvious way, linear operators 7, T), with domains 
D, Do, resp. We note that if the domain of 7’ (resp. 7’) were restricted to the 
polynomials in D (resp. Do), the closure, and hence the adjoint, would not be 
changed, (see footnote (5)). For to every f in D (resp. Do) there is a sequence 
of polynomials P,,(x) in D (resp. Do) such that 


F(z) = PS” (a) || —0 as m—o 
and consequently the P,,(x) could be chosen so that 
Par —f and TP» — Tf asm-— oO, 


THEOREM 1.1. The operators T and T» are closed; the adjoint operators are 
d’ — 





given by the Lagrange-Adjoint De (—1)" on the domains Dy, resp. D. 


Proor. Let P be the linear closed albums of H consisting of the poly- 
nomials of maximal degree n — 1. f(x) will be in Dy if and only if 


f() = —- DI ~ lets 


for some g in OP." The statement Tog = g*, that is, g, g*, are L.s.s., and 
[ (doo p-(x)f(x))g(x) dx = j f(x)g*(zx) dx for all f in Dy , can be written” 


i prlz)o(z)g(z) dz + z [a :[ eo i em a " 


fe of & @ — cot ~ oae*@ dz. 


Inverting the order of integration, we obtain 
1 n—1 1 1 n—r—l1 
— (2 — x) sa 
[ Palz)o(z)g(z) dz + > (x) az [ Speer ge pr(2)g(z) dz 
1 — a— 
= [ g(x) dx = g* (2) de. 














11 Every f(x) in D clearly has the form 


* (@ — 2)" (n) 
f(z) = ag t+ aat ++» + anna + ———§ ¢(z) dz, e=f™, 
4 (n — 1)! 
(n as in Definition 1.1 and as in E!) for some constants ayo, a1, °:* , @n- If f(x) is even 


1 
in Do, then all a, = 0, and (1 — z)""-1 9(z)dz = 0 for r < n (which is equivalent to 
0 


1 
2’g(z)dz =Oforr<n). This means ¢ is in OP (see footnote (4)). 


0 
12 The changes in the order of the summations and integrations can easily be justified by 
use of Fubini’s theorem, because of the restrictions on the p,(z), f(z), g(x), 9*(). 





fo 
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Written in the form 


i «a {palado@ 
+ > ; a pr(z)g(z) dz — [& @ — ena g*(z) irhde = 


r=0 Jz 


(for arbitrary ¢ in OP!) this is the statement that 


pa(x)g(x) + ei oa 2) — pr(z)g(z) dz — [% == 2 g*(z) dz 





is orthogonal to OP, hence in P,” and thus 
(*) ~ do + aye t+ +» + naz" 


for some constants da, @1, --+ , Qn-1. 

The equivalence (*) can be made an equality by changing g(x) on a null set 
since pa(z) # 0. Then p,(x)g(x), and with it g(x), will be abs. cont. Differ- 
entiating, 


| 





4 (pala) — praca) - & [ E=? pat) ae 


‘@ - »** 


(n — 2)! g*(z) dz ~ a, + 2azx + --- + (n — 1) e..s2”*. 


+ 


This shows that — : = (Pa(z)g(x)) i is equivalent to an abs. cont. function and there- 


fore abs. cont. fn further change.” Repeated differentiation shows that, 
Tog = g* is equivalent to the conditions 
(i) gisin D. 


(ii) g*(xz) ~ Dory (—1)" £ mil and is L.s.s. 


But if g(x) isin D, Doro (— ee “ @a)o(e)) i is defined almost everywhere and 


is L.s.s. This proves the part bs the theorem about the adjoint of 75 . 
T* CT} since T D Ty, so T*g = g* implies that g is in D and g*(x) ~ 


Lino (— 1)’ Sa. Integating by parts, the condition [ Tfj = £ fo* 


for all f in D, can a written as an addition condition 
(iii) [B(f(x), g(x))]o = 0 for all f in D 
where B(f(zx), g(x)) is the bilinear concomitant, a form linear and homogeneous 


—_— 


‘8 See footnote (4). 

‘4 If the differentiability conditions were not satisfied by the p,(x), repeated differentia- 
tion would lead to a quasi-differential operator (see footnote (8)). 

's The theorem of Lebesgue implies that the derivative function of an abs. cont. function 
can itself be equivalent to an abs. cont. function only if it is abs. cont. 
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in f(x), --- ,f “—Y (7) and in g(x), ° : ,g"- (x), and with coefficients depending 
on the p,(x).’ The determinant of the form = +(p,(x))” ¥ 0. Since the 
f(0), --- , f° 0), f), --- , f°” (1) of the elements of D, are arbitrary com- 
plex numbers, g must be in Dy). This proves the part a the theorem con- 
cerning 7”. 

The preceding paragraphs ne also to the expression 


y r@) £ =D (- L Ge 


since the 


m aq” — PE 
Pr (x) = (—1) (" \e — Pn(x) + (= 1) a oe “= Pn-1(Z) 
+ --- + (1) gG@) 


q Pez ) abs. cont., d'pr (x) L.s.s., and | px(x) | = € > 0, due to the 
gt dz” ms ™ : 
restrictions imposed on the p,(z). Hence To” and T** are single-valued 
operators with domains Dy and D resp. Since T) C T) = T)* andT CT = T** 
it follows that 7) = 7) and T = T. This completes the proof of the theorem. 
(We note that this gives a proof of p, (x) = p,(x).’ A direct proof of T = T, 
T) = Ty can be obtained from Lemma 2.2.) 


will have Pr #) 


By linear boundary conditions we can define a domain Dy , D > Dy > Dy, 
and an operator 7’, as follows: 


DEFINITION 1.3. Dy is the linear space of the f(x) in D which satisfy 
v1 f(0), “ile tO), f(1), jolla SO Pan = 0 
k=1,---,m m 


where the y; are linear, homogeneous and independent. 


IA 


2n 


The matrix of the y; will be of rank m and we may assume without loss of 
generality that the minor of order m on the left is non-singular. We can then 
write the conditions in the matrix form 














f(0) = 
f'(0) 
‘ U2n—m 
(n—1) M 
e 


























where M is a matrix of m rows and 2n — m columns, 1 is the unit matrix of 
2n — m rows and columns, and w, --- , ven-m may take arbitrary complex 
values. The expression E will determine an operator 7'y on the domain Dy. 
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THEOREM 1.2. Ty is a closed linear operator satisfying T D Ty D Ty and 
every closed linear operator intermediate to T and To can be put in this form; the 
corresponding adjoint is given by the Lagrange-Adjoint on a linear sub-space of D 
defined by an adjoint set of boundary conditions. 

Proor. Since 7) C Ty we obtain, as in the proof of Theorem 1.1, that 
Tig = g* is equivalent to the three conditions 

(i) g lies in D, 


r 


(i) ot = Dio (-" Fa), 


(iii) [BCf(a), g(x))]o = 0 for all f in Dy . 
The last condition can be written 

| 9) g’(0) --- g*(D || | 
By «(OO 


| f() 
f'(0) 


| 
| 
| 
0 -B, | | 








! 
| 











where By , B, are the matrices of B for x = 0, x = 1, respectively; that is 


|| 90) 9’) «++ g* (1) || | | } || 
U2 


Bo 0 














0 —B, M 


























| 


for all wu, +--+ Uen-m. Transposing and taking complex-conjugate values, we 
obtain 


1 M* 


B 








s --— 














Since BS , BY are non-singular, this gives 2n — m linearly independent condi- 
tions 


vit {g(0), 9’), ---g" °@M}=0 k=1,-++,2n-—m 


defining a linear sub-space Dj of D, which we have now shown to be the domain 
of Ty. 
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In the same way the closure Ty = T° will have a domain D;* which contains 
Dy, and is determined by the same number 2n — {en — m) = m of linearly 
independent boundary conditions. Thus Dy = D;* and Ty, = T, is a closed 
operator. 

Now let 7. be any closed linear operator intermediate to To and 7’, and let 
the ordered sets of values (f(0), --- , f° (0), f(1), ---, PT ies |) assumed by 
the f(z) i in the domain of T., fies a linear sub-set of ‘Soden unitary 
space’ defined by the conditions 


Vil), --- FPO), FM), + SPM =O B= 1,2,---,m 
Let 7’, be the operator determined by these conditions as on page 886. Then 
T.CTyandT: DT}. But for fixed g the vanishing of [B(f(z), g(x))]o (for all f 
in the domain of T.!) depends only on the possible values of f(0), --- , f° (1). 
Consequently T7 = Tj and T, = T:* = Ty* = Ty. Thus all parts of the 
theorem are proved. 


Examination of the above determination of T*, T>, shows that if the p,(z) 
are not restricted, T*, T>, will not be differential operators but will be quasi- 
differential operators (see footnote 14), (these will be described below). In- 
stead of attempting to weaken the restrictions on the coefficients p(x), we 
consider at once the more general quasi-differential operators. 

Let qo(x), --- ,Qn(x), po(x), --+ , Pn(z) be measurable and bounded and 
| qo(x) |, | pn(z) | = € for some e > 0. Define the linear sub-spaces D’, Dj 
in H by the 


Derinition 1.1’. D’ is the linear space of those L.s.s. functions f(x) for 
which the equivalences 


fo (x) ~ q(x)f(z) 
fay(x) ~ fon(x) + u(x)f(z) 


Fin (2) ~ fina) + gn(x)f(x) 


define functions f(,)(z) which are abs. cont. for 0 S r < nand L.s.s. for r = n. 
Remark. Let 


K; alae z ne) 4 5 qe) 4 a | qu(ze) 
i ° ‘ I on add ror 2) qo(Z2) dz, — 


K a z)=1- [ dz, r K,_1(z, iit [ K,-_2 - ff Ko(2r41, 2r) QrsaC2r+a) dpa 














gol Zp41) 
+f des |’ | ee [ Ko(2r1, 21) Grit@rsy) J ders | maf K,-1°° 
o(z qo(2r41) Zr+1 2r+2 
Qr+1(Zar+2) — 
K r+2 r. ee dz r 
= o(Z2 42, 22 +1) qo( —— ar+2 





O<r<n. 


16 That is, the space of all (21, «++ , ten), the x; arbitrary complex numbers. 
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Then the kernels K,(z, z), r = 0, 1, --- , — 1, have the following property: 
If f(z) is in D’, with fo(0) = fa(0) = --- = finy(0) = 0, then 


_ fo) 
Iz) = Qo(x) 


fn = [ K,(a, 2) fora (z) dz for OS r<n. 


(f) 


(The infinite series for the kernels can be obtained in succession for r = 0, 1, --- , 


n — 1, from the relations f,, (x) = [ Sir-» (2) dz — | Gr+1(2)f(z) dz by the well- 
0 0 


known methods of successive substitutions. The uniform convergence of these 
infinite series, the boundedness of the kernels, and the relations (+) can be ob- 
tained easily from the boundedness of the q,(x)/qo(x). We shall omit the details.) 
Conversely, if g(x) is any L.s.s. function, then the equations (t) taken in the 
order r = n — 1, ---,1, 0, and with f(,)(x) replaced by ¢(z), will define an 
f(z) in D’ such that fin (x) = g(x) and fi)(0) = 0 for r = 0, 1,---,n — 1. 
By the use of successive substitutions we can also define for every 


s=0,1,---,n—-1, 


a (unique) function M*(zx) in D’ such that M{,)(z) = 0 and Mj,(0) = 1 for 
r= sand = Oforr ~ s. Then every f(z) in D’ has a unique representation in 
the form 


© fo OM") + “a [ ; K,(a, 21) dz: [ “” [ O Ke-altea, Zn) Sin) (Zn) dzn 


where the f,)(0) may be arbitrary numbers and the f(,)(z) may be any L.s.s. 
function.” 


DeFINITION 1.2’. Dj is the linear space of those f(x) in D’ for which 
f(x), «++ , f~n-»(x) vanish for x = 0 and for z = 1. 

Define the quasi-differential operators 7”, 7 with domains D’, Dy resp., by 
T’ D> T; and 


Ife) = D pola) fon. 


Let the domains D’’, Dj and operators T”’, T., be defined in the same way 
when q,(x), p-(x) are replaced by (—1)"" pa—(x), (—1)"" qn—r(2), esp. 

TuroreM 1.1’. 7’, 7) are single-valued closed operators with domains dense 
in H. The adjoint operators are Ty, T’’, resp. 





" The ordinary differentiation previously considered, is the special case of quasi-differ- 
entiation when qo(x) = 1, and q,(x) =0 for r #0; the M*(x) become polynomials of degree 
n—linzand K,(z, z) =1 forallr, z, z. 
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Proor.® We will show that if (7”)*g is defined at all, then g must be in Dj. 
For if (7’)*g has a value g* then 


[Everio aeiae= ['seoaresae 


for every f in D’, which implies that for every L.s.s. g (use (f)), 


| o(a)| pala) + K,-1(2, 2) pn—1(z)g(z) de denss.* 


+ | g.. | iit Ko(2n-1, 2n ) (omc _ n— ) dens] dx = 0. 
z 21 1 Go(Zn-1) 





Zn—- 


Thus the expression [ --- ] in the preceding line is equivalent to zero. Re- 
peated differentiation, which can be justified by using the explicit formulae for 
K,(a, z) and the restrictions on the q,(x), p,(x), shows that g must be in D”. 
If we differentiate [ --- ] = 0 r times and then set x = 1 we obtain g,y(1) = 0 
for0 S r <n. Interchanging the réles of the end-points of the interval (0, 1) 
we obtain g(0) = Ofor0 <r <n. Thusg isin Dj, proving that the domain 
of (T’)* lies in Do. 

It will be shown in the Remark to Lemma 2.2, page 899, that 7’, To are 
closed. Since 7” is single-valued and is the adjoint of (7’)*, it follows that 
(T’)* has a domain dense in H. Thus Dj’, and a fortiori D’”, are dense in H. 
It can be shown in the same way that Dj , D’ are dense in H. 

Thus 7’, 7 are single-valued closed linear operators with domains dense in H 
and their adjoints will be single-valued with domains contained in Dy’, D”, 
resp. Theorem 1.1’ now follows from the identity 


(w) [ 's0)-0@) — J0)-FG@) de =F (-)' Veo @ ao 


for all f in D’, and g in D’’. The identity () can be verified by integration 
by parts. 

With the help of (#), linear boundary conditions on the f(x), «++ , fin—»(2) 
could be discussed,” to give a generalization of Theorem 1.2. We may also 





18 A proof on the same lines as the proof of Theorem 1.1, would require a number of 
identities in the K,(z, z) and their partial differential coefficients. These identities, 
although not particularly difficult to establish, involve many long formulae, and are there- 
fore avoided here. 

18 It would be necessary to prove that all (arbitrary) sets of 2n numbers are assumed as 


values by the (fo) (0), ore » f(n—1)(0), fo), saiace Ff (ny (1)) when f runs over D’. Let 
D’ be the set of f’s in D’ for which f)(0) = fay) = «++ = f¢n-1) (0) = 0; then it is sufficient 
to show that (f)(1), «++ , f¢n1)(1)) takes on all arbitrary sets of n numbers as values when f 


runs over D’. This may be shownas follows: Let 7’ be defined with domain D’ by T’ CT". 
Then the proof for Theorem 1.1’ shows that if g is in the domain of (7’)*, then necessarily 


RE: We CSIR Sst 
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remark that the results of this section extend with little difficulty to opera- 
ar 
dx} 





tional expressions of the form Don D(a yee 9B) 








2. THe INFINITE INTERVAL 





The results of section 1 can be extended to infinite and semi-infinite intervals 
by means of the following Lemma 2.2 on differential forms. The lemma will 
frst be formulated for the special case of ordinary differential forms and the 
reader may find it advantageous to consider the proof given after first simpli- 
fying it for this special case: the proof will be given here at once for the more 
general quasi-differential forms. 

Lemma 2.1.” Let f(x) be defined on a finite or infinite interval (a, b). Let 
p(z), r = 0, 1,---, n, be measurable on (a, b) with | p,(x)| S C < © for 
0<r<n,and|p(xz)| 2e>0. If 

(i) f(x) is abs. cont. on every (c,d),a<c<d<_b, 

(ii) f(x) and doo p,(x)f (x) are L.s.s. on (a, b), then f(z), -»- , f(x) are 
all L.s.s. on (a, b). 

; LemMA 2.2. Let f(x) be defined on a finite or infinite interval (a, b). Let 
7 wz), ++, 4n(x), pol), ---,pa(z) be measurable and |q,(x) |, | prr(z) |, 
q <C<o forr =1,---,n,and | q(z) |, | px(x) |, 2 € > 0, on (a,b). Assume 
that the equivalences 






ROR tas 













So (x) ~ q(x) f(x) 
faz) ~ fo(z) + ala)f(z) 





Sim (2) ~ finn (x) + Qn(x)f(z) 












gy(1) = 0 for r = 0,1, --- ,m—1. On the other hand, the identity (#) shows that g will 
be in the domain of (7’)* if only 

(4) gis in D’, and .”_. (—1)' gd) Sen-r-)(1) = 0 for all (fi (1); 7 = 0,1, -*, 
n— 1) when f runs over D’. 

Now the corollary to Definition 1.1, with q(x) replaced by (—1)"* p»_,(x) and the réles 
of the end-points of the interval (0, 1) interchanged, shows that (g,,)(1); r = 0,1, ---, 
n— 1) assumes all arbitrary sets of n numbers as values when g runs over D’’. Since 
(# *) implies g:,(1) = 0 for r = 0, 1, --- , n — 1, this means that (f(-)(1);r = 0, 1,---, 
n— 1) assumes all arbitrary sets of n numbers as values when f runs over D’. 

*? The proof of Lemma 2.1 was found by J. von Neumann; the details of his proof are 
essential in the proof of the more general Lemma 2.2. The lemma can be proved also in 
several variables (see Lemma 3.1). A theorem of the type of Lemma 2.1 (with ‘L.s.s.’ 
replaced throughout by ‘bounded’) was first given, but with differentiability restrictions 

| onthe p,(xz), by E. Esclangon. Esclangon’s theorem, without the restrictions, was shown 
by E. Landau (Mathematische Annalen 102 (1929) pp. 177-78) to be an easy consequence 
of a simple lemma of Hardy-Littlewood. We may remark that Esclangon’s theorem can 
also be proved for the more general quasi-differential expression. 
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define fi(x) abs. cont. on every (c,d),a<c<d<b, forO0 Sr < n, and (there- 
fore necessarily) fny(x) almost everywhere on (a,b). If f(x) and . Pr(x)f (x) 
are L.s.s. on (a, b), then f(x) will be L.s.s. on (a, b), forO Sr Sn. 

Proor. .1 We may (and shall) assume that the interval is of the type 
(0, b), that f,(0) = O for 0 < r < n, and that q(x), pa(x) are identically equal 
to 1. For we may clearly assume a < 0 < b, and it is sufficient to prove the 
lemma for each of (a, 0), (0, b) separately. We need consider only (0, b) since 
the (a, 0) can be transformed into (0, —a) by replacing f(x) by f(—z), and 
q(x), p(x) by (—1)’¢,(—2x), (—1)’p,(—2) resp. Now define a polynomial P(z) 
such that 


P (0) = fn(0) Osr<n, 
P®(-1) = 0 Osr<n; 
this can clearly be done. The function h(2), 
= f(x Os2<b, 
h(a) f(z) 
= P(z) -ls2z<Q0, 


will satisfy the hypotheses of the lemma on the interval (—1, b), if we set 
q(x), Pn-r(x), = Oforl Sr S n, and q(x), p»(x), = efor —1 S x < 0, and 
it is sufficient to prove the lemma for such an h(x) on (—1, 6). Replacing 
x by x + 1, we see that we may restrict ourselves to the case of an interval 
(0, b) and an f(x) for which fo)(0) = --- = fin_y(0) = 0. We may also assume 
q(x) p(x) C 


qo(t)’ Pa(x)’ €’ 








Qo(x), pn(x), = 1 by replacing f(x), g-(x), p(x), C by qo(x)f(x), 


resp. 
2 Let 


n—1 


Ife) = foo) +E vaio) We) = Lifola 


r=0 


Using the inequality of Schwarz, 


| fon(a) ° S {| Lf(@)| + Z C |f(z) |}? S$ @ + 1) {| L{@ |? + CWO}, 


b b b 
(I) [ | finy(x) |? dx < (n + 1) f | Lf(a) |’? dx + [ W(z) iz}. 

b b 
Thus i | fim»(x) |? da will be finite if we can show that I W (z) dz is finite ; the 

0 
b 
same is true for every [ |fon(x) ? dx, 0 < r < n, from the definition of W(z). 
0 


b 
Hence we need only prove W (zx) dz finite to prove the lemma. 
0 
3 We shall now derive an inequality for W(x) which will show that 
[ W (zx) dz is finite if b is finite. In the case of b infinite, and assuming that 





first 
We 


Int 
of 1 


If 1 
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b 
{ W(z) dz is infinite, we can derive a second inequality which contradicts the 
0 


b 
frst one, showing that [ W (x) dz is always finite, and so proving the lemma. 





We proceed to derive these inequalities. 
4 For 0 S x < b we have 






n—1 





d |W(2)| S LU 2| fen) | [fin | 
) r=0 





= > 2|for(2) | |fern(2) — dra(adf(a) | | 






n—1 


> {| fon(a) ? + |Sean(a) — qra@f(@) |} 


IIA 





s E tfoW F + 2lfern) +2014) } (use (D)in.2) 





< 3W(z) + 2(n + 1){| Lf(x) |? + C°W(x)} + 2nC?| f(x) |? 
< {3 + 4(n + 1)C*} W(x) + 4n | Lf(a) |’. 


Integrating this differential inequality, and remembering that W(0) = 0 because 
of the restrictions on f;,)(0), as described in .1, we obtain 







W(x) = [ W'(a:) dz, S [ |W'(a) |\dm S {8 +4(n+ ner [ W (21) day 





+ an [ | Lf(a1) |? day. 





b 
If we set A = {3 + 4(n + 1)C’} and B = an [ | Lf(x) |’ dz, then 
0 





eI Sr 


W(x) = B+ 4 [ W (2) dz, 


i" I W (21) ins) < Be“, 
dx 0 


’ | W (a) dz; = af E Cos | W (az) irs} dx, < a | Be~4! dz; 
‘ , 0 dz, 0 q 


a (e4* — 1). 







ia MF (1 — "ee aa 





| Hence 





W(r) = B+ a W(a)) dm = B+ AZ (eM — 1) = Be*’, 
0 
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giving the first of the two inequalities mentioned in .3, 


(1) W(x) < Be** for0< x<b. 


(1) makes it clear that I W (21) dz, is finite if b is finite. 
5 For0 S$ z < B, i have 

{(\fo—n |)! + 2RFo—y a) }" = WRFoyfen)’ 

= Wi | fon |? — &Ifo + fo-vfoww — Gufe—vf} 

= {| fo |? — IGS + Geto) + fo»forn} 

> 2| feo? — [fon ? — [foe — CL21F 7? + [feo P + [fon |", 
(2—C)|fo? S$ A+ C)| fe? + [Fern P + 21 F 7 

+ {(| fo» | + 2RGe-yarf)}’, 





and hence 


(A) [fen |? S Caf | fo» |? + | foram |} + Calf? + Cs (| few |)’ + 2RGFe—y ae) }' 


where C, , C2, C3 may be taken as constants (that is, independent of r and z) 
which depend on C and converge to the limits 4, 1, 3, resp. when C tends to 
zero. Since the results of the present paragraph will be applied only for the 
case of small C (namely in .6, where this case is obtained by a transformation 
y = 6x), we shall restrict ourselves for the remainder of this paragraph to the 
case of small C. Now (A), forr = 1, --- ,m — 1, is a convexity-like inequality 
in | fe—» |’, |fe |’) [Sern |’; if C is sufficiently small, and hence C, sufficiently 
close to 3, then the set of inequalities (A) will imply, for r = 1, ---,n — og 








21 That (A) implies (AA), can be shown by the following discussion of inequalities: Let 





V, Xo, 1, *** » An be non-negative numbers (with | v — 4 | < a certain e which will be made 
precise shortly), and let mu, --- , w#a-1 be any numbers such that the A,, u, satisfy the 
convexity-like inequalities 
(A’) Ag S v(Ap-1 + Ani) + ue R=1,---,n-1 
Define real numbers ¢o, ¢1, «++ , Cn-1 by 

Cou 
(c) co=0, c.=1, and ce = —— — Crs forr = 2,---,n—1 

v 

and set Wr = CrCn-r — V(Cr€n—r—1 + Cr-iCn—r) forr=1,---,n—1. Ifv = } thence, =7, 


(cy = r satisfy (c), and (c) clearly has a unique solution), and w, = }n. Since the c, are 
continuous in v, there is an e > 0 such that | v — 4| < « implies 1/e > c, > 0 and | w, | > 


e>Oforr=1,---,n—1. Nowassume that v is such that we do have | v — } | less than 
this e. 

Multiply both sides of (A’) by cmin(r,z) Cmin(n—r,n-k), 7 being fixed and = 1, ---,n — 1, 
and sum over R = 1, --- ,nm—1. Because of (c) the result is 


n—-1 


Wrdrr S VCn-rA0 + VCrAn + » URER 
R=1 





An 


whe 
ine 


(a’ 


whi 
(A’ 


sin 


















Sees g tage << 


Se: 









ee 
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(AA) | fi |? > hi(C, r) If)? + h(C, r)| fen |? + h3(C, r) lf |? 





+} p> ar(C, r){(| fe» |)’ + 2R fay aS} 


where the Ai(C, 1), he(C, r), | az(C, 7) | are bounded for all sufficiently small C. 
Adding the inequalities (AA) for r = 1, --- ,m — 1, together with | f |? = lf |, 
gives (use (I) in .2), 


W(x) < h(C)| f(a) ? + KC){| Lf@) |? + C’W(a)} 
n—1 
+ 2 an(C){(| fry [V+ 2RGFaea ae) 
where the h(C), k(C), | az(C) | are all bounded, < K (say), for a finite K inde- 
pendent of the (sufficiently small) C. Integrating both sides of the last in- 
equality gives (remember that f@(0) = 0 and (|fj(z) |)i0 = O for 
r=0,1,---,n—1),” 


[a — KC’)W(a) dx < K\[" | f(a) |? day + [ | Lf (ay) |’day 
+ 25 |feoCe) vated ste) |b + Ze aelOM| fer) 
b b n—1 
sx [ist+ [iuth+xc¥ wt toe 


+ > Ar41(C)(| fon (2) |)’ < (use (I) in .2) 


eK [ist + [inst + ncise t} + KOWe) +E anlOrl fore 


Another integration gives (remember | f,)(0) |? = 0 for r = 0,1, --- , n — 1) 


(1 - Ke) [aes [ Was) dre < Kf ist [ints 


* nke | Isf 4 xe | W(x) dr, + KW(2). 





where the | ug | are all less than some finite M independent of v. Dividing both sides of this 
inequality by w,, (wr > € > 0), we obtain 


n—1 
(4’A’) Ar S Ay(v, r)rAo + hel(v, r)An + p 2s ag(v, Tur 
R=1 
where the hi, hz, and | ag | are < M, for some finite M independent of v. Thus (A’) implies 


(A’A’), and in the same way, (A) implies (AA). wes 
2 (| fory(z) reo = (Sen (2) fen(a)eno = (Sin (2) fin(a) + Sin (2) fin(z)) 0 = 0 


since f(,)(0) = O for r = 0, 1, --- , n — 1, as secured in .1. 
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Since 1 — KC’ > } for all sufficiently small C, we have 


(I) [an [Swear < a [ist + [ iusl}e + Re [ise 


+ KC [ W(x) dx, + KW(z) 


where K = 2nK is independent of the (sufficiently small) C. 
b 
.6 Since W(x) = 0 for all z, f W (zx) dz is finite or = +. Assume, if 
0 


b 
possible, that I W(x) dx = +, and, consequently, that b = + (4 shows 
0 
b 
that [ W (x) dz is finite if b ~ + 2), Let 0 < @ < 1 and consider the func- 
0 


tions f’(z) = f(6x), ar(z) = 0°q,(Ox), pe(z) = 0" "p,(62). 
qo(z), ee q(z), po(z), “5 oe Pn(x) 


are measurable, and | 9'(z) |, | p£_,(z) |, S$ C° < « (C* = @C), forr = 1, --- ,n, 
and q(x), p,(x), are identically = 1. The equivalences 
ing(ax) ~ qo(z) f"(a) 


fin (2) ~ (Sm, (x))’ + ala) f*(2) 


Simo(x) ~ (fenn9(x))! + gh(x) f* (a) 


define the functions f(,,(z) (= 6'f«)(@x)) abs. cont. on every (0, d), d < @, 


for 0 < r < n, and f(z), Domo pi(2)fin(x)( = 0” Doro p-(0x)fo(Ox)), are 
L.s.s. on (0, ©). Hence if we set 


n—l 


Lof'(x) = fim, (2) + > r(x) firr(2)s 


n—l 


W(x) = 2. | firro(2) ’, 


r=0 


.5 will apply if only C’ = 06C is sufficiently small, which is indeed so for all 
6 < «for some e > 0 (remember C is fixed). Thus (II) gives for all 6 < « 


[an [" Woladden s REP” ite + [taste + Roc [ isP 


4 Rec I ° Wola) dat + RW.(2) 


< Rf ise + [asthe + Ro [ire 


+ Kce [ We(21) dz; + KW, (zx) 
0 


Sn eae 





for 


C0! 


be 


ass 


to 





















te RR teat 
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since [isr=3 [ue and [iat = [Pei Psi wut. 


Now set Ks = RY |” e+] [L1"\, Ka = ko | lf |’, Ks = KC, K,= K, 


and define the function W(a) = W,.(x/@). The previous inequality becomes, 
after x is replaced by 2/6, 


(II,) / az [ W (x2) dxz < K,0x + K26? + K,6* | W(a:) dz; + Kye’ W(2). 


(W(z) depends on 6; Ki, Ke, Ks, Ky, are independent of 6.) 


Since 
W(x) = p> fto (Z) -= ] o(o z)/ = -> |@'fy(x) P = PO” Wz), 














[ W(x) dx = o implies [ W(x) dx = &, that i is, [ W(a;) dz, > © as 


z—» ©. Hence for every fixed 0(@ < «) there will be a fixed x(= 2o(@)) such 
that x = 2 implies 


Kioc + K.60 < @& i W(x,) dz; 
0 


and this, together with (II,), gives finally 


(IIp2,) [ ° dx; [ 4 W (a2) dr. < Ke ° W (21) dx, + wee) 


for all x = xo(6), for all 6 < «, where K; is a constant (independent of 6!). 
7 Consider the inequality (II,.,) in .6; let @ be further restricted by the 
condition @ < 1/(2e)'Ks, ane thus 1 > (2e)'K;0 = s (say), and let the 2» = 20(8) 


be chosen so large that dz, . W (22) dxz > 1 (this is possible since we are 
0 0 


assuming that i] W(x) dz, and with it | W(x) dz, are infinite). We wish 
0 0 


to prove the following set of propositions: 


(Po) [ ‘i dz, [ ‘ W(x) dxz = e® = 1 


[fm dz, = A for to + (2m —1)s S x 
0 


zot2ms 71 
I day [ W (a2) drz = e” 
0 0 


m=1,2,---. 


(Pn) 
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Suppose (P,,) holds for some m = 0, 1, --- ; then at least one of the following 


two statements must be true (use (IIy,,) and remember that [ W(a1) dx; , 
0 
z 1 
and also with it, [ dx, | W (a2) dx2 are non-decreasing functions of z): 
0 0 


(i) Ki@ W(x) = te” for a + 2ms S x S x + (2m + 1)s or 
(ii) Ke | W (a1) dx, = fe” for x + (2m + 1)s S z. 
0 


In either case, since s < 1, 


m m+1 


‘ ee ee 
I W (xy) dx, fe oe = 





for x + (2m + 1)s S 2, and hence 


Zot2(m+1)s eat emt 
dx, | W (x2) dxz = 8 ——e ” ahiel 
0 0 


Thus (P,,) always implies (Pm4:), and (Po) holds because of our choice of 2. 
This means that (P,,) holds for all m. 
Hence, for x = x + 8s, we have 


Wie) dn = l=") J 
CH) & 


Since W(x) = W(zx),* we can say that there is, for every fixed 6 (0 < 6), an 
& = Z(0), such that x = Z implies 


[t] = (largest integer < 2) 


IV 


z 


(2) [ W (21) dx, = Fe 


where F(>0) depends on 8, but G does not depend on 6! This is the second 
inequality mentioned in .3. It has been derived under the assumption that 


1 W(x) dx = +, and it clearly contradicts the inequality (1) in .4 for suffi- 


b ‘ 
ciently small 6. Thus W(x) dx cannot be infinite and the lemma is es- 
0 


tablished. 


Coro.uary. If the hypotheses of Lemma 2.2 hold on the interval (a, ©), then 
Sin (x) — Oas2x—- © for0OSr<n. 





W(x) = 0") I fin, (2/0) = So" | orf) 
Sy fo = We), We) s We). 


r=0 





Pr 


Ifa 


Nov 
whe 
whe 
not 

zeTC 


tion 
res} 
posi 


hol 
in» 


T'f. 


=a 
of t! 
but 
g(x) 


J(r) 


9 (n- 


wot 
uni 
din 
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Proor. For0 S r < n, we have 


z2 


foled P-Ltoed P= ["S ifort) ee 


71 


és c 2K { fn(z)Sin(@)} dx = r 2H { fon(2) (Serrn(@) — grarlx)f(x))} dx 


1 1 


f 2 | f(x) | | Soran (x) — graa(x)f (zx) | dx 


7 * {|Feo(x) ? + | Fosn(@) — draa@)f@) |"} dx 


zr z2 2 
s [ioe Par +2 [fern Pax + 20 [” ist) Pa 
Z1 Z1 71 
Now Lemma 2.2 implies that each term in the ‘last expression converges to zero 
when 2, 22 tend to infinity. This means that | f;)(x) |’ converges to a limit 


when x tends to infinity. But [ | fon (x) |? dx is finite, and so the limit can- 


not be different from zero. Hence | f,»(x) |’, and with it fi)(x), converge to 
zero when x tends to infinity. 

Remark. Let b = 1, and let H, D’, D’, Dy, 7’, To be as in section 1, Defini- 
tion 1.1’ (page 888), footnote (19) (page 890), and Definition 1.2’ (page 889), 
resp., but with go(x), px(x), = 1. Then 7"f(x) = Lf(x) for every fin D’. Sup- 
pose now that f,, , m = 1, 2, --- , is a sequence of elements in D’ such that 


© In — f, T'fn — h, 


hold simultaneously for some elements, f, h in H . We can write each f,,(x) 
in the form fmi(z) + fmo(x) where fm, is in D’, and fn is in D’ with 
T’fn = 0.% Then Lfn.(z) = T’fma(z) = T'fm(x) will be a convergent 





*s Let P be the linear sub-space of the elements g in D’ for which T’g = 0, and let (fm) (-)(O) 
=a,. If gir)(0) = a, for some g in P, then clearly fm = (fm + g) +g is a decomposition 
of the required kind. But such ag does exist, and it can be constructed(with some labor, 
but no difficulty) by applying the methods of successive substitutions to the system: 


g(x) = g(x) 


forOsr<n-l. 


g(r)(%) = ap + i (9 ¢r41)(%1) — Gr4i(2i)g(a1)) dar 
0 


G(n—1)(2) = Gani t+ i (-¥ Pr(xi)gcr) (41) — qn(a1)9(x1)) dx. 
0 


r=0 


Further, if g: , gz were two solutions, then g: — gz would be in D’, and L(gi(x) — g2(zx)) 
would = 0. The inequality (1), page 894, then implies g: = g2. Thus every g in P is 
uniquely characterized by its g:r)(0), 0 < r < n, and hence P is finite dimensional, with 


dimension = n. 
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sequence (in H). The inequality (1), page 894, together with the inequality that ¢ 
(I), page 892, now show that (fmi)c(x) converges (in H), and (fm,1)()(z) (7") 
converges uniformly in z, for 0 S r < n, as m tends to infinity. From this 
follows that fn, converges (in H) to a limit, say f,, in D’, such that T’f, = h.” 
Then fn = fm — fma converges in H to f — fi = fe (say). Now all fn» lie 
in the linear sub-space of H formed by the solutions g of T7’”g = 0. This sub- 
space is finite dimensional,” hence closed, and thus contains fg. This means, 
T’ fz is defined and = 0, and finally, 7’f is defined and = T’(f, + fe) = T’f, = h. 
Thus © implies, T’f is defined and = h. In other words, 7” is closed. 

If further all f,, are in Do, then fm = fm, are all in Do and similar reasoning In 
to that given above shows that the limit of the fm, is also in Dj. Hence 7; 
is also closed. 

The general case (qo(x), pn(x) not = 1) can be reduced to the special case by 


for a 


(r')" 














replacing f(x), q,(x), pr(x) by qo(x)f(z), Qe(x) p(x) resp. Hence 7”, 7; are _ 
qo(x) Pn(x) 
closed in the general case too. Pa. 
For the remainder of this section H will denote the Hilbert space of functions 
L.s.s. on (0, ©) (any semi-infinite or infinite interval could be treated in the 
same way). Let q,(x), p(x), D’, Do, T’, T>, D’, Di, T’, To be as in Theorem 
1.1, page 000, but with b = «©. We have then the theorem : H 
THEOREM 1.2’. Theorem 1.1’ remains valid. squi 
Proor. If (7 )*g = g*, then | (Toh-g — h-g*) = 0 for all h in Dj. Now : . 
0 
any f(x) in the Dj of Theorem 1.1 can be extended to an h(z) in the Dj of the 
present theorem by defining h(x) = f(x) for0 S x S 1, and A(x) = Oforz > 1. [ 
1 C-) 
Then (Tof-g —f-9*) = | (Toh-g — h-g*) = 0 for all such f. Theorem 
0 0 
1.1’ now gives that g*(z) ~ }ono (—1)"" qn_-(2) 9 (2) for 0 S x <1. Since 
this equivalence must hold, in the same way, for every finite interval (0, b), wh 
it holds even on the semi-infinite interval (0, ©). Further, g and g* = 
D0 (—1)" "Gn are both L.s.s. on (0, ©), which, by Lemma 2.2, implies I 
3 oon 
6 Let the uniform limit of (fm.1)(r)(z) be denoted by k,(x),0 S r < n, and let the limit J 
(in H) of (fm.1)n) be denoted by k,. Then clearly the k,(z) satisfy the equations rs 
k,0)=0, k(x) = i (krs1(t1) — Qr41(a1)ko(21)) dar Osr<n Th 
, Ls 
since the (fm.1)(r)(z) dosoforevery m. But these equations imply ea 
k-O) = 0, — Kerys(z) ~ ke(t) + Qr4s(x)ko(x) OsSr<n 
that is, k(x) = ko(x) isin D’, and k,,)(z) = k(x). Then (fm,1) (r(x) converges uniformly in z ans 
to ki)(x) for 0 S r < n, and (fm,1)(n) converges (in H) to kya). Since the p,(x) are bounded, a 


this implies that Lf, ,, converges (in H) to Lk. But Lfm,, converges toh. Hence Lk = h. 
Writing /; in place of k, we obtain the desired statement. 
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that g must be in the D” of the present theorem. Thus (7%)* CT”. Similarly 
(7’)* C Ty. But the identity 


I (T’h-g —h-T"g) = ) (=1)""(fenr— 0) 90) 


for all h in D’ and all g in D’’,” shows that (T’)* D Ti, (T:)* DT”. Hence 
(’)* = To, (To)* = T” and the theorem follows.” 


3. THE HYPERBOLIC DIFFERENTIAL OPERATOR 


In this § we study the expression 


7] 
Ox 


Similar methods and results hold for the general 
guteet: sete 


2 
fe) 0 
ay + B(z, y) - + C(z, y) ny + E(z, y). 


A(z, y) 





ee a » Xt) 
Oxj' Axe? +--+ Ax;'! 


gritret:>-tre 





+ p Dos cons soayhtas Sus eee » 2) 


TENE Oxj' Org? «+++ Oxy! 


H will denote the Hilbert space of functions f(z, y) which are L.s.s. on the 
square J: 0 S$ x, y S 1. We shall assume that A, B, C, E are measurable 


and bounded on J and that | A(z, y)| 2 «> 0. 
Define sub-spaces D®, Di” in H by 


DEFINITION 3.1. D™ is the linear space of the f(z, y) which have the form 


f(z, y) = f0,0) + [eso a + [eae + [Fo [evo z)dzdw 


where f(0, 0) is a constant and ¢1, ¢2, ¢3 are L.s.s. on J. 


DeFINITION 3.2. D® is the linear space of the f(z, y) in D® which vanish 


on the boundary of J. 
Define operators T®, T° with domains D®, D§” resp. by T)” C T® and 


T° F(x, y) = A(x, y)fay(a, y) + Bla, y)felx, y) + C(x, yfu(z, y) + E(a, f(a, y)- 


The function Tf(x, y) will clearly be defined almost everywhere and will be 
Ls.s.” ‘ 





7 Use integration by parts and apply the Corollary to Lemma 2.2. 

*8 This theorem, for finite and infinite intervals, as well as the other results of sections 1 
and 2, can be proved with the same methods, for the general quasi-differential operator 
where the f ¢)(x) are required to satisfy equivalences f ¢1)(2) ~fi(z) + p aah e.n(2)f (py (2). 

* If h(x) ~ k(x) with k(x) abs. cont., then we define h’(z) as any function ~ k’(z). 
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THEOREM 3.1. T7§° is a closed operator. The closure of T is defined for No 
exactly those functions f(x, y) which have the form fila, y) + fo(x, y) where f, is 
the limit of a sequence of elements in D® for which T vanishes, and fris in D®: 
the value of the closure will be given by T°f = T fs . 

For the proof of this theorem we require the From 


z y 
Lemna 3.1. [Jf (i) f(z, y) = [ [ Suz(w, 2) dz dw where fr is L.s.s. on every 


0Os<srSa<1;50Sy8b6<I1,and sali 
(ii) Lf(z, y) = A(z, Na, y) + Biz, y)f-(x, y) + C(a, y)fu(a, y) + E(z, y)f(z, y) | |. 
is L.s.s.on0 S x,y S 1, where | B|,|C|, | Z|, are less than some finite K, and whe! 
| A | .e> Gud Sx vel then fry ts L.s.s.on0 S x,y S 1 and 
1 1 . 1 1 . 
I [ | foz(w, z) |dzdw S K [ [ | Lf(w, z) |" dzdw Hen 


where K, is a constant depending only on K. 
Proor. Let 0 S xz, y < 1 and let 


Sim 


A(x, y) = aff {| Lf? + K*| fe|? + K°|f, |}. 
Then 


[ [litet= [0 [r= ae - on - are | r 


< af [ {{ Lf + Kf. + K’|fy P+ Kf 7} 


< (2,9) ane [[")[["s, < 6(2, 4) 44K ff [ital 


Iterating this inequality and noting that 


(4K°xy)* [ [ 7 [’- -[* i \fey |) < (4K°ay)” [ [ | fev |’ a 0 


as N — o, we obtain . 
2 fy , Bi 
[ [iter Kae, w 


where Ke is a constant (depending only on K).” 





an¢ 





*° The symbol K with a subscript will be used to denote (during this proof) some suitable 
constant, which depends only on K. 
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| for Now let 
fr as ™ . 
ae Wil, y) - | lfel’, W2(x, y) -[ lfy . 
From 
7” |(\ fel] = | Sands + Fenfed | S |foul? + [fel 
we get by a double integration 
0 fiers [firs [ff irsurml + Kf [ler 
nd where 






1 1 
M = aK, [ [ | Lf |’, Ks = 1+ 4K. K’. 






Hence 


y z 
Wi(z, y) — K, | Wi(2z, z)dz 5 M+ Ks [ W2(w, y) dw. 
0 





Similarly, 





x y 
W2(z, y) — Ks [ W2(v, y)dwsM+K; [ W, (2, z) dz. 
0 





From these inequalities we obtain 


y z 
A [ Wilz, 2) iz} < om lt + K; i Ww, y) iw, 
0 






y . M z y 
I Wi(z, z)dzs or {M a — ¢ *) + K, | [ W.(w, z) izav} 
0 | K8 o Jo 





z fy 
< K,M + K. [ [ W2(w, z) dz dw, 
0 0 





and similarly, 





z 4 y 
[ W.(w, y)dw < KiM + Ky [ [ W,(w, z) dz dw. 
0 0 0 





y z= y 
If we set S(z, y) = [ Wi= [ I | fe |", then the last two inequalities give 
0 0 0 


y z fu 
S(a, y) < KiM+ K, [ {Kua + K, | [ w:} 


z y 
sKM+K |" [’s. 
0 
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Iterating this inequality, 


z [4 z fu fr v1 
say sKM+ Kf [Kus Ki | [" [ . 
0 0 0 0 0 0 


y 
skm+Ke | ["Kem + --. 
0 Jo 


Zz y 71 V1 =N YN 
ve [PL fm [faa 
0 0 0 0 0 0 


N+1, N+1 
Sib N+1 Sill Kale 
5 KoM {1+ Kozy + +Ki" at } 





< K;Me**" < Kg M, 


[fC [iets Kam 


z y 
Similarly, [ [ \fy|? S$ KeM. Finally, 
0 0 


[ [itr = aK. [fs + Rl + K*|f,|"} < KiM 


1 1 
= K, [ | Lf |? 
0 0 
and the proof of the lemma is completed. 
Proor or THEOREM 3.1. If f,, is a sequence of elements from D such that 


Ju —f Tr's.~% 


hold simultaneously when m tends to infinity, for some f, g in H, then Lemma 
3.1 shows that (fm)z, (fm)y, (fm)zy, converge in H. Hence fm(x, y) converges 
uniformly in z, y to an f(z, y) in D§”, and g = T§f, proving that 7$° is closed. 

If fm is a sequence of elements from D®, each f,, can be put in the form 
fm = fma+fm2 Where fm, is an element of D® such that T° fm,a = 0, and 
fm2(z, y) is in D® and vanishes when x = 0 or y = 0 and hence is of the form 
to which Lemma 3.1 applies." Now if the fn are such that fm — f and 
Tf, —> g for some f, g in H, as m tends to infinity, then T° fine = es * 
converges to g. Lemma 3.1 now gives that fn, éonverges to some f2 in D® 
such that 7 f. = g, and, consequently, fm.1 converges also (to f — fe). This 
completes the proof of the theorem.” 





31 A well known existence theorem in differential equations (see J. Horn: Partielle 
Differentialgleichungen, 1929, p. 16) shows that there is an fm,2(z, y) in D®) such that 
T fn = TOfm and fmo(z, y) = 0 if z =0ory=0. The required decomposition will 
then be obtained by setting fm: = fm — fm.2- 

32 Let M be the linear subspace of D‘) consisting of the elements f for which T“/ = 0. 
Then Theorem 3.1 says that the domain of 7’ is the smallest linear space which contains 
D*) and all limit points of M. The differential expression may not apply directly to the 
functions determining these limit elements of M, as can be shown by simple examples (see 
Theorem 3.2, and footnote (36) for a deeper discussion). 
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Let g, g* be L.s.s. If we write every fin D® in the form given in Definition 
3.1, the method of Theorem 1.1 shows that / i T° f.g = / i f-g* for every 
I I 


sin D®, is equivalent to 


A(z, y) g(a, y) + [ B(x, z)g(x, z) dz + / C(w, y)g(w, y) dw 


(1) 1 1 1 1 
+ ff Bee 20e, adeaw~ ff 9r0w,2) de du 


6) [ Oe y)g(w, y) dw + i E(w, z)g(w, 2) dz dw ~ [i [ore cite 
(~ in y!) 


1 1 1 1 1 ‘ 
I B(z, z)g(x, 2) dz + E(w, z)g(w, 2) dz dw ~[ g*(w, z) dz dw 
0 z z 0 


(~ in z!) 


(3) 


(4) if [ z)g(w, z)dzdw = [fore z) dz dw. 


To avoid the complications of quasi-integro-differential operators we shall 
impose further restrictions on the coefficients A, B,C, E. Call x(x, y) regularly 
absolutely continuous with respect to x (abbrev. reg. abs. cont. w.r.t. x) in a 
region S, if for every e« > 0 there is a p(e) > O such that 


Deva | x(em, Ym) — x(Zm°, Ym) | <e 


whenever met | 2m — 2m>| < p(e) and all (tm, Ym), (2m, Ym) are in S. We 
shall assume that 
(i) A, A, , B are defined almost everywhere in J, are measurable and bounded 


and reg. abs. cont. w.r.t. 2. 
(ii) A, A,, C are defined almost everywhere in J, are measurable and bounded 


and reg. abs. cont. w.r.t. y. 
(iii) A.y, C,, Bz, E, are defined almost everywhere in J and are measurable 


and bounded. 
With these assumptions we can define operators T°”, T;°? on the domains 


D”, Dj” respectively, by Ty’? C T®” and 
T?"s om A* fey + B*f, + Cy, + E*f = (Af) zy _ (Bf) — (Cf)y 7s (Ef). 


Turore 3.2. 7%” is the adjoint of T® and T°” is the adjoint of T)”. An 
element g is in the domain of T°” if and only if g has the form gi + ge, where 


A(x, y)gilz, y) + [ BG, z)g(x, 2) dz + C(w, y)g(w, y) dw 
() : 1 1 ° 
+ | | E(w, z)g(w, 2) dzdw ~ hy(x) + ha(y) 


for L.s.s. functions h,(x), he(y). 
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Gi) onlz, ») = | ‘He, Ddste with A= da) Las. Giddtteie D>, 


Every set of L.s.s. functions ¢(2, y), n(x), aly), will determine uniquely a g in the 
domain of T°” and T°g will equal T°” ge . 


For the proof of Theorem 3.2 we require the following lemmas which are 
based on the method of successive substitutions. We prove these lemmas for 
any region S which is finite and bounded by curves: 


y=c axz<b; y = 6(x) as2zsb; 

z=a cas a 4d; _ £=b cy S 66); 
or, equivalently, by curves: 

z=a cSySd; x = B(y) cSysd; 

y=c asx2x<b; y=d aszxzs pd); 


where 6(x), B(y) are non-increasing, with d = 6(a) = 6(b) > c and b = B(c) = 
Bd) 2a. 


5(z) Bly) 
Lemma 3.2. If A(z, y)-g(a, y) ~ | C(a, z)g(a, z) dz + [ g(w, y) dw 
y z 
where 


(i) | A(z,y)| 2€>0, 
(ii) Ag, C, ¢ are summable on S, 
(iii) C/A is reg. abs. cont. w.r.t. x and less than K in absolute value, 


then Ag, or an equivalent function, is abs. cont. in x for fixed y and has a partial 
derivative w.r.t. x which is summable over S. 
Proor. We may clearly assume A(z, y) = 1. The formulae 


8(x) 5(x) 5(x) B(zm) 
An(z, y) = | C(a, 21).dz1 [ vee | C(x, 2m) dZm [ g(W, 2m) dw 


y 21 Zm—-1 z 
5(2x) 5(z) 5(z) 5(z) 


Hm(2, y) ee C(z, 21) des [ si C(x, Zm) dzm Cz, Zm4ig (a, Zm+1) d2m41 


y 21 zZm—1 zm 


define A(z, y) everywhere and ym(x, y) almost everywhere in S and 


Bly) N 
g(x, v) ~| o(w, y)dw + 2 dnl, y) + wr(z, y) N = 1,2,:- 


Well known methods of evaluation give 


eee (8)a 
Junta, y)| KY COD" ge, 2) de 





33 The corresponding statement about the domain of 7) can be easily obtained by 
simply interchanging the réles of 7‘*® and T°”, 





whit 
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which converges to zero almost everywhere in S as N tends to infinity, and 


|Am(x, y)| S K”™ oe — v II | p(w, z) | dzdw, 


implying A(z, y) = pn Am(x, y) is uniformly and absolutely convergent in S. 
Thus 





Bly) 
g(x, y) ~ [ g(w, y)dw + A(z, y), 


and we need only show that A(z, y) is abs. cont. in z and has a partial deriva- 
tive w.r.t. « summable over S. 
If x; is the smaller of z; , x; andc < y < 6(z;) we have 


| Am(<3 y) = Am Xi , y) | 
5(2;) 5(z;) 8(z;) B(2m) 
| | C(a;, 21) das [ tee es » 2m) den | ¢(w, 2m) dw 


Zm— zj 


B(zm) 


6(z;) 5(x;) 5(x;) | 
_ i C(x;, 21) af - | C(x; Zm) dam o(W, Zm) dw | 
v 2m—1 zi 


6(2z;) 5(z,;) 5(2z;) Blzm) 
+ i C(x;, 2) da [- [ C(x; , 2m) dZm [ (Ww, Zm) dw 
y z zi 


6(z4) 5(z;) 5(z;) B(zm) 
aa | Cla; ’ zi) dz, i wii [ C(ai, Zm) dzm | g(w, Zm) dw | . 
y 21 Zm—-1 zi 


The first term on the right side of the last inequality is majorized by 


8(x;) 5(x;) B(zm) 
Kdz, Kdzz--- [ | e(w, 2m) | dw 


5(z;) 21 i 


5(z4) 5(z;) 5(z;) B(zm) 
~ Kdz Kis | af | o(w, 2m) |dw + --> 
22 zj 


v 5(z;) 


5(zj) 5(z;) 5(z,4) zi 
+ Kdz Kdzz--- Kiem | | o(w, 2m) | dw, 


y 21 Zm—1 i 


and so also by 
“ ant l ans lina - 
aon —F 


m— 1)! il(@m—2)! 
‘m ym—1 5(w) 


where™ 


e= | [lec diavar, l=d-e, A = 2% — 7;. 
8 





* The subscript is ordinarily to be taken as indicating partial differentiation but there 
will be no confusion here. 
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In the second term we replace C(z;, z) by C(x; , z) + 6(z) and set 
= bd. | A(z) |, my) = 0-9, 


(x) — yy" 


peng | wai (m > 1). 





6(z;) 
nly) = 0+ K) | nnale) de + 0K" 
Then 
[N(z;,y) — Mai, y)| S : | Xm(aj, y) — Am(xi, y) | 


ro) zi (Ww) 
< K’-p-Aem*e™! + 2X am(y) ~ Ket [ aw f | e(w, 2) | de. 


The inequality 





ym-1, (zs) — y)™™ 


(n) nly) S 0-e-m(3k (m = 1)! 


clearly holds for m = 1. If it holds for m, then it will hold for m + 1 also 
since 


~ he m—1 
tmsi(y) < {3K0gm(3K)"" + 6K" 9} “= ~ i 





< 6-o(m+ fn 


Thus (n) holds for all m and >.%_, nm(y) < @-Mz3 where M; is a constant. 
Defining the abs. cont., additive, interval-function V(s, ¢) by 


N<®© |\m=1 2 


V(s, t) == bd {x [Ba | C0oms52) -— C(Wn , Zz) ‘| = W,<u2< °° < Ww+1 = 1}, 
we obtain 
a d 
|M(z;,y) — A@i,y)| S MiA+ ms | i | o(w, 2) |dzdw + M3V(z;, zi) 


where M,, M2, Mz are independent of 2z;, 2; and y. The last inequality 
shows that A(z, y) is abs. cont. in x and has a partial derivative with respect 
to x which is summable over S.” 





35 If k(x. , 22, «++ , a%)is measurable as a function of all the variables and continuous in 
a for fixed values of the other variables, then the partial derivative kz, as far as it exists, is 
always measurable as a function of all the variables (see C. Carathéodory: Reelle Funk- 
tionen, 1918, p. 642, fora proof). Thus, is measurable in z, y. 
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Lemma 3.3. If 


Ate, sole, 9) ~~ Bale, ») i " Anas nee 


+ Ci(z, y) C2(z, z)g(x, 2) dz + of, y) 


on S, where A is measurable and | A(z, y) | 2 € > 0; Bi, Bz Ci, Czare measurable 
and bounded; g is summable; and ¢ is L.s.s.; then g is L.s.s. 


Proor. We may assume A(z, y) = 1, and |B, |, | Be|,| Ci |, | Ce Lf f lg\, 
less than K. Then : 


g(x, y) oe g(x, y) + De dnl, y) + by(2, y); N= 1,2, oe 


where 


An (2; y) = B,(z, y) {. Bw, y) Biwi, y) du, ., see 


Wm- 


Wm-2 1 
[ Bx(wn-1, y) . BiwWn-, y) dWm-1 I B2(wn ’ y)o(Wm ’ y) dWm 


+ Bi(z, y) [ B2(w1, y)- Bi(wr, y) dui | vee 


Wm-2 4 
[ Be(Wm—1, Y)C1(Wm—-1, Y) Wma C2(Wm—1, 2)g(Wm-—1 , 2) dz 


y 21 
+ Ci(x, y) [ C(x, z1)-Ci(z, 21) da f ee 


I oi Co(x, Zm—1)*Ci(, Zm—1) d2m—1 I = C(x, 2m)e(X, Zm) dem 


y 21 
+ Cil(z, y) [ C(x, 21)Ci(a, 21) dar I wes 


Zm—2 z 
I Co(a, 2m—1)* Bi(x, @m—1) d2m—1 I Bo(w, Zm—1)9(W, 2m—1) dw. 
w1 


whet thine | ” Bulwer; 9)-Bilenn, ¥en i 


w 


Wm-1 m 
[ B2(wm ; y) . Bi(wn ; y) dWm I Bo(Wm41 ’ y) a g(Wm+t ’ y) dWm+41 


y 71 
+ C,(z, wf C2(x, 21) °Ci(z, a) des | vee 


c 


I ‘a C.(z, Zm) ‘Cia, Za) den | " C2(z, Zmg(x, Zm+1) d2m+1 ° 





] 
i 
} 
j 
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Familiar evaluations show that ux(z, y) converges to zero almost everywhere 
as N tends to infinity, and 


4 00 

g(x, y) ~_ g(a, y) iad > > Mn (x, y) 
where \° (x, y) is the i term in the expression defining d,,(z, y) above. We 
shall show that }>*-1 | A(z, y) | is convergent almost everywhere in S with 
a L.s.s. sum for 7 = 1, 2, 3, 4. Due to the symmetry we need consider only 


fae m—1 Bly) 
i=landi=2. Since |A%(a, y)| < K” eo [ | e(w, y) | dw, 


] 


Bly) 
ps (2, ”) < Keck’? eo | | o(w, y) | dw 


m=1 a 





is finite almost everywhere in S, and 


Jf 


where M isa constant. Hence >>> | A? (a, y) | converges almost everywhere 
in S and has a L.s.s. sum. In the same way we derive from | A(z, y)| s 
K’™ (2 — a)™*/(m — 1)! that S>%21| Af (2, y) | converges everywhere in S 
and has a L.s.s. sum. 

Thus in the equivalence 





> AY (a, y) 





2 
dydx < uf | | o(a, y) |? dydx 
8 


g(x, y) ~ g(a, y) + D> (a, y) 


each term on the left is L.s.s. and so g(z, y) is L.s.s. 


Lemma 3.4. If A is measurable and | A(x, y) | = € > 0, and B, C are measur- 
able and bounded, and E, ¢ are L.s.s.; then the equivalence 


edie id + [ “Cle, vile, sae 


é Sei oe4 [ ° I ” Bw, a)ftw, 2) dedw 


has a L.s.s. solution f(x, y), unique to within an equivalence in the sense of Lebesgue. 
Proor. We may assume A = 1. Define 


folz, y) = g(2, y) 


Sm(x, y) = [ ' C(w, y)fm—s(w, y) dw + [ ; B(z, 2)fm—s(x, 2) dz 


+ [ ; [ ” E(w, 2fns(w, 2) dedw 
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 <} 
1, 2,--- , and let f(z, y) = Dan fn(2, y). Let 


6(z) By) 34 
Gz = [ . | g(a, z) | dz, iat [ | g(w, y) | dw, 


g= max. ff | ow z) |dzdw, (| [ec z) Paedw) 
K= ba B(z, y)|, | C(z, y), (/ [ | E(w, z) Pdedw) \ 


When fm(x, y) is expressed explicitly in terms of B, C, E and ¢, it becomes 
a sum of 3” terms, each term involving m (iterated) single or double integra- 
tions. Three effectively different types of terms occur. Reading from right 
to left, single integrations with respect to the same variable throughout may 
occur (first type); or at least one single integration with respect to each of the 
two variables may occur before a double integration (second type); or a double 
integration will occur before single integrations with respect to each of the two 
variables (third type). In absolute value 


—at+y-c)”™’ 
(m — 1)! 





a term of the first type < K”(¢z + ¢y) ° 


m (2 —-a+ty-—c)” 
< ; 
a term of the second type < K”-¢ (m — 2)! 





a term of the third type 








t-at+y-—o)™ on e-ets— 7" 
(m — 2)! i? (m — 1)! ?’ 


< max.{K"e-L ( 


where L is greater than the length of any interval lying in S. Thus every term 
is less, in absolute value, than 





y@-aty—-o"",, 


K"¢: + ¢ + ¢ (m — 2)! 


where L’ = max. (L, 1), and 





y. -@e+y~- "* 


| fm(x, y) | Ss oe +¢t+¢ (m — 2)! ’ 


0 


>» | fm (x, y) | S M-(¢. + gy + ¢); 
where M is a constant. Thus f(z, y) is the sum of a series which converges 
(absolutely) almost everywhere and | f(z, y)| = M(y: + ¢y + ¢) implying 
that f is L.s.s. 
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Since B, C are bounded and £ is L.s.s., 


| ; Clu, y)f(w, y)dw ~ p> I ; Cw, y)fm(w, y) de, 
[ B(a, z)f(x, z)dz ~ :. i B(a, z)fm(x, z) dz, 


F [’ E(w, z)f(w, z)dzdw ~ : [ [ E(w, z)fm(w, z) dzdw. 


It follows that f is a L.s.s. solution of the given equivalence. 
If f', f’ are both L.s.s. solutions of the given equivalence, the difference 
f=f —f will satisfy 


f(z, y) ~[ Clu, y )f'(w, y) dw + [ Bia, a)fi(z, z)dz 
+ [ [ E(w, z2)f*(w, z) dzdw. 


Substituting for f° from this equivalence into the right side of the same equiva- 
lence and iterating this process, we can express f° as a sum of 3” terms each 
involving m iterated integrations. We set 


5(x) B(y) 
j.= [ lf°(x, 2) | dz i= | [f?(w, y) | dw 


f = max. { il [ |F*(w, 2) | de dw, ( J [ |F*(w, 2) Pazaw) } 


and obtain, by familiar evaluations, 


KL)" +h th) 
If@y|s eas | 


form = 3,4,---. Since f. +f, +f is finite almost everywhere, f° ~ 0, that 
is, f’ ~ f’, and there is exactly one L.s.s. solution of the equivalence given in the 
statement of the lemma. 





Proor or TuEeoreM 3.2. Suppose that (7)*g = g*. From condition (1) 
page 905, and Lemma 3.2, the functions g, , g, must be defined almost every- 
where and be summable over J and 


a af 1 Bal 1 
fg. + deg + [Boe + Bo) — 9 - [Bo ~- [ g*. 
y , y y 


Due to the restrictions imposed on A, B, C, E, the last equivalence implies that 
Jzy is defined almost everywhere and 


(III) Aga + Aygz + Azgy + Ang — Bg. — B.g — Co, — Cyg + Eg ~ 9". 





th 


wl 
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Replace g(x, y) by an equivalent function which is abs. cont. in x for every y, 
and let (x, y) be a function which is abs. cont. in y and equivalent tog,. From 
the preceding equivalence (III), j, must be summable over J and 


g(z, y) = g(0, y) + I gz(w, y) dw ~ g(0, y) + [ ‘fio, 0) + [ “dels z) iz} dw 


shows that j(z, 0) is summable linearly in x. Since g(z, y) (and with it, g(0, y)) 
is equivalent to a function abs. cont. in y, we can replace g by an equivalent 
function of the form 


g(x, y) = g(0, y) + g(x, 0) — g(0, 0) + [ . [ orm z) dz dw 


where g(6, y), g(x, 0) are abs. cont. in y and in z respectively, and g., is sum- 


mable over I. 
With this g(x, y) the equivalences (1), (2), (3), page 905, become equalities. 
From (1) we obtain 


A(x, 1)g(z, 1) + [ ce, 1)g(w, 1) dw = 0, 
that is 
f(x) = [ p(w) f(w) dw 


fz) = A@,Dogz,1)— |p@)| = en 


Applying the usual methods of evaluation, 


\7e)| = (max, [ru)) 


Osws 
for m 1, 2,---. Hence f(r) = 0. Since | A(z, 1)| > 0, this implies 
g(x, 1) = 0. Similarly g(1, y) = 0. Using (2), (3), (4), we obtain in the same 
Zz y 
way g(x, 0) = 0 and g(0, y) = 0. Thus g(z, y) = Jzy(w, 2) dz dw and 
0 0 


vanishes on the boundary of J. 
Applying Lemma 3.3 to the equivalence (III), we sce that gzy is L.s.s., g is 
in D®, and Tg = (T)*g. This proves that (T)* C T;°’. But con- 
1 1 


versely, if 7'§°"g is defined, then integration by parts shows that [ J T° f.9 = 
0 


1 fi 
[ [ f-T@q for all f in D®, which means that 7;°? C (T%)*. Hence 
0 
(7°)* = T°” proving the part of the theorem concerning (7“)*. 


zx y 
j is in D§° if and only if f(z, y) = l [ y(w, z) dz dw, where ¢ is L.s.s. and 
0 0 
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orthogonal to every L.s.s. function y which is a function of x or y alone. The 


condition 
1 1 1 1 i 
[fre [fv 
0 0 0 0 


for all f in D®, leads to the equivalent condition (use the above representation 


for f), 7 1 1 1 Pe 1 1 
fg + [Bot [co+ ff to~ [ forse, 


where h may be any function which is in the smallest closed linear subspace of H 
containing all L.s.s. functions ¥(x), ¥(y) (such an h(x, y) must be of the form 
hi(x) + he(y) with h; , he L.s.s., and any function of this form will be possible). 
We now apply Lemma 3.4 to show that 


1 1 1 1 
int [But [Cnt [ [ Ba~s 


has a unique L.s.s. solution g,. Then we have 


ig-0+ [ Bo-0 + [ Co-w+[ [ B0-w~f [or 


and an argument similar to that used in determining (T)* shows that 


gor, y) = g(x, y) — gilz, y) = I [ o(w, z) dzdw 


for some L.s.s. yg, and 
g* = (Agz)2, — (Bg2)z — (Cg2)y + (E92). 
This completes the proof of Theorem 3.2. 
Let f =fithe,g = 91 + ge and 


(i) A*(x, y)filz, y) — / “BG, ® hile, dz — I "Ou, p)filw, y) dw 

+ [ [Fee sleo,2)dedw ~ ia) + 
Gi) aw = [° [Gadel 2) dedu, 
(iii) A(z, y) gi(z, y) + i Be Hate, z) dz + [ Clu, y) gi(w, y) dw 

4 [ | " Blo, 2) gi(w, 2)dzdw ~ hi(x) + hea(y); 


(iv) g2(z, y) = [ [ ‘eee z) dzdw, 





nn — @ © 
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with ky, ke, (fe)ev, ’i, he, (G2)zy, L.s.s. on J. Integration by parts gives 


If {T° F-9 — f- Tg} - | [trent + he) = (ga)ey (ks + ke)]. 


By means of this identity we could discuss linear boundary conditions.” 


Theorems 3.1, 3.2 can be extended to the general region S, and by a trans- 
formation of variables, to a more general form of operational expression. Let 
the differential equation 


A(z, y) dy” + 2B(x, y) dx dy + C(z, y) dx’® = 0 


define two real systems of curves [', , [2 , in a finite region R, such that 

(i) through each point of R passes exactly one curve of each system. 

(ii) there are two fixed curves 7, y2, one in each of the systems T,, Ie, 
which meet all curves of the other system in exactly one point of R. 
Then Theorems 3.1, 3.2 can be generalized to an operational expression 
a” a 
4 ax? +38 Ox dy 


+coX yoep24on 24K 
dy? ax ay 


on the region R, the statement of Theorem 3.2 involving linear integration along 
the characteristic curves I, , T2 . 


4. THe Evuietic DIFFERENTIAL OPERATOR 
The following lemma will be required in this section. 


Lemna 4.1. Let fi(x, y), fo(x, y) be defined and equivalent on a finite rectangle, 
and L.s.s. If 

(i) fi, (f1)2 are abs. cont. in x for fixed y,0 < y < 2x, and, (fi)2:, and necessarily 
with it, (fi)z , are L.s.s. 

(ii) fe, (fe)y are abs. cont. in y for fixed x,0 < x < 2m, and (fe)y,, and neces- 
sarily with it, (fe)y , are L.s.s. 
then there is a function f(x, y) equivalent to f, and to fz, such that f(x, y) is con- 
tinuous on the open rectangle and satisfies (i) and (ii).” 

Proor. We may assume, by a linear transformation of variables, that the 
rectangle is J,: 0 S$ x S$ 27;0 S y S 2x. Define A(z, y) so that 

(i) 6, 6. , 6,, are continuous on the closed square J, . 

(ii) 6, 6. , are abs. cont. in x and vanish for zx = 0, x = 2r. 





* If only functions of a sufficiently high order of differentiability are involved, then the 
right hand side of the identity can be partially integrated into the classical form of a bound- 
ary condition. That this process can really fail in the general case is shown by the simple 
special case of the expression 02/dzdy: the closure of 7*) will be defined here for every 
L.s*s. function of the form h(z) + k(y), and the h, k need not be differentiable in the usual 


Sense hor even continuous. 
7 In this section, the symbol f, will denote the partial derivative of the function f 


itself, not merely of a suitable equivalent function. 
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(iii) 6, 6,, are abs. cont. in y and vanish for y = 0, y = 2z. 

(iv) O22, Oyy are effectively bounded on J, . 

(v) (x,y) = lfore S 2,y S$ 2m —€(0<e€ <1)” 
Then 

fi0 is L.s.s. over I, , and vanishes for x = 0 and for z = 27. 

(f:0)2 ~ fide + (fi)20 is L.s.s. over J, and vanishes for x = 0 and for x = 2r. 

(fi 0) 22 ~ hi Oxx + 2(fi)29- oF (fi)2z9 is L.s.s. over Se . 

If fi0 ~ fod ~ Yom.n Omne*™ it will follow that Dom.nm' |@mn |’ is finite. 
Similarly }°mjn 2° | mn | is finite and 


3 3 
| < 2 21g 1 ) 
Mes hae | = on ~ hs ) | | ) $3 (m? + n?)? 


imatiny : 


is also finite, showing that : is absolutely convergent and hence 
continuous. Thus fi(z, y) is equivalent to a continuous function on e S$ 2, y S 
2x — e¢, for arbitrarily small ¢«, and hence on the open rectangle J,. If we set 
f(x, y) equal to this continuous function for 0 < 2, y < 2x and 


f(z, 0) = fo(z, 0) FO, y) - fd, y) 
f(z, 27) - fo(z, 2m) f(2z, y) 9 fi(2z, y) 


then this f(z, y) will satisfy the requirements of the lemma. 


In this §, H will be the space of functions L.s.s. on a finite rectangle which 
we may take as J, without loss of generality. The differential expression 
3° 3° 
ant t 2 
Ox oy 
can be applied directly to the functions f(z, y) in the linear domains, dense 
in H, defined by the 
Derinition 4.1. D consists of the f in H with the following properties: 
(i) fi, (fi)2 are abs. cont. in x, and (fi)z2 is in H, for some f; ~ f. 
(ii) fo, (fe)y are abs. cont. in y, and (fe)y, is in H, for some fe ~ f. 





38 For instance, define 


(=1 for ez, yS2r-—e 
x?(Qe — x)? 0S 2S. and 

+ ee for 
€ eSyS2r-—e 





02, 9) | 2(e+y)—-2?-y-—e fo 05 2,y Seand 
= r 
(e—z)?+(e-—yP? Se. 
— lines fs ere P 
( (e—z?+(e—y)?2¢ 
and set 6(z, y) = 0(y, x) = 0(2% — 2, y) = 0(24 — 2,24 — y). 
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Remark. By Lemma 4.1 we may assume that f = fi = fr. 
DeriniTion 4.2. DS consists of the f in D“ for which 


FO, y) = f(2n, y) f-(0, y) = f.(2m, y) 

f(z, 0) = f(z, 2x) f(z, 0) = f,(z, 2x). 
Derinit10N 4.2. Dj" consists of the f in DS for which f(0, y) = f(z, 0) = 
f.0, y) = fy(z, 0) = 0. 


The operators determined by 


2 2 


a + ro on the above defined domains, will 


be denoted by 7, 7%, and 7” resp. 
ToEorEM 4.1. 17'S" is a self-adjoint operator, that is (TS°)* = T°. 


Proor. If / i { (fez + fwv)G — fo*} = 0 for all f in DS, in particular for 
te 


f=e™"" (m,n = 0, +1, +2, ---) it follows that if g ~ Dimn Gmne™*'™, 
then g* ~ Doma(—m — n)\gmner'™ and Domn(m> + n°)? | gmn* is finite. 
By the inequality of Schwarz, 


> < yo 2 2\2 2 , ) 1 “! 
m2+n230 | Jmn | - ie Gn + ° ) | Pn | Hid (= + 3) 


is finite. Thus g(z, y) is the sum of an absolutely convergent exponential series, 
and hence is in DS”, and (TS°)*g = TS°g. This means that (T$°)* Cc T°. 
Conversely, if 7g is defined, then 


I rpg= | | (feo°9 + Svv°9) -/f (f-Ger + S-Gyy) =| [7% 


- that is, (7°)*g is defined and equals Ts“g. This means that TS” C (T+")*, 
and hence (7'°)* = T°. 

THEorem 4.2. (7)* = T§° and hence (Ts”)* = T. 

Proor. Since 7 D T we have (7“)* C (TS)*. Thus (7)*g = g* 
will imply that g is in DS“, g* = gzz + gy and 


| [Got tua = | [4-2 F om) 


for every f in D®. Setting f(z, y) = y- [ (x — z)f"(z) dz, where f’’(z) is 
0 


L.s.s. linearly over 0 S z S 2z, we obtain 


| I yf" (x)g(x, y) dy dx = / i r-( [ ‘(2 — af"@ de (Gut y) + guy (x, y)) dydz, 


[r@az [ " y-7@H dy = l i ( [ “(e— a" dz) de [ “yom, y) dy 
+ [ova eg ([’ (x — z)f’(z) iz) gale y) dz, 
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[ "7"() i “y-g@w dy — 2m { "(@— agile, Bn) de 


Qn 2 
— I y-dy | (2 — x)gz2(z, y) ich ae = 0 


for all L.s.s. f’. Hence the expression in the bracket of the last equality is 
equivalent to zero. That is, 


2x 2x 2x 
Qr i (z — x)g,(z, 23) dz + (24 — x) I Y°G2(2mr, y) dy — [ y-g(2r, y)dy ~ 0 


(~ in x). Both sides of the previous equivalence are abs. cont. in x and differ- 
entiation gives 


2x 2x 2x 
2 [ gy(z, 2r) dz = — [ y-gz(2mr, y) dy = 2x [ gy(z, 2x) dz = 0. 
z 6 Qn 


Thus g,(z, 27) = 0. Similarly g,(z, 0) = g.(27, y) = g.(0, y) = 0 
In the same way, starting with f(z, y) = 7° § (x — z)f’’(z) dz, we obtain 


g(x, 0) = g(x, 2) = g(0, y) = g(2m, y) = 0. 
This implies that g is in D{* and (T)*g = T§g. 


Conversely, if 7g is defined, then / i (Tf.g — f- Tg) = 0 for every f 
be 
in D®, as can be verified by integration by parts. Consequently (7“)* = 7$°. 


TueoreM 4.3. 7” = (T§°)* and is defined for exactly those f which have the 
form fi + fe where 

(i) fi «s harmonic and L.s.s. on I, and is the limit of a sequence of harmonic 
functions from D®. 

(ii) fe is in D®. 
The value of the closure is given by (T)f = T fe. 

Proor. The sufficiency of these conditions is clear. The necessity can be 
shown as follows: If (7)f = g, there is a sequence f, in D“ such that 


I-Ie, g — T° fn, 


converge to zero simultaneously as m tends to infinity. We can put f,, in the 
form 


tind ten e 3 Le [ {oe le -8+y- ni} ae In, 9) 


a 
+ ay Imi, n} dé dn 





>>, ax 


a > © ©) *- HS > 
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where fn(z, y) is a harmonic function, L.s.s. on J,. By a theorem of Lich- 
tenstein,” (fm — fm), and with it, fni, are in D®. By the inequality of 
Schwarz 


eff 3 [(e@-?+y- 0} % tal n) + = Sul n) — g(é, nha dn 


2 


Sits | | Most — 9° + y - alata [[\Stmem 
+ ong, 5) — (,»)| dea 
U] 


converges uniformly in x, y to zero as m tends to infinity. It follows that 
fma(z, y) converges in H to a limit fi(z, y). Since the limit (in H) of a sequence 
of harmonic functions is necessarily harmonic, f(z, y) has the form 


f(z, y) = fila, y) + i If {log [(x — &)* + (y — n)]} -g(, 0) dé dn 
and 


6) ~ Fe n+ Len. 

Remark. Theorem 4.3 shows that for the ied operator, just as for the 
hyperbolic operator, the closure is effectively obtained by specifying precisely 
for which functions the closure operator shall vanish. For the hyperbolic 
operator we have succeeded in doing this by means of line integrals along the 
characteristic curves, and we found that the differential expression can not 
always be applied directly to these functions. For the elliptic operator, how- 
ever, we know that the differential expression will apply directly to these 
functions (they are harmonic), but we have not succeeded in characterizing them 


explicitly. 


PRINCETON UNIVERSITY. 





* L. Lichtenstein, Crelle’s Journal 141 (1912) pp. 34-42, proves that if h(z, y) is L.s.s., 


then 
(S + 2 If {log [(x — £)? + (y — n)*}} h(E, 2) dé dn 
Oz? = Oy” ly 


exists almost everywhere and is equivalent to 4rh(z, y). 
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AN EXAMPLE OF A NON-CLOSED CONNECTED SUBGROUP OF THE 
TWO-DIMENSIONAL VECTOR SPACE 


By E. LivENson 


(Received October 6, 1936) 


In his very interesting work entitled: ‘“Topologische Gruppen mit geniigend 
vielen fastperiodischen Funktionen” (Ann. of Math. 37 (1936), p. 157-77), 
among many other assertions Freudenthal states (without proof) the following 
theorem: 

Every connected subgroup of a vector space is closed (see p. 59). 

1. Nevertheless I shall construct (using Zermelo’s Axiom) in two-dimensional 
vector space an example of a subgroup which is connected but not closed. To 
this end I shall construct first of all a Hamel’s base’ of a special type. 

2. We shall say that a set © of real numbers consists of linearly independent 
numbers if between them exists no linear commensurability relation 


a8; + os + ans, = 0, 
where sje (¢ = 1, ---,m) and a; are rational numbers not all zero. Now let 
Po, Pi, Pe,+++,Pe,+++ | Q, 


where Q, is the least ordinal of the cardinal number of the continuum, be a 
transfinite sequence consisting of all plane perfect sets.” Choose two linearly 
independent real numbers wu’ and wu’. We shall define presently for every — < Q, 
two numbers V;” and V{” in such a way that the set Ge, of all numbers 
uu”, Vi?, VP (€ = 1, 2, «++ | Q,) constitutes a Hamel’s base. 

3. We shall define these numbers inductively. Suppose that for every 
£ < & the numbers V:” and V$” are already defined, and that every set T; of all 
numbers u’, u’’, V5”, Vs” (» S £) consists of linearly independent numbers. 
Then evidently the set S;, = °:<:, T; consists of linearly independent numbers. 
Denote by ©;, the set of all the points (zx, y) of the plane such that both x and y 
are linearly dependent on ©;,. The cardinal number of ©;, being evidently 
less than ¢ there exists a point 


(1) (xo ) Yo)e P:, iad Se, : 


One of two possibilities presents itself: 
(a) Either there exists no commensurability relation 


(2) ary + Byo = pu’ + vu’ + S, 





1G. Hamel, Math. Annalen, 60, (1905), pp. 459-462. 
? Compare with Hausdorff, Mengenlehre, 3rd. ed., p. 176. 


920 





ar 


(i 





NON-CLOSED CONNECTED SUBGROUP OF VECTOR SPACE 921 


where a, 8, u, v are rational numbers not all zero and S is a linear form in Ve”, 


V?> (é < ) with rational coefficients; in this case let 
6) VE =m, V2 =w. 
Or 


(b) There exists a commensurability relation (2). We can find then three 
rational numbers ), , Az , As Satisfying two equations 


ad; + Bre = pu, 
ade + Br\3 = 


One at least of the numbers a, 8 is not equal to 0. Suppose, e.g., that it is @. 
Then 2 is linearly independent of ©;, (because otherwise x) and yo would be 
both linearly dependent on ©;, in contradiction with (1)). Let 


(4) 


(5) Vy? = %a-— AU’ ons eu’. 


V{> is linearly independent of G;, . 
Combining (2), (4) and (5) we obtain 
(1) 


(6) Yo = Agu’ + Agu” — ; Vi, + 55. 


If 8 = 0, a ¥ 0, we define in the same manner 
Vy? = i- ew’ —_ Agu’ 
and then 


X= Au’ + eu’ + +s ane Pye. 


In both cases let V{ be an arbitrary number linearly independent of the set 
©, + (VP). Incase a) as well as b) the set T;, = Sz, + (Vy?) + (V?) consists 
of linearly independent numbers. 

4. It is evident that the set So, consists of linearly independent numbers. 
Besides, comparing (3), (5), (6) we see that it possesses the following property: 
Every plane perfect set P contains a point (2 , yo) such that 
MH = Au’ + hou” > a Ve? +eeet on Vi” 


(i, 1 1, 2; fs < Qy), 

yo = re! + su” + VEY? 4 +++ + BV qi? 
(j, = 1, 2; ms < @,), where dx, de, As, @, 8, are rational numbers. In particular 
if P is a segment of the line x = 2, we see that every real number % can be 
represented as a linear form in the elements of Se, with rational coefficients. 
This together with the linear independence of the elements of Se, proves that 


So, is a Hamel’s base. 
5. Sg, being a Hamel’s base, every real number can be expressed, and in one 
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way only, as a linear form in its elements with rational coefficients. Consider 
the set R of all points (x, y) such that the coefficient of u’’ in x is equal to the 
coefficient of u’ in y. It is obvious that this set is a subgroup of the vector space 
{(a, y)} and that it is not closed. We shall prove now that it is connected. 

6. Suppose the contrary and let R, C R(O ¥ R; ¥ R) be closed and open in R 
simultaneously. R, being open in FR there exists an open plane set V such that 
Rk, = RV. R being everywhere dense in the plane we have 


R-R, > R-RV = R-V 
But R, is closed in Ri.e. R-R, = R-V = R, or 
(7) R-(V — V) = 0. 
On the other hand V cannot contain all but a countable number of points 
(because R — R, is open in R and non vacuous). Therefore the set V — V 
contains a perfect subset. But we have seen (in Art. 4) that every perfect 
set.contains a point of R, which contradicts (7). We have arrived at a contra- 


diction, which proves that our original supposition (that R is not connected) is 
false. Consequently R is connected, q.e.d. 


LENINGRAD State University, U.S.S.R. 
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NORMALIZED INTEGRAL BASES OF ALGEBRAIC NUMBER FIELDS [' 
By A. ApRIAN ALBERT 
(Received January 8, 1937) 


INTRODUCTION 


Every algebraic number field £ of degree n over the rational number field is 
defined by a root @ of an irreducible rational equation f(z) = 0 of degree n. 
One of the most interesting problems in the theory of such fields is that of 
finding explicit formulae for the quantities of a basis of the integers of Fin terms 
of @ and the coefficients of f(z). This problem has had no general solution 
and has not been completely solved even for the case” n = 4. 

Some simplifications in the above formulae may be obtained by choosing @ 
to be an algebraic integer and such that aé@ is an algebraic integer for rational a 
if and only if a is integral.’ These are partial normalizations on 6. Additional 
simplifications of the formulae are obtained when we choose @ to have zero 
trace,* that is the coefficient of x” in f(x) to be zero. 

In the present paper we shall obtain simplifications by making further nor- 
malizations on 6. We shall in fact show that every ‘f of degree n > 2 is gen- 
erated by a quantity @ such that in addition to the above properties the first 
two elements of an integral basis of F are 


1, 0. 


This result will be completed here by our giving necessary and sufficient condi- 
tions on f(x) that 6 have the desired properties. The special cases n = 3, 4, 5 
are of particular interest and we shall apply our formal conditions to obtain 
more explicit results in these cases. 

In the theory of cubic fields our above normalization shows that 


d+cd+¢6 


1,0,2 = ~ 


are an integral basis of fF, where Q is to be determined. Certain known results* 
reduce the problem of finding © to the solution of the congruences 


f(e) = 0(F’), f'(e) = 0(£), 





1 Presented to the Society December 29, 1936. 
* The second part of this paper will be devoted to new results in the theory of quartic 


fields. 


® See Berwick’s Integral Bases. ; 
‘ This normalization is customary in the case of quadratic fields and was made by the 


author in the theory of cubic fields, these Annals, vol. 31 (1930), pp. 550-566. 
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where f’(z) is the derivative of f(z). These results have never been generalized tior 
and the author has long been interested in their meaning. We shall show here equi 
that the generalization consists in a consideration of integral domains in f 

with a basis (1) 





n—2 n—1 whi 
bet, eee 2 
nun 
with the above pair of congruences again the sole conditions to be satisfied. (2) 
The author’s results in his determination of the integers of all cubic fields‘ 
had many sub-cases. This was due to the fact that only the usual normaliza- so 
tions were employed. We shall employ the further normalization given above 1, 
and shall use these results to obtain a completely normalized generation giving tha 
as simple a basis 1, 8,2 as possible. Our final result will provide an invariantive (3) 
classification of cubic fields, that is a classification into sets such that no field 
in any one set is equivalent to a field in any other. Moreover we shall give an T 
explicit determination of the discriminant of any cubic field in terms of a nor- § (4) 
malized generation. 
wit! 
CHAPTER I. FUNDAMENTALS AND NOTATIONS an | 
1. The terminology. In our determination of normalized integral bases of it 
algebraic number fields it will be frequently necessary to distinguish between 
ordinary (or rational) integers and algebraic integers. We shall accomplish 
this by introduction of a uniform notation. Th 
Algebraic numbers will be designated by Greek letters. They may be ra- “a 


tional. But any number designated by a Roman letter will necessarily be 
rational. This usage will be of particular importance in the case of integers. ; (5) 
All of the congruences appearing in our treatment will be ordinary integral 





congruences. We use the short notation wit 
ove 
a = b(c) (6) 
in the usual fashion to mean that a, b, c are rational integers, c divides a — b. wh: 
If p is a rational integral prime such that p* divides an integer b but p*™ does deg 
not divide b we say that b is exactly divisible by p’*. r00 
Sets of quantities will be designated by script capitals. The most frequent thi 
of these are the field & of all rational numbers, that is the coefficient field of our I 
subject, the algebraic number field whose integers we are studying, the : 
integral domain J of all rational integers, and the integral domain J of all : (7) 
integers of Ff. ; 
2. Algebraic number fields. Let us recall some of the elementary concepts is 1 
of the theory of algebraic numbers. They are well known to the reader but we 
on 


shall give the results mainly to introduce our notations. 
A complex number @ is called an algebraic number if it is a root of an equa- (8) 
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tion with rational coefficients. Then @ is also a root of its unique minimum 
equation 


(1) f(e) = xz” +a27"'4+.-.. +a, =0 (a; in ), 


which is irreducible in R. The field F = R(4) of degree n over F generated 
by @ is the set of all rational functions of 6 with rational coefficients. Every 
number ¢ of Fis uniquely expressible in the form 


(2) @$=u1+m0+---+2,0"" (x; in R), 


so that 1, 0,---, 6”” are linearly independent in ®. Any n quantities 
u1, -** » #n Of F which are linearly independent in ® form a basis of F over R, 
that is every ¢ of F is uniquely expressible in the form 


(3) @ = Yim +--+ + Yntn (ys in R). 
The polynomial f(z) has the factorization 

(4) f(z) = (@ — o™)(@ — 6)... @ — 0) 

with a = 6, @,...,0™ ordinary complex numbers. Each 6 generates 


an algebraic number field F® = R(6) conjugate to F = R(d) over F, that is 
equivalent to F under the correspondence defined by (2) and 


o oe ¢o” = 2 + Le eg + Tye + 2n(0)". 
Then the ¢ are called the conjugates of ¢. It is easily seen that ¢ is a rational 


(n) 


number (that is v2 = --- = 2, = 0) if and only if ¢ = @® =... = 9”. 
The numbers ¢ of F are themselves algebraic numbers. In fact ¢ is a root of 


(5) gy) = (y — ¢)(y — 6”) --- y-— 9”) =0 


with rational coefficients. The field R(¢) is a subfield of F and has degree m 
over F if and only if 


(6) n = qm, g(y) = [h(y))*, 


where the minimum function h(y) of @ has degree m. The field R(¢) has 
degree n, R() = F, p generates F if and only if g = 1, g(y) has no multiple 
roots. For, h(y) = 0 is the irreducible minimum equation of ¢. We apply 
this to state 

Lemma 1. A number ¢ of R(0) generates F if and only if the discriminant of 


i=1,°--,n—1 
j=2,-++,n 


(7) aq) = Tl 6° -¢F 


i<i 
is not zero. 
Our lemma states that 1, ¢, ¢’, --- ,¢” form a basis of F over & if and 
only if d(¢) ¥ 0. The particular case where 


(8) ¢=ut v0 (u, vin R), 
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is a linear combination of 1 and @ evidently gives 


(9) d(@) = v'"d(é). 
But f(x) is irreducible so that 
(10) d(6) # 0. 


Hence ¢ of (8) generates F if and only if v ¥ 0. 


3. Alemma on integers. In our study of normalized generations of F over 
R(0) we shall require certain elementary results on rational integers. Consider 
a set gi,--+,@Qm Of integers. Their greatest common divisor (abbreviated 
g.c.d.) is always expressible in the form” 


(11) g=aht+--- + 9mhn > 0 (h; in 9). 


We call gi, --- , gm a primitive set if g = 1. The case m = 1 states that g 
is primitive if g. = +1. Moreover gi, --- ,9m is always primitive if some 
gi = +1. We use these simple facts in a brief proof of the known but highly 
important.° 

Lemma 2. Let gi, --- , 9m be a set of rational integers form > 1. Then there 
exist integers gi; such that 





gi g2 eee Jm 
(12) 6= Jai 922 ha Jam = ] 
Jmi J m2 li le Jmm 
aif and only tf 91, --- , 9m form a primitive set. 
The g.c.d. of gi: , --- , gm is a factor of the first row of 6 and divides 6. Thus 
5 = 1 implies that 91, --- ,gm is primitive. Conversely let gi, ---,9m be 
primitive. At least one g; ~ 0 and we may assume that g, ¥ 0. If 
g2 = +--+ = gm = 0 we have g,;h; = 1 by (11) and take go = hi, gi; = 0 for 
i ~ j,allotherg; = 1. Thend=gjh, = 1. If ge *¥ Obutg; = --- = gn = 0 
then 1 = gihi + gehe by (11) and 
92 gz 0 O 0 
—-hze h O 0 0 
Sm 0 0 1 0 Fi ww i. 
0 0 01 0 
0 000 .--- 1 











5 We are now using the notations of Section 1. 

* For the case m = 3 see L. E. Dickson, Studies in the Theory of Numbers, p. 11. The 
result is undoubtedly well known in general but our proof is so simple that the author 
believes it a valuable addition tothe paper. It actually seems to give a reason for the truth 
of the result. 
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Finally let g: , gz , gs be all non-zero so that m > 2 and the g.c.d. of gs, --+ , Om 
has the form 
(13) k = gsks + +--+ + gmkm (k; in 9). 


The integers g: , gz, k now form a primitive set. We let r be the product of 
all prime factors of g; not dividing gz: and see that every prime factor of gq: 
divides either rk but not gz, or ge but not rk. Hence 


(14) 8 = go + rk 
is prime to g; and 
(15) gt — sh = 1 (t, t; in 9). 


The determinant 


91 g2 wy Se 

ty t 0 0:-- 0 
0 —-ksr 1 0::: 0 
0 -kr 0 1-:-: 0 








0 —-knar 0 0O-:-- 1 
is unaltered in value if we add the multiple rk; of its 7” column to its second 
column fori = 3,---,m. Since s = ge + r(gskz3 + --- + gmkm) we have 

k gs 94 °°* Gm 
t 0 O--- 0 
0 1 0::- 0 


0 0 1:-: 0 








 @ Deve 


We have proved our lemma. The explicit form given by (13)—(16) for the case 
where at least three of our integers are not zero may itself be of some in- 
terest. 


4. Moduls over J. Let wu, --- , ¢m be linearly independent numbers of an 
algebraic field F over R. Then the set 


OM = (un, «++ 5 Hem) 
consisting of all quantities 
(17) tipi + +++ + Lmbm (x; in 9) 


is an additive abelian group or modul which we shall call a modul over J with 
basis M1, eee > Mm. 
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Suppose also that ON = (1, ---, vn), that is the »; form another basis of II 
over J. Then 


™m™ m 
4 = 2 gsi, hj = 2 hive (i,j = 1, “++, m), 
ton - 


with g;; and hj, in the domain J of all rational integers. The product GH 
of the integral matrices G = (g;;), H = (hx) is then the identity matrix I of m 
rows. For the »; are linearly independent in R. Then 


|Z) =|@|-|H|=1, 


so that 6 = |G| is an integer of J dividing 1, and 6 = +1. Conversely if 

|G| = +1 the matrix H = G” has elements in J and ON = (y, --- , mm). 

We have proved the well known theorem that a set of m numbers 1, --+ , ¥m 

of a modul ON = (uy, ---, Hm) over I forms a basis of M over I if and only if the 

determinant of the coefficients of the expressions of the v; in terms of yw; 1s +1. 
DEFINITION. A number 


(18) d= filr +--- + 9mm ~ O 


of ON is called a basal element of ON if OM has a basis with ¢ one of the basal 
numbers. 

We apply our above criterion together with Lemma 2 and obtain 

Lemma 3. A number ¢ of the form (18) is a basal element of IN if and only if 
$i, °*** 5 Q9mform a primitive set. 

Notice that in Lemma 2 we obtain 6 = —1 by interchanging two rows and 
that if m = 1 in Lemma 3 the result is trivial. 

We shall require the generalization 

Lemma 4. Let OM = (u1,---, um) and ¢ be given by (18). Then ¢ is an 
element of a basis 


(19) Mi, +++ yor, D, Grin, +++ > Om 


for some ¢r42, +++ , om in M if and only if the set of integers grii, +++, Ym of (18) 
is primitive. 
For if 21 has a basis (19) the determinant 





1 0 -+- 0 0 

0 1 «a. © i. soo © 
(20) pale es 2 ee le 

9. 92 *°* Gr Gran *°* Om 

es ee ae 








Ss oa © of weet TD 


mW. rr COC 


Qs 2.4 fete 
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must be +1. The r-rowed Laplace expansion of 6 gives 


9r+1 eee Jm 
(21) ° eee ° = +] 


Qm,r+1 *** Ymm 


so that the set gr1,---,Qm is primitive. Conversely if g,i:,---,@m is a 
primitive set we make 6 of (21) equal to +1, and have 6 of (20) equal to +1 
for arbitrary 91, ---,9r,giu--:,9:- Then the corresponding set (19) forms 
basis of 9M over J. 


5. Algebraic integers. An algebraic number @ is an algebraic integer if it 
satisfies some g(x) = x” + b2”' + .--- +b, = 0 with integral b;. The Gauss 
Lemma implies that @ is an algebraic integer if and only if the minimum func- 
tion f(x) of @ has integral coefficients. It also implies that a rational number is 
an algebraic integer if and only if it is an ordinary (rational) integer. Every 
polynomial in algebraic integers with coefficients in J is an algebraic integer. 
Thus the set J of all integers of F is what we shall call an integral domain 
containing J. 

The conjugates of an algebraic integer are also algebraic integers. Then so is 


(22) To) =$+9% +--- +9”. 


Since 7'(¢) is rational it is an integer when ¢ is an integer. This so-called trace 
function is important and has the properties 


(23) T(1) =n, T'(ap + by) = aT) + bTY) 


for every rational a, b and every ¢, y of F. Here n is the degree of F over R. 
Notice that 7(6) = a; in (1) and that 7(@) = 0 is equivalent to the taking of 
f(x) to be what is called a reduced n-ic. 


6. Integral domains. A modul 9M over J is called an integral domain over 
J if the product of any two numbers of 9M is in ON. Thus MM is an integral 
domain if and only if there exist rational integers g;; such that 


™m 


(24) Miki = ym QJiik Mk (i,j aa 1, Res m) 


k=1 


where we are assuming that ON = (4, ---,pm). It is well known’ that the 
set J of all algebraic integers of F = K(6) is an integral domain 
(25) fon , +++ 50) 


over J and our interest is in the problem of determining the w; in terms of 8 
and its minimum function f(z) of (1). We shall consider other integral domains 


however and shall prove 





7 Cf. L. E. Dickson, Algebren und ihre Zahlentheorie, s. 144. 
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Lemma 5. Let Di < F be an integral domain over J. Then M < J, that is 
the elements of 2M are algebraic integers. 

For if ¢ is in 9M it has the form (18). But 9M is an integral domain over J 
and there exist integers 2;; in J such that 


(26) gus + De iim =0 (i = 1,-++,m). 


The m linear homogeneous equations (26) in the py, have solutions yu; not all 
zero and the customary theorem of the elementary theory of equations states 
that the determinant 


@+ fu X12 sain Lin 
h(¢) = v1 @ + Xe *°° Ton = Q. 
m1 Lm2 ett Sh i) a Lmn 


But A(¢) is a polynomial in ¢ with coefficients in J and leading coefficient unity. 
Hence ¢ is in J. 

We shall apply Lemma 5 as follows. Let 91 be an integral domain of order n 
over J and let Qi be maximal. Then 9" < J implies that Ml = J and our 
basis of SM is an integral basis of F. 


7. The 6-bases of R(#). There are certain important special integral bases 
of f, Assume that @ is an algebraic integer with the property that A@ is integral 
for rational A if and only if A is integral. 

It has then been shown’ that the integers of F = R(6) of degree n over F 
have a basis 


. * eee *-» i—2 i—1 
(27) gn Set fest TG =1, + nD. 


The numbers e;; , H; are rational integers and E; divides the discriminant d(6). 
Moreover 





(28) E; = 0(E;-1) (7 = 2, ane , 2): 
Since w: = Ej’ is integral we have 
(29) | o= a 


The numbers 1, 6, --- , "’ are linearly independent in the field R and form 
a basis of R(#) over R. This is also evidently true of the w; and their form 
immediately implies the 

Lemma 6. Let ¢ be an algebraic integer of the form 


d= 9 (it+gd+---+ 9,6") G,ginJ, rsn-—1). 


Then ¢ is a rational integral linear combination of w, , «++ , wr of (27). 





C0! 


fo! 
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t—2 


We apply Lemma 6 to 1, 6, --- , 6°“ which are thus rational integral linear 


combinations of w,, --- ,wi1. Hence 
(fa + fadt+ + fu IB _ > 


E Tij@j, 
rY j7=1 





for zi; in 9. Define 


i—l 
Wo = Wk, wo = 0 + Dd rij0; (k#1,k =1,.---,n). 


j=l 


Then the wx have the form (27) for k = 1, --- , n and the determinant of the 
coefficients of the expressions is unity. But then the wy are a basis (27) of 
R(é) with 


(30) eis = ej + fii Es. 
This implies that the e;; are not unique but may be replaced by any integers 


congruent to them modulo E;. Note then that if E; = 1 we may take the 
eé:; = 0,; = 6°". This is a desirable transformation when possible and we 


make the 
DEFINITION. A basis (27) of the integers of (0) will be called a 6-basis 


if Z; = 1 implies that w; = 6°”. 
8. The discriminant of . The discriminant de, of a field F = R(6) is the 


square of the determinant of the matrix of an integral basis of (@) and their 
conjugates given by 
(wi?) (i, 9 so 1, “Te , 0). 


The number der is an integral invariant of F, that is dep is unaltered by the re- 


placement of w;, --- ,w, by any other integral basis of F. We shall close this 
chapter, our preliminary discussion of algebraic numbers, by noticing the con- 
nection between dg, d(@) and (27). 
Write 
oi = Zz 930” ia 
7=1 

and see that 
(31) (wi) = (gii)Vo 
where Vy is the Vandermonde matrix 


(32) ¥,=1 ¢ 92) wee tn) 
grt (Dna... (gin) nt 
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Then the discriminant d(@) = | Ve|’ and 
de = | gis |'a(6). 
But gi; = 0 for j > i and gi; = E;’. Hence 


n —2 
(33) da = (II i) d(6). 
a i= 
This is an important restriction on the E; when combined with (28). 


Cuapter II. Frietps oF DEGREE n OvER: KR 


1. Fundamental polynomials. Our first normalization of the defining equa- 
tion (1) of our algebraic number field F of degree n over R will be devised so as 
to satisfy the conditions in terms of which we gave the integral basis (27). 
We shall accomplish this by means of a linear transformation on @ and shall 
make @ have zero trace. Our results will be given in terms of polynomials 
defined by the 

DEFINITION. A polynomial f(x) will be called a fundamental polynomial if 


(34) f(z) = 2” + ax”? +--+. tan 

has rational integral coefficients, is irreducible in ®, and is such that the simul- 
taneous congruences 

(35) a; = 0(p') (@¢ = 1,---,n) 


have no. integral solution p other than p = +1. 


2. Linear transformations. ‘The transformation 
zr=utoyy (u, v ~ Oin R) 


which replaces an indeterminate x by an indeterminate y is called a non-singular 
rational linear transformation on x. The set of all such transformations forms 
a group, so that every operation accomplished by a sequence of such transforma- 
tions may also be accomplished by a single one. 

Apply (84) to 


(36) f(z) = 2" +ar"' +.--- +a, (a; in R). 
We obtain the unique polynomial 

(37) gy) =o f(z) = y* + Ary” + «+. + An. 

The A; are given by ' 

(38) As = Adu, 0) = = 0,1, ---,m), 
where 


(39) f(a) = (j = 0,---,n+ 1), 





wil 
for 


tre 
nu 
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and f(z) is the j" derivative of f(x). Thus fo(x) = f(x), fasi(z) = 0 and the 
coefficients of f;(x) are always rational integral multiples of the coefficients a; 
of f(z). Notice that 


(40) AO, v) = if _ 4% 


v* 

We compute Ai(—a:n™, 1) = fr1(—a,n™) = 0. Assume now that a, = 0. 
Write a; = ec; where e is a common denominator of the rational a; and the 
c; are integers. Then the transformation + = ey gives A; = e’a; all integral. 
Hence assume the a; all integral and let p be the largest positive integer for 
which 

a; = p'd;, 
with integral b;. Then x = py replaces the a; by A; = p ‘a; = bs. -Ifb; = q'e; 
for an integer q then we may assume gq > 0 and have a; = (pq)'b; whence 
pq = p must equal p, g = 1. We have proved that any f(x) of (36) may be 
transformed into f(x) of (34), (35). We now apply this result to algebraic 
number fields and prove 

THEOREM 1. Every algebraic number field F of degree n over R is generated by 
a root 60 of a fundamental polynomial. Then @ is an algebraic integer of zero 
trace and such that if A is a rational number and A is integral then A is a rational 
integer. 

For, every £ = R(@) where @ is a root of an irreducible f(z) of (36). Then 
also F = R() for any rational u and v ¥ 0 and 6 = u + vp. The minimum 
function of @ has degree n and is g(y) of (37). Hence g(y) is irreducible and 
our above proof states that u and v may be chosen so that g(y) is a funda- 
mental polynomial. Replace @ by ¢ and we have our normalized generation. 
Hence we may assume with no loss that f(z) is fundamental. Write A = ab” 
as a fraction in lowest terms so that a and b > 0 are relatively prime integers. 
The quantity A@ has (37) as minimum equation with A; = a,(b‘a)’. But 
A@ is integral if and only if the A; are all integral and thus since a is prime to b, 
if and only if a; = 0(b'). By (35) we have b = 1, A = a is an integer. 


3. Linear functions of 8. The simplest type of an integral basis of R(@) 
would be one where w; = 6°. In general no such basis exists and we must be 


satisfied with a more complicated one. However we may hope to obtain a 


basis of the type described in the 
Derinition. A generation R(0) of a field F of degree n over & is called 


basal if @ is a root of a fundamental polynomial and w: = @ in any 6-basis of ‘f. 


We shall use the notations of (38), (39) and prove . 
Tueorem 2. Let F = R(6) where @ is a root of a fundamental polynomial. 


Then 0 provides a basal generation of F over R if and only if the congruences 
(41) fn—(e;) = O(p}) (¢ = 0, --- ,n) 


have no simultaneous solution c; for every prime divisor p; of n. 
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For by (27) we have w, = E'(c + 6) with integral c, E and positive E. The 
minimum equation of we is given by (37) with 


(42) A; = fa_i(o)E’. 


Suppose first that (41) have no simultaneous solution. Then c is prime to E 
since otherwise c = po, E = pK), with p an integer greater than unity, 
—cy + Eyw, = Op” is an integer contrary to Theorem 1. The trace of w» is 
E™ {nc + 7(6)] = Enc and is an integer. Hence E divides n. Since ws is an 
integer the A; of (42) are integral contrary to the non-solvability of (41) if 
E> 1. Hence E = 1, uw, = 0. 

Conversely let w: = 6. Then if p divides n and c satisfies fn_;(c) = 0(p') 
our proof above shows that p ‘(c + @) is an algebraic integer. Hence Lemma 6 
implies that 


p (c + 06)=g+hé (g, hin J) 


which is impossible since p™ is not integral. 

Theorem 2 is applied in the discussion of polynomials f(x) of (34) for which 
(41) have no simultaneous solution. It is not necessary to study (41) for all 
prime factors p; of n when d(@) is known. We may in fact prove the added 
restriction 

THEoREM 3. Let p be a prime factor of n and fn_,(c) = 0(p’) fori = 0, --- , n. 
Then p"" divides d(6). 

For our hypothesis implies that p = p'(c + 8) is integral. Then the powers 
of pare allin J. The binomial theorem states that 


p=kotkad+---+0p' (G=0,---,n—-—1) 

for rational k;; , and the Vandermonde matrix for p is 
; a 0 tere oh 
ko p a ses 0 


(43) V, _ keo ke p° veo 0 Vo. 








| kn—1,0 Kn Kn. +++ p 
Hence 


d(e) = |V, | = p *d(8) 


must be an integer where h = 2(11 + 2+... +n — 1) = n(n — 1). 
Theorems 2 and 3 give a criterion by means of which we may determine all 

polynomials (34) defining algebraic number fields R(@) with the property w2 = 4 

in a 6-basis. We shall later obtain explicit results for the cases n = 3, 4, 5. 


4. Existence of a 0-basis with w. = 6. The study of the integral bases of 
quadratic number fields is complete and the results of course are very simple. 
We shall henceforth assume that n > 2. 


o ecreeney 
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Let w: = 1, we, --- , wn be a 6-basis of R(@) and write 
ti = Tw.) (j= 1,.--,n) 
for the traces of the basal units w;. By our definition we may write 
g — 9® 


—c 6 , 
wo. = a , on = a5" — a” = —— 6 0 


forj #k. Ife = 0 then . is an integer and E = 1, w, = @as desired. 


let c 0 so that 
t = —ncE ¥ 0. 


We shall prove 
Lemma 7. There exists a primitive set of integers go,---,9n such that 


p = gowe +--+ + Gnwn has the properties 
T(e) = O(n), d(p) # 0. 
If tj + --- + t, = 0 we put gs = --- = gn = 1, go = ng that go, --- , gn 


are a primitive set with T(p) = nget = O(n). Lett =t,+.--- +t, ¥ Oand 
suppose that 


te = seh, t = sh 


where h is the greatest common divisor of tf and t. Then g. = ng + s and 
gs = +++ = gn = —S form a primitive set for every integer g and 7'(p) = 
(nog + s)82h — sesh = n(szgh) = O(n) as desired. We now notice that 

p? — pp” = gon + Vin 


where Yj is a linear combination of gs, --- , gn with algebraic number coeffi- 
cients. Then 


d(p) = II (godin + Wir)” 


is a polynomial of degree 2v in gz whose leading coefficient is the rational number 


2 
- _ i a Py 
r Il Pik I ( E E» ’ 


j<k 
We thus write d(p) = rg;’ + --- and have either d(p) = r(ng)” +--- or 
d(o) = r(nseg + s)” +.---. In either case the coefficient of g” is not zero 
and d(p) ¥ 0 for a sufficiently large integer g. This proves Lemma 7. 
The statement d(p) ¥ 0 implies that R(@) = R(p) by Lemma 1. By (9) 
we have R(9) = RG) for ¢ = gi + p, gi any rational integer. Since T(p) = nv 
we take g, = —v and obtain T7(—v + p) = —nv + nv = 0. Since 


$= 7 tp = gior t--- + Gnon 


With ge, -++,gn @ primitive set we may apply Lemma 4 to show that there 
exists an integral basis of R(@) with wio = 1, wo = ¢. Replace 6 by ¢ and 
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assume then that R(@) has an integral basis with w, = 1, w = 6. Let now 


1, 2, *** , Hn be any 6-basis (27) of R(@). Then we = (g + 6)" and has the 
form hw, +--+: + Anon. Butw; = 1,2 = 0, --+,w, are linearly independent 
in R and we must have hz; = --- = h, = 0, (9 + 0)E2’ = hi + ho 0, Ey’ = hy 


is an integer, EZ; > 0, so that H, = 1. By our definition uz = @ and we have 
proved 

Turorem 4. Every algebraic number field F of degree n > 2 over R has a 
basal generation. 


5. Two simultaneous congruences. Consider the congruences 
(44) f(z) = 0(F), f'() = 0(£) 


where both x and E are to be determined. Here f(x) is any polynomial in z 
with integral coefficients and f’(x) is the derivative of f(z). We shall prove 

TuHeoreM 5. Let Ep be the largest positive integer for which (44) have a simul- 
taneous solution x. Then every E for which a simultaneous x exists divides E, . 

If E is any integer of (44) and E, divides E then (44) are evidently satisfied 
for E, by the same z satisfying these congruences for E. We are actually 
proving a partial converse and as is usual in such cases, employ the Chinese re- 
mainder theorem. Let then E, and EF, be relatively prime values of E in (44) 
with corresponding 2, 22. We may find an x = 2(E}), « = 22(E) and then 
have f(x) = f(x:1) = 0(E}), f(z) = f(a2) = 0(E3), and similarly for f’(2) modulo 
E,, E,. The fact that H, and E, are relatively prime implies (44) with 
E = E,E,. Let D be the discriminant of f(x), and p., --- , p, the distinct 
prime factors of D. Define e; as the largest integer for which 


f(x) = O(pi"'), sf’ (xs) = (pF) (i = 1,---,7) 


have a simultaneous solution. Then our above result implies that (44) have a 
solution x for EH = Ey given by 


(45) | Eo = pi so ih 


We now take any E of (44) and have f(x) = f’(x) = 0(p) for every prime factor 
p of E, that is* p divides D. Hence E = pi! --- pt” and (44) implies that 
f(z) = O(pi’*), f(x) = 0(pf') so that f; < e;, E divides Ey of (45), Ep is the 
largest integer for which (44) have a simultaneous solution. 

It would be interesting to consider further problems arising in the study 
of (44). For example it can be shown that when f(z) is an irreducible cubic 
any two solutions of (44) modulo Ey are congruent. We shall not require the 
generalization of this result to degree r however and it is not a part of our 
problem. We now show how these congruences arise. 





* This is due to the well known theorem that f(x) = 0 and f’(z) = 0 have a common root 
if and only if D=0. Weare applying it in the field of residue classes modulo p. 
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6. A type of modul 20 over J. The integral domain J of all integers of 
§ = R(@) has a 6-basis (27). In our later work we shall assume that 6 provides 
a basal generation of F but let us temporarily assume, for greater generality, 
that @ is a-root of a fundamental polynomial 
(46) f(z) = e* + ax"? +... +4, (a; in 9). 
The work of finding (27) will then be materially assisted by considering moduls 
(47) OM = (1, 6, a is a Q) 
over J, where 


(48) o = ey + €20 oe eee + ‘ji + ep”? 4 g” 
E 





with ¢,---,@n2,e,EinJandE> 0. Notice that 9 consists of all rational 
integral linear combinations of 1, 6, ---, 6", 2. Since MN contains 6” = 
EQ — (e, + --- + e6””) it contains every rational integral polynomial in @. 
We may then prove 

Lemma 8. The modul 9M of (47), (48) is an integral domain over J if and only 
if 02 and Q are in MM. 

For the products of the basal elements of 9M are either powers of @ and hence 
in MN, or Q* assumed to be in MM, or products 6'2. If we assume that 


(49) OQ = gt guat---+gn2 (gi in 9) 
isin OM then 6°Q = gO +--+ + gn20™* + gnO” + gn(gi + --- + gn) is in M. 
An evident induction shows that the @°2 are all in 9M as desired. 

We wish to find necessary and sufficient conditions that a modul 9M of (47), 
(48) be an integral domain. In order to be sure that such integral domains 
actually exist we shall prove 

TuEorEM 6. Let Ol = (Q, ---,Q,) where Q; = Eyw; (¢ = 1,---,n — 1), 
Q, = En1w,, and the w;, E; are given by a 6-basis (27) of R(8). Then M = 
(1, 0, +++ , Qn) ts an integral domain of (47), (48). 

For by (28) we have E,-; = D;E; fori = 1,---,n — 2and E, = EE,4. 
Hence Q; = e;, +--+ + 6°" and it is trivial to show that 9M has a basis (47), 
(48) with Q = Q,. Since J is an integral domain with w;, --- ,w, as basis 
over J we have O07 = dr Jijk@k and Jijk in J. Hence 

O = (Epswn)(Enawn) = Doin GnnkEnawe = Qoimi(Gunk Di) Me 
is in M1 where of course D,-1 = D, = 1. Now Own = Dr hw. is in J and 
02 = O(Ep_10n) = hr hi Dy is also in ON. By Lemma 8 the modul Mis an 
integral domain over J. 

The hypothesis that 9M is an integral domain enables us to normalize 2. It 
is evident that if ON is given by (47) then ON = (1, 6, ---, 6” *, %) for any N% 
which is the sum of 2 and a rational integral linear combination of 1, 6, --- , i? 
Take 


(50) 0% = Ii + heO +--+» + ha26” +2 (hy in 9) 
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and use (49) to compute 
0% = hO+--- + hood” ++ --- +Gn2 
(51) = gn% — grr + +++ + An28””) 
+g t--+ + Gn10” ” +O +--+ + hyp20”™, 


Then 
(52) 8% = g + 1% (q, r in 9), 
if and only if 
(53) ge + hi — gnhe = gs + he — gnhs = --+ = Gn—2 + Ans — Gnhn» 

= 9n-1 + Ane = 0. 
The 2” one of the equations (53) determines h; uniquely in terms of his:, gn, 
Jini fort = 1,---,n — 38. The last determines hp» = —gn. Thus (52) is 


true for uniquely determined h; and we have the necessity condition 

Lemma 9. If 2 of (47), (48) is an integral domain the quantity (48) may be 
so chosen that 02 = q + rQ with q, r in J, 

We now prove 

THEoREM 7. A modul OM of (47), (48) has the property 02 = q + rQ with 4g, 
rin I if and only if 
(54) r=e, qQE=f(e), env =e tame +--- +a; (§=2,---,n—1) 


When (54) is satisfied the modul QM is an integral domain over R if and only if 





(55) fe) = 0(F), f'(e) = O(£). 
For the powers 1, 0, --- , 6” ' are linearly independent in R and 
are n—2 a n—2 2b 
0 = e,0 + + €,-26" ~ + A (a,6” ~ + + dn) ondideall 


if and only if r = e, the last equations of (54) hold, and —a, = gE + ee, 

e" + ame” +... + a, = f(e) = gE as desired. We have of course obtained 

this result by equating coefficients of 6”"’, the powers 6° for i = 1, --- ,n — 2, 

and finally the constant terms respectively. We next assume (54) and see that 

62 = q+e. Weshall compute 2 by a rather interesting device. Notice that 
2 = q+ eqt+eQ) =get+qot+e'Q. 

Now if = g. + --- + g,Q for g; in J we have (@ — e)® = q and thus 


q = (6 — 26 + eg: + g20 + ++ + Gn16”? + gn) 
(56) = ed — eb, + D3 + (Gn2 — 2egn—1)0”" * + Qn-1 e° + e' gnQ 
— 2egn(q + e&) + gn(ge + 98 + €*9), 
where 


(57) ®, = gi + goO + --- + gn 10", O. = gi +--- + gn20” 


$; = 710° +--+ + gn30". 
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Since @ satisfies f(@) = 0 and Q is given by (48) we have 
(58) 6” = —(a0" > +---+ an), 6" = EQ — (e+ e0+--- + 6"). 


n—2 


The quantities 1, 0, --- , 6” °, Q are linearly independent in & and the total 
coefficient of 2 in (56) must vanish after we make the replacements (58). This 
coefficient is 


nz + 2egn+s)E + e'gn — 2e'gn + e'gn = 0 
if and only if 
(59) Jue = 2eGn-1, 
since E ~ 0. Hence the coefficient of 6” in (56) is zero, equation (56) becomes 
(60) gq? = e°@, — 2eb, + bs — gna(aed”” + --- + an) — €gng + 9299. 
Ifi+1=n—kthenk = n — i — 1 and the coefficient of 2” in f(z) is 
d; = n-i-1. Thus the coefficient of 6° in (54) is 


(61) e'gise — 2Wegiz1 — Jn1Gn-ia + gi = 0 ! -++,n — 3), 


while from 1 and 6 we have 
(62) g° = e'g1 — gn1Gn + €99n, e'ge — 2¢9: + 9nd — GniGn1 = 0. 
Take 7 = n — 3 in (61), apply (59) and obtain 
Gn—-s = —€'Gn—1 + 2e(2egn-1) + Gn—i-19n—1 = (3e” + Ge)gnr- 


Similarly 
In4 = ~—e'9n2 + 2egn—s + agri = —2e"gn-1 + 2e(3e" + 2) Jn—1 + a39n—-1 
= (4e° + 20a, + 3)Gn—1- 


This shows that the formula 
3) = [(n — i)e™ ** + (mn — i — 2)e™ a, +--+ + nial Gna 
(¢ =1,---,n — 3) 
holds fori = n — 3,n — 4. Let it hold for values i = j + 1,7 + 2 and obtain 
95 = —e[(n —j — Qe" 4+ ---+ (n—G —k — Qe" 
+ -++ + nj-31gn—1 + 2e[(n — j — Le” 
+.--+¢(n-j-—k-—- dia eee + On j-2] na 


+ Gn—jAGn—-1 
= [Qn —-2 —-2—n+jt+ 2)e" 
+... + (Qn — 2j — 2k -—- 2 — nt+jt+k+2)e"** "a 
+ +++ + Anja) gna 
= [(n — je 4+.--+(n-—j — ke” am 
Hoes $ Anja) Gn 
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which is (63) for 7 = 7. This completes our induction and proves that (63), 
(59) are equivalent to (61), (59). However (63) uniquely determines the g; 
forz = 1, --- ,m — 3 in terms of e and gn_; and we now need only satisfy (62). 
Notice that (63) states that 


gi = [(n — 1)e™* + (n — 3)e" “aa + +++ + Gna] gna 
ge = [(n — 2)e”* + (n — 4)e" ae + --- + Ons] gn 
and we must use these formulas in (62). We substitute them and obtain 
[(n — 2)e"™* + (n — 4)e” ae 
4+... + a,36° — 2(n — le” — 2(n — 3)e” “as 
— +++ — 2edn2 — Gn—1]9n—1 
= —[ne™* + (n — 2)e" ae + ++» + Gralgna = —f'(e)gn1 = Wn 
from the second equation of (62). The first becomes 
q = [(n — 1)e" + (n — 8)e” "an 
(66) +--+ + dpe — an — ne” — (n —2)e” ae 
— e+ = Ante] gna = —f(e)gna 


by the use of (65). The quantity q = f(e)E ’ in (64) and (67) gives [f(e))E° = 
—f(e)gn-1. We know that f(e) ¥ 0 since f(x) is irreducible in R. Hence 


(64) 


(65) 





(67) $n + ae 
that is 
(68) f(e) = 0 (EF). 


Replacing g and g,_; by their values in (65) we obtain f’(e)f(e)E = f(e)E Gn 
so that 


(69) gn = [f'()1E™; f'@) = 0 (). 


We have proved that if 9M is an integral domain the conditions (55) hold. 
Conversely if (55) hold we define the g; by (67), (68), (63) and have in OM. 
But (54) imply that 60 is in 9M and OM is an integral domain by Lemma 8. 

An integral domain 9 with E the largest integer for which (55) have a solu- 
tion is certainly a maximal integral domain (47), (48). For suppose that 
OM < My where M, = (1, 6, ---, 6” *, %) and 


(70) % = Eq'(d; + --- + de” + 6""). 


Since Ey must satisfy f(d) = 0 (E)’, f’(d) = 0 (Eo) by Theorem 7 we have Eo 
a divisor of E by Theorem 5. But ON < My 


Q=h+hO+--- +h and EF’ =h,E', Eo =hE 
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is divisible by E. Since Ey, E are both positive we have Ey) = E, h, = 1 and 
Q = —hy — he — «+» —har0”” + Qis in M so that M, = MM, MM is maximal. 

The above application of Theorem 5 may be utilized in finding a 6-basis of a 
cubic field as follows. We use a basal generation of &(@) and determine the 
largest E and a solution e of (54). Then 1, 6, 2 of (54), (48) form a 6-basis of Sf. 
For in a basal generation J is an integral domain (47) for n = 3 and contains 
MM. Then ON is maximal, Ml = J. For fields of higher degree this is not 
true but the maximal integral domain 2M will partially determine J. 





Cuaptrer III. Cusic Fievps 


1. Basal generations. Every cubic field = R(@) over R is generated by a 
root @ of a fundamental polynomial 
(71) f(z) = 2° +ar+b. 


This now means that a and b are ordinary integers and f(z) = 0 has no ra- 
tional integral root, b is not divisible by p’ for any prime p such that p’ divides a. 
We have shown that @ provides a basal generation of F if and only if the con- 
gruences 

72) a’ + ax + b = 0 (27), 32° +a = 0(9) 


have no simultaneous solution. We now prove 
THEoREM 8. Every cubic field is generated by a root @ of a fundamental poly- 
nomial such that 


4a® + 27b" = 0 (3°) 
only if b = 0 (3). Then F = R(6) has an integral basis 
e+tateaé@t 6° 





(73) 1,0,0 = E 
where E ts the largest positive integer for which 
(74) e+ae+b=0(F), 3c’ + a = 0 (EB), 


have a simultaneous solution e. 

We use Theorem 2 and thus seek all fundamental polynomials for which (72) 
have no solution. By Theorem 3 this is true if 4a° + 27b° # 0 (3°). If 
4a° + 276? = 0 (3°) and b = 0 (3) then a = 0 (9) and (72). implies that z = 0 (3), 
(72); that b = —(z* + ax) = 0 (27) which is impossible. Hence we again have 
a basal generation. But if b 4 0 (3) and 4a° + 27b” = 0 (3°) we have a = 3a, 
4ai + b? = 0 (27). Since b? = 1 (3) for any b # 0 (3) we have 4a; = —1 (3), 
(2a,)° = 1 (3), 2a, = 1 (3). It follows that 

(2a, — 1)* = 8a; — 12a; + 6a, — 1 = 0 (27), 
3(2a, — 1)’ = 12a} — 12a, + 3 = 0 (27). 


Using 8a3 = — 2b? (27) we obtain —2b” — 6a, + 2 = 0 (27), b° +a — 1 = 0 (27), 
(—b)* + a(—b) + b = 0 (27) which is (72); for z = —b. The second congru- 
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ence 3b’ + a, = 0 (9) is satisfied since a; + b° = 2+ 1 = 0 (3). Hence we 
have the first part of our theorem. But the integers of now have a basis 
1, 0, w and we have seen that (74) must hold and Q = w is given by (54). 

In a later section we shall actually prove the existence of a basal generation 
of F with 3° not a divisor of 4a*° + 270’. 


2. The form E,. The integral domain J of all algebraic integers of F has 
a basis (73) over J. We compute the multiplication table of J. Write 


(75) fle) =e+ae+b = BE, fie) = 3? +a=CE. 

Then (67), (69), (53), (73) imply that 

(76) & = —(C +a) — c0+ Ew, @ = BE + ew, w = —2eB — BO + Cw. 
Every basal generation of F over & is defined by an algebraic integer 

(77) p=xr+y0+w 


with integral xz, y, z such that T(p) = 0, F = R(p) and J has an integral basis 
1, p,¢. But these quantities form a basis of J over J if and only if y and z are 
relatively prime. We may in fact prove 

THEOREM 9. The quantity p = x + y0 + zw defines a basal generation of F 
if and only if x, y, z are integers such that y and z are relatively prime, 


(78) 3x = —Cz. 
For the trace of 6° is well known to be —2a. Since 7(@) = 0 we have 
(79) T(w) = E'[3(e’ + a) — 2a] = C, 


the integer of (75). Then T(p) = 3c + Cz = 0 if and only if (78) holds. 
Moreover p is in & if and only if y = z = 0 which is not possible when y and z 
are relatively prime. Hence ®(p) = F and p provides a basal generation. 

The field F = R(p) for every non-rational p of F. Let p = x + yO + w 
where y and z are relatively prime integers, z is in J, but let us not assume the 
trace condition (78). Then has an integral basis with 1, p basal elements by 
Chapter I. We also see that then A~‘(e + p) is integral for integral e, A > 0 
only when A = 1. Then & has a p-basis 





(80) 1o6 = tte at yet a 

since ¢ is an algebraic integer. Thus 7%, y:, 21 atin integers such that 
1 0 0 

(81) zy 2] =ya — zy, = +1. 
nN A 


If we replace ¢ by —¢ we replace E, by —E, and yz; — zy; by its negative. Let 
us do this when necessary and assume therefore that yz; — zy: = 1. We shall 
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now compute +, and see that EZ, > 0 implies that EZ, is the absolute value of 
the expression we have obtained. We then have 
THEOREM 10. The integer E, of (80) is the absolute value of 


(82) Ey’ + 3ey>z + Cy?z + Be’. 


For proof we solve the equations for p, ¢ in terms of 1, 8, w simultaneously for 
6, w and obtain 


(83) 6 = 91 — ap — 2, w= g2— yp t+ yo 

where the form of g: , gz will not be needed. We compute 

(84) p=n2+ yO + 20" + 2xryd + 2rzw + Qyz0w = H, + Hb + Hy. 

By (76) we have 

H, = 2 — ye + a) — 2cBe’ + QyzBE, Hz = 2xy — ey’ — Bz’, 

Hz = 2xz + Qye +2°C+y E. 

Using (83) we obtain p = —k, — kp + E,@ where 

(86) +Ep = Hay — Hoz = 2ryz + 2y’ze + y2C + y°E — Qryz + ey’z + Be* 


(85) 


and have (82) and our theorem. We shall use the form of H, later. 

The cubic form (82) will be used to normalize our generation of so as to 
give as simple an E in (73) as possible. Notice that for basal generations ®(») 
we may take any relatively prime y and z in (82) except that if C # 0 (3) we must 


take z = 0 (8). 

3. The coefficient a,. A quantity p which gives a basal generation of F 
satisfies 
(87) gy) = y' +a,y + b, = 0, 
where —2a, = T(p’). This latter property will be used to compute a,. We 
have p = x + y@ + zw with zr = —}Cz, Tw) = C and we use (84), (85). Now 
T(o°) = 3H, + H;C = 32° — 3y’°(e + a) — 6eBe’ + 6yzBE + 2x20 

+ QyzeC + 2°C’ + vy’ EC. 


Since 327 = 302’ — 2ryzC = —322°C* we see that the total coefficient of z* in 
T(o’) is 3C? — 6eB. Use EC = 3c* + a and obtain —2ay*. Finally the total 
coefficient of yz is =6Be + 2eC and 


2 


(88) a, = —3T(p) = ay’ + (sex _ cy (3EB + eC)yz. 


We shall use the quadratic form (88) to eliminate certain redundant cases from 
our final results. 
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4. Generations with 4a° + 27b” 4 0 (3°). We shall use the form G to prove 
the auxiliary 

THEOREM 11. Every cubic field is generated by a root 6 of a fundamental poly- 
nomial x*° + ax + b with 4a*° + 276” ¥ 0 (3°). Such a generation is basal. 

For 6 provides a basal generation of F only when 


(89) 3c? + a = EC, e+tacet+b=EB 

have no simultaneous integral solutions e, E, B, C for EH = 0 (9). Hence for 
every basal generation we have 

(90) E # 0 (8) or E exactly divisible by 3. 

Let the generation be basal but 4a° + 27b” = 0 (3°). Then b = 0 (3) by 
Theorem 8, a = 0 (8), and evidently 

(91) a=b=0(). 


We now satisfy e* + ae + b = 0 (9), 3e’ + a = 0 (3) by taking e = 0 (3) and 
it follows that E = 0 (3). However b # 0 (27), e° + ae = 0 (27) so that 
B#0(3). We take y = 0,z = 1 in (84) and z = —3C since 3e’ + a = 0 (9), 
C = 0(3). Then p = —3C + w provides a basal generation of F with G = 
B#0(3). If 4a + 27b; = 0 (3°) then b, = 0 (3) by Theorem 8 and the above 
proof shows that a, = b, = 0 (9), G = 0 (8) a contradiction. We replace 6 
by p and have our desired generation 

The quantity d(@) = —4a*° — 270° = E'dg where de is the discriminant of Ff. 


We shall remove the powers of three from E, 4a° + 27)’, der and in fact write 
E = 3°Bs, dg = 3°ds. Then —(4a*° + 270°) = 3%*°D where D = E}d; is 


prime to 3. Hence d; = D (8). For the square of £3 prime to three is always 
= 1(3). We shall later use the usual analogous property EZ; = 1 (8) for powers 
of 2 dividing d(@). 


5. The powers of 3 dividing E and dep. We have already seen that in every 


basal generation F = R(6) the integer E # 0 (9). Hence E is prime to three 
or exactly divisible by 3. In certain basal generations of a field * we may 
have E = 0 (3) and choose a basal generation F = R(p) with E, # 0 (3). How- 
ever there are certain fields in which Z, = 0 (3) for every basal p. We 
shall actually show that these are the fields in which der is exactly divisible by 3. 


We state our final conditions on FE and der modulo 3 in 


THEORER 12. Let a and b range over all integers for which f(x) = x° + ax +b 
is irreducible in R, a has no factor p> > 1 such that p* divides b, and one of the 
mutually exclusive conditions 


(92) a # 0 (3) 
(93) a = 6 (9), b exactly divisible by 3, 
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(94) a = 0 (9), b = 2, 4, 5, 7 (9), 

(95) a = 6 (9), b = 1, 8 (9), 

(96) a = 6 (9), b = 4, 5 (9), 

(97) a = 0 (9), b exactly divisible by 3, 

(98) a = 6 (9), b = 0 (9), 

(99) a =0(9),b = 1,8 (9), 

is satisfied. Then the corresponding cubic fields F = (6) defined by f(@) = 0 


range over all cubic fields and fields defined by distinct conditions (92)—(99) are 
inequivalent since the corresponding discriminants are given respectively by 


(92d) dz # 0 (3), 

(93d) dep = 3°ds , ds = 1 (3), 
(94d) dg = 3°ds , d; = 2 (3), 
(95d) de = 3'ds , ds = 1 (3), 


(96d) dee = 3d; , ds = 2 (3), 
(97d) de = 3°ds , ds # 0 (3), 


(98d) der - 3d; , ds =1 (3), 


Every cubic field above has an integral basis (73) with E # 0 (3) in (92)-(97) 
so that there is no resulting condition on e modulo 3. But every field F of (98), 
(99) has e = —b (3), E exactly divisible by 3 and the property that E, = 0 (3) for 
every basal generation F = R(p). 

Our theorem above does not state that two distinct polynomials x° + az + b 
in the same class (92)-(99) are equivalent. It is not our purpose to obtain a 
canonical set of fields but rather to give conditions in terms of which E and der 


have a simple form. We now pass to a proof of the above theorem by first 
proving 

Lemma 10. Let b # 0 (3). Then (89) have a solution e for which E = 0 (3) 
if and only if a = 3a, for integral a, , b+a—1=0(9),e = —b (3). 

The integer E of (89) is divisible by 3 if and only if eé+ac+b=0( 
3? +a=0(3). Ifb 4 0(3) thene 40(3),a=3n,e+ae+b=e+b 
0(3). Bute’ = 1 (3),e = —b (3), e° = —b’ (9), ae = —ab (9), e+ae+b 
~b’ — ab +b = —b(b? +a — 1) = 0 (9) if and only if & + a — 1 = 0 (9). 
Conversely a = 3a, b? + a — 1 = 0 (9), e = —b (3) imply our congruences, 
and thus E = 0 (3). This proves our lemma. 
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If C # 0 (8) we have seen that p = x + y@ + zw defines a basal generation 
only if 2 = 0 (3) so that, by (82), if H = 0 (3) then EH, = 0(3). But EH = 0 (3) 
implies that a = 3a; for integral a,;. Also b # 0 (3) implies that e = —b ¥ 0 (3) 
while b = 0 (3) implies that e = 0 (3). We shall prove 

Lemma 11. Let C # 0 (3), E = 0 (3). Then a generation of F exists with 
a # 3 (9). 

For let a = 3 (9), C 4 0 (3), E = 0 (8) so that we must take z = 3z, , y prime 
tozinp. Then by (88) 


a, = 3[my’ + 3(—EByaz, + 3eBz}) — C’2i — eCyz] = 3a,1, 


where a,; = ay” — C’zi — eCyz, = —eCyz if zis prime to 3. Hence a, = 0 (9) 
if e = 0 (3) while otherwise we may choose y so that a,; = —eCyz = 2 (38). 
Then a, = 6 (9). In either case EH, = E 4 0 (9), EH, = 0 (8). 

First leita = 0 (9). Ifb = 0 (3) thene = 0 (3), 3c’ ¥ a = 0 (9), C = 0 (3) 
which is contrary to hypothesis. Hence b # 0 (3) so that E = 0 (8) if and 
only if b? + a — 1 = 0 (9) by Lemma 10. Then b’ = 1 (9), b = 1, 8 (9) and 
we have (99). Also —4a*° — 27b” = —27 (4a; + b”) where 4a; + b° = b’ = 1 (9). 
Then d; = —b’ = 2 (3) by Section 4. Moreover E is exactly divisible by 3, 
d(6) is exactly divisible by 3° so that der = 3d; and we have (99d). Next let 


a = 6 (9) so that 3e” + a = 3(e’ + a) = 0 (9) if and only if e # 0 (3). Hence 
e = 0 (3), & + ae + b = b = O (9) and we have (98). We also obtain 
—(4a* + 27b’) = 27 (—4a} + 0°), d; = —4a} = —2 = 1 (3) and obtain (98d). 
Notice that in both cases e = —b (3) and that when our conditions are satisfied 
we do have E exactly divisible by 3, C ¥ 0 (8). 

There remains the case where either C = 0 (3) or EH # 0 (3). In the former 
case with E = 0 (3) we must not have B = 0 (3) since then e* + ae + b = 0 (27), 
3e” + a = 0 (9) which is impossible for a basal generation. Then p = —3C +a 
gives the value +B ¥ 0 (3) for EZ, so that we may assume with no loss of 
generality that in all remaining cases we have E # 0 (3). We now prove a 
lemma analogous to Lemma 11. 

Lemma 12. Let E 4 0 (3). Then there exists a basal generation of F such 
that E, # 0 (3), a, ¥ 3 (9). 

For let a = 3 (9) and assume first that b 4 0 (3). The equations (89) im- 
pose no restrictions on e and we may if we like take e = 0 (3), C = 3Cy), Co = 
e + a, 4 0 (3). Then p = —C, + w gives a basal generation with a, = 
3eB — 3C) = —3 = 6 (9), while EH, = +B. However e’+ae+b=b £0 (3) 
so that B ¥ 0 (3) and E, ¥ 0 (8) as desired. We next let b = 0 (3). We 
again choose e = 0 (3), C = 3Cy) , Co 0 (3) and have B = 0 (3) since E F 0 (3), 
e+ ae+b=0(3). Thenif p = —C) + 0 + w we have 


E, = +(F+ 3e +C+B) = +E #06) 
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while a, = a + (3eB — 3C%) — (EB + 3cC,) = a — 302 = 3 ~ 3 = 0(9). 
This proves our lemma. 

If a F O (3) then we have (92), (92d). Hence let a = 3a, so that, as we 
have seen, a = 0 (9) ora = 6 (9). Ifa = 6 (9) and b = 0 (3) then 


e +ae+b=0 (9) 3¢ +a = 0 (3) 


if and only if b = 0 (9), e = 0 (3). Hence E F 0 (3) if and only if b ¥ 0 (9), 
b is exactly divisible by three. Thus we have (93) and —(4a° + 276’) = 
27 (—4a; — b’) where —(4a; + b’) = —2 = 1 (8) so that we obtain (93d). 
Next let b # 0 (3) so that by Lemma 10 we must not have b° = 1 — a = 4 (9). 
But a square is congruent to 1, 4, 7 (9) so that b° = 1, 7 (9). In the former 
case we have (95) and — (4a; + b’) = —(32 + 1) = 3 (9) so that der = 3‘d;, 


d; = 1 (3) and we have (95d). In the latter case we have (96) and 
—(4ai + b°) = —(32 + 7) = —3 = 6 (9) 


and we have (96d). Finally leita = 0 (9). If b = 0 (3) then again E # 0 (3) 
if and only if b # 0 (9) so we obtain (97). Moreover —(4a° + 270’) = 
—27.9 (4-3a3 + bi) if a = 9a, b = 3b. Hence de = 3'd;. We finally 


let b 0 (3) and by Lemma 10 have b* # 1 (9). Then b° = 4, 7 (9) and we 
have (94). We obtain (94d) from the fact that b” = 1 (3), —(4a° + 276’) = 
—27 (4-27 + b*), ds = —d = 2 (3). 

Theorem 12 gives a final set of conditions on our constants modulo 3. We 
now pass to a study of their values modulo 2. 


6. The divisors 2" of E and de. The theory of our constants modulo 2 is 


quite analogous to that modulo 3. We shall actually prove the existence of 
certain fields with d(¢) = 0 (4) for every integer ¢ of F but with de odd. These 


fields have been called cubic fields with a non-essential discriminant divisor. 


We state our results in 
THEOREM 13. Every cubic field F is generated by a root of a polynomial satis- 
fying the conditions of Theorem 12 and such that one of the mutually exclusive 


conditions 

(100) b ts odd. 

(101) b = 2 (4), a = 0 (2), 
(102) b = 0 (4), a = 1 (4), 
(103) b = 2 (4), a = 3 (4), 
(104) b = (a + 1) (8), a = 3 (4). 
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Fields F defined by distinct conditions (100)—(104) are inequivalent since the 
respective discriminants have the form 


(100d) de, odd, 

(101d) dep = 4de, dz, = 1 (4), 
(102d) de = 4d2, d, = 3 (4), 
(103d) der = 8dz, dz odd, 


while in (100)—(103) E is odd and there is no condition on e modulo 2, but in (104) 
the integer E is double an odd, e must be odd, and d(é) = 0 (4) for every integral 


é of F. 
For let @ satisfy the conditions of Theorem 12. Then p = x + y@ + zw also 
satisfies these conditions if z = 0 (9), x = —32C, y = 1 (9). For it is quite 


clear that this choice leaves all the values of a, b invariant modulo 3. We may 
thus choose y and z in an arbitrary fashion modulo powers of 2 so long as our 
assumptions do not make both even. 

Let EH = 0 (4). If B 4 0 (4) we make EZ, ¥ 0 (4) in (82) by taking z odd and 
y = 0 (4). If B = 0 (4) and C = ec = O (2) then e* + ae + b = E'Bis 
divisible by 8, 3e’ + a = 0 (4) so that a = 0 (4), b = 0 (8) which is contrary to 
hypothesis. Hence if either e or C is even we make £, odd by taking y = 
z= 1 (2). Let then C and e both be odd and take y odd, z = C(2 — 3ey) (4) 
so that z is odd, EH, = yz(Cz + 3ey) = 2yz = 2 (4). This proves that there 
exists a generation (6) with the conditions of Theorem 12 satisfied and 
E £ 0 (4). 

Let E = 2E, where FE, is odd. Then either B = 0 (2), e = C = 1 (2) or we 
may make E, odd. Hence assume B = 0 (2), e = C = 1 (2) so that 3e° +a = 
2 (4),a = 3 (4),¢ +ae+b=0(8). Thene(a +1) +b =0(8). Since 
a+ 1 = 0 (4) we have e(a + 1) = —(a + 1) (8), 6 = (2 + 1) (8). This of 
course means that b = 0, 4 (8) according as a + 1 is or is not divisible by eight. 
This gives (104) and (104d) comes from 4a*® + 2767 = 4(a* + 27b:), b = 2be, 
be = 0 (2) so that a® + 27b; ¥ 0 (2). Conversely let (104) hold. Then the 
only solutions of 3e° = a = EC, e¢ + ae + b = E’B with E even are those with 
e odd, 3e’ + a =a+3 = 2(4)so that Cisodd,e +ae+b=e(a+1)+b= 
0 (8) so that Bis even. But then B = 2B,, FE = 2E2, 


2E2y° + 3ey7z + Cy’2’ + 2B, = 0 (2) 
so that every E, = 0 (2). But the discriminant of p is Ende = 0 (4) while 
de is odd as we have seen. Every integer £ = x + u(y@ + zw) with relatively 
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prime y and z and if we put p = y@ + zw we have d(t) = u'd(p) = 0 (4). This 
proves the last part of our theorem. 
Let E 4 0 (2). If bis odd then d(@) = —(4a° + 270’) is odd and so is dey. 


This gives (100), (100d). Let b = 2b: and first assume that b = 2 (4). If ais 
even then 3e” + a = 0 (2) only if e iseven. Thene’ + ae +b =b # 0 (4), 
so that E is odd as desired. This gives (101) and —(4a° + 27b*) = 
4(—a* — 27b3) where a = 0 (2) implies that de = 4d;, dz = —27b; = —27 = 


1 (4) and we have (101d). Let a be odd so that a = 3 (4) ora = 1 (4). Inthe 
latter case e° + ae + b = 2e + b = 0 (4) if e is odd, 3c’ + a = 0 (2) so that E 
is even contrary to hypothesis. Hence a = 3 (4) and 3c’ + a = 0 (2) implies 
that eis odd,e* +ae+b=e(l+a)+b=b= 2 (4) so that E is odd and 
(103) holds. However —(a° + 27b:) = —(a + 3) = —6 = 2 (4) so that 
dep = 8d, where d2 is odd and this gives (103d). Finally let b = 4b., the only 
remaining case. Ifa = 3 (4) we have 3e + a = 0 (2) for odde, e® + ae +b = 
e(a + 1) = 0 (4) and E£ is even, a contradiction. If a = 0 (2) then e = 0 (2) 
implies that EZ is even. Hence a = 1 (4) whence conversely 3e° + a = 0 (2) 
only if e is odd, e* + ae + b = e(a + 1) = 2 (4) and Zisodd. This gives (102), 
—(a° + 2703-4) = —a® = —a = 3 (4), and we have (102d). We have proved 
Theorem 13. 


7. The prime factors of E, der which are prime to six. The replacement of 6 


by p = x + yO + zw with y = 1 (72), z = 0 (72), x = —4Cz and y prime to z 
evidently does not alter the conditions of Theorems 12, 13. We may then 
choose the residues y and z modulo primes p neither 2 nor 3 in an arbitrary 
fashion so long as y and z are relatively prime. Let p ~ 2,3 bea prime. If p 
divides e, E, C, B then b = 0 (p*), a = 0 (p’) which is impossible. Hence one 
coefficient of (82) is prime to p. If EH ¥ 0 (p) we take y prime to p, z = 0 (p) 
and have EZ, # 0(p). We have asimilar result when B 4 O(p). If KR =B= 
0 (p) and either e or C is divisible by p we take y and z both prime to p and have 
E, #O0(p). Finally lett E = B =0(p), +E, = yz(3ey + Cz) (p) with e and C 
prime to p. If 3e + C ¥ 0 (p) we find relatively prime integers y and z con- 
gruent to unity modulo p and have E, # 0 (p). Otherwise —C = 3e (p), 
y = 1 (p), z = 2 (p) gives +E, = 2(8e + 2C) = 2C F 0 (p). 

If g is any integer and p,, --- , are the distance prime factors of g which 
are neither 2 nor 3 we apply the above result to each p; in turn. Our con- 
gruences modulo p; may be satisfied independently of those modulo p; # p; by 
the Chinese remainder theorem. This gives 

THEeoreM 14. Let F be a cubic field and g be any integer prime to 6. Then 
F = R(6) where 6 satisfies the conditions of Theorems 12, 13 and the corresponding 
integer E is prime to g. 

Theorem 14 will be applied to simplify our determination of de. For we have 


TuEorem 15. Let F be a cubic field with discriminant de and write dg = 2°3'De 
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where Dg is prime to 6. Then F has a basal generation R(0) with a, b satisfying 


the conditions of Theorems 12, 13 and E prime to Dg. 

We next prove 

Lemma 13. Let F = R(6) where 6 is as in Theorem 15 and & + a6 + b = 0. 
Then if p is a prime divisor of a, its square does not divide b. 

For let a = 0 (p), b = 0(p’). Then e = 0 (p) implies that 3c’ + a = 0 (p), 
e + ae + b = 0 (p). By Theorem 5 E = 0 (p). If E = O (p’) then 
e+ ae+b = 0 (p'), 3c’ + a = 0 (p’) imply that e = 0 (p), a = 0 (p’), b= 
0 (p’) which is impossible. But 4a° + 276’ = 0 (p’) so that E'dg = 0 (p’), 
dey =0(p). This contradicts Theorem 15. 


Let @ be as in Theorem 15 and G be the g.c.d. of aand b. Write 
a = Ga, b = Gh 


so that a) and by are relatively prime. By Lemma 15 the integer G has no 
square factors and is prime to bb). Hence 


d(0) = —(4a* + 270’) = GH, H = —(4a}G + 2766). 


But H is prime to all prime factors of ab neither 2 nor 3. For if p divides G 
then p does not divide bp and hence H. If p divides a then again p does not 
divide 27); and is prime to H. Finally if p divides by it is prime to 4a)G and 
hence to H. 

We write 


H = —4a)G — 2705 = 2‘3"Q’D 
where D is prime to b and has no square factors. Finally write 
E = 2"3°E, 
where E, is prime to 6. Then the author has shown’ that the congruences 
e + ae +b =0(K), 3e¢ + a = 0 (KH) are equivalent to 
E, = Q, 2ae + b = 0 (Q). 

We have proved that Dg = GD. Moreover 4a° + 278’ is not exactly divisible 
by an odd power of a prime p ¥ 2,3. For Gis prime to H = QD andQ = EH 
is prime to D which has no square factors. 

Conversely let a and 6 be as in Theorems 12, 13 and such that 4a® + 270° 
is not exactly divisible by an odd power of a prime p ¥ 2,3. Then a = 0 (p), 
b = 0 (p’), p ¥ 2, 3imply that a = pay, b = p’by with anby ¥ 0 (p), 4a° + 270° = 


p (4a) + 27pb>) is exactly divisible by p’, a contradiction. Moreover Q is then 
prime to D and we have proved our final result 





*See pp. 562, 563 of the Annals paper cited in footenote 4. Notice that our present 
choice of @makes P = linthat paper. Also identify our e withc there. 
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THEorEM 16. Every cubic field F has a generation F = R(0), where a and b 
are integers satisfying the conditions of Theorems 12, 13 and such that 4a° + 270° 
is not exactly divisible by an odd power of any prime p ¥ 2,3. Then if G is the 
g.c.d. of a and b, it has no square factor, and we write 


(105) —(4a*° + 270”) = G’Q’2*3"D, 

where D has no square factors and is prime to ab. Then 

(106) E = 2°3°Q, de = G23" D 

with B, «a having the values 0, 1 and determined as in Theorems 12, 13 respectively. 
Moreover all conditions on e of (73) are satisfied by taking 

(107) e = 1 (2), e = —b (3), 2ae + b = 0 (Q). 


In closing we notice first that we have shown in Theorem 13 that dep may be 


exactly divisible by 2°, 2’, 2°. In Theorem 12 we showed that depmay be exactly 


divisible by 3°, 3’, 3°, 3‘, 3°. If pis any prime not 2, 3 then Theorem 16 implies 
that der is exactly divisible by p if pis prime to a and by p’ if p divides both 


a and b. 

Notice finally that it is possible to choose relatively prime integers a and b 
so that 4a° + 270’ is exactly divisible by p‘ for any prime p ¥ 2, 3 and exponent 
t> 0. This implies that Q is quite arbitrary. For 42 + 27 = p‘ (p'"’) has a 
solution 2% which is prime to p. Then 42) + 2725 = p‘x) (p'*’). The values 
a = %,b = % + p*” make a prime to b and 4a° + 276° = p‘a (p‘*’) so that 
4a° + 27b° is exactly divisible by p‘. Of course these values may give a re- 
ducible cubic. To obtain an irreducible cubic easily we choose a = up’ + 2%, 
b = vp’ + 2 to be distinct positive primes of the infinitely many primes in 
the arithmetic progression np‘ + 2 with relatively prime coefficients. Then 
x + ax + b = 0 is reducible if and only if it has integral roots. These divide 
b and must be x = +1, +b. But then 2° + az is even and cannot equal —b. 
We have proved the existence of a cubic field defined by 2° + az + b = 0 with 
Q divisible by p‘ and have thus shown the condition in the first sentence of 


Theorem 16 is certainly non-trivial. 


8. The minimum of E. The smallest possible value of Z, is the least positive 
value of the form 
Ey, z) = Ey® + 3ey’z + Cyz’ + Be’ 
for relatively prime y and z. For evidently when this form has a negative value 


we make it positive by changing the signs of y and z. When E(y, z) = 1 the 
field F has an integral basis 


(108) 1, p,p 
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and this is the simplest possible form of such a basis. It is clear that in the case 
(104) this is impossible since every HE, is even. In the cases (98), (99) this 
could be possible but not for 7(p) = 0 since then EZ, = 0 (8). But even in 
more normal cases where there are no such reasons the form E(y, z) can have a 
minimal value greater than unity and thus no integral basis 1, p, p’. We shall 
prove this result by giving the following concrete example. 

Consider the polynomial f(x) = 2° — 7x + 14. This cubic has a = —7, 
b = 14 and the only possible integral roots are +1, 2, 7, 14. These are easily 
verified to be not roots and thus the cubic is irreducible. Now 


—d(6) = 4a° + 2767 = 4(—7°) + 27-7°.4 = 2°.5.7°. 


The congruences e® — 7e + 14 = 0 (16), 3e’ — 7 = 0 (4) have no solution. 
For otherwise e is odd, e = 4n + 1 or 4n + 3. Im the former case e* = 
12n + 1 (16), e — 7e + 14 = 12n + 1 — 28n — 7 + 14 = 8 (16), while in 
the latter e® = 36n + 27 = 4n + 11, 


e —7e +14 = 4n+4+ 11 — 28n — 21 + 14 = 4(1 — 6n) F 0 (16). 
However e = 7 gives 
37° +a=3.7—7=2-70, @&+ae+b=7 —7 4 14 = 4-77. 
The g.c.d. of a and b is 7 and d(@) is prime to 3. Thus G = 1 and 
E = 2, dep = ~4-5.7°. 
We have not used Theorem 13 since we would have obtained a much more 


complicated but odd EF if we had used the normalization of that theorem. 
However we now have 


(109) E=2, C = 70, B = 77, e=7 
so that 
(110) E(y, z) = 2y*® + 2ly’z + 70y2” + 772’. 


We shall show that 2 is the least E,, that is E(y, z) ¥ 1 for any integral y, z. 

For if E(y, z) = 1 we have E(y, z) = 1 (7). Then 2y*® = 1 (7) and 4y° = 
2y° = 1 (7). But y° = 1 (7) for any y prime to 7 by the Fermat theorem. 
Hence 4 = 1 (7) which is untrue. 


CuapTeR IV. Basa GENERATIONS OF QUARTIC AND QuINTIC FIELDS 


1. Quartic fields. The final result in our theory of basal generations of cubic 
fields was expressed in terms of the discriminant of our cubic. The dis- 
criminants of quartics and quintics are very complicated functions of the coeffi- 
cients and we shall obtain simple but not analogous results in these cases. We 
first study irreducible quartics 


(111) a‘ + az” + bz +c, 





Qa QoQ SB eo 
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where a, b, c are integers such that if p is a prime and a = 0 (p’), b = 0 (p’), 
c # 0 (p'). We then wish the congruences 


e+ ae +be+c=0(16), 4e°+2ae+b=0(8), be? +a = 0 (4) 


to have no simultaneous solution e. Suppose first that they have a simulta- 
neous solution. If e is even then a = 0 (4), b = 0 (8), c = 0 (16), a contra- 
diction. Hence e is odd and a = 2a, 3e° +a, =1+a, =0 (2) so that a; is 
odd. Then 
4e° + 2ae = 4e(e* + a;) = 4e(1 + a;) = 0 (8) 

so that b = 0 (8), b = 8be. Nowe’ = 1 (8) so that e* = 1 (16), ae’ = 2qe* = 
2a, = a (16) since 2(8n + 1) = 2 (16). Finally be = b (16) since b = 0 (8) 
and e is odd. Our congruences thus imply that a + b +c +1 = 0 (16). 
The converse is trivial since all congruences are satisfied by e = 1. We have 


proved 
THEOREM 17. A quartic (111) defines a basal generation of a quartic field if 
and only if the conditions 


(112) a double.an odd, b = 0 (8), a+b+c+1 =0 (16) 


are not simultaneously satisfied. 

Our conditions are evidently of a much more simple nature than any involving 
the discriminant of (111). It is clear that our conditions for cubic fields could 
be stated easily in terms of the discriminant of 2° + az + b principally because 
of the simple form of that quantity. 


2. Quintic fields. A quintic field is generated by a root of the irreducible 
equation 
(113) o+art+br +er+d=0, 


with rational integers a, --- , d such that if p is a positive integer and a = 0 (p’), 
b = 0 (p’), c = 0 (p’), d = 0 (p’) then p = 1. The equation (113) provides a 
basal generation of R(6) if and only if 
e+taer+t+be+cetd=0(5) 
Bet + 3ac” + 2be + ¢ = 0 (5') 
10e° + 3ae + b = 0 (5°) 
10e” + a = 0 (5°) 


(114) 


have no simultaneous solution e. We shall determine necessary and sufficient 
conditions for the simultaneous solvability of (114). The problem is a much 
more difficult one than in our previous cases both because of the larger number of 
congruences, the high degree of the first congruence, and the large moduli 


5°, 5‘... 5. We first prove 
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Lemma 14. Let (114) have a solution. Then a = 5g, b = 5h, c = 5k and 
(114) are equivalent to the simultaneous congruences 


(115) e + 5(ge’ + he” + ke) +d = 0 (5), 
(116) e* + 3gc? + Qhe +k = 0 (5), 
(117) 2c? + 3ge +h =0(5), 
(118) 2c? + g = 0 (5), 


. for e, g prime to 5. 

For (114), implies that a = 0 (5), a = 5g. Then 6b = O (5) by (114);, 
c = 0 (5) by (114), and we have the equivalent congruences (115)-(118). If 
g = 0 (5) then e = 0 (5) by (118) and h = 0 (5°) by (117), k = 0 (5°) by (116), 
d = 0 (5°). Thena = 0 (5), b = 0 (5°), c = 0 (5'), d = 0 (5°) which is im- 
possible. Hence g is prime to 5. But then (118) implies that e is prime to 5. 


We now prove 
Lemma 15. The congruences (117), (118) are simultaneously satisfied if and 


only if 
(119) Qge + h = 0 (5), 29° + h? = 0 (25), 
so that h 1s prime to 5. 

For by (118) we have 2e° + ge = 0(5) and subtracting from (117) we have 
2ge + h = 0 (5). This is the first congruence of (119). We square it and 
obtain 
(120) 4g°e” + 4ghe + h? = 0 (25) 
from which 4g’e° + 4ghe’ + h’e = 0 (25). Now 2g’ is prime to 5 and thus 
(117) is equivalent to its product by 29’, that is 
(121) 4g°e° + 6g°e + 2g°h = 0 (25). 

Thus (119);, (120) imply that the congruence 4ghe’ + (h? — 69*)e — 2g*h = 
0 (25) is equivalent to (117). But this is equivalent to 
(122) 4g°he’ + g(h” — 69°)e — 2g°h = 0 (25) 
while (120) gives 4g’he” + 4gh’e + h® = 0 (25). Hence 2ge + h = 0 (5) implies 
that (117) is equivalent to 
(3gh’ + 6g‘)e + h® + 29°h = 0 (25), 
that is to 
(123) (h’ + 2°) (3ge + h) = 0 (25). 


Now 3ge + h = 3ge — 2ge = ge # 0 (5) so that (123) implies that h’ + 29° = 
0 (25) and we have (119). Conversely when (119) holds we see that (117) is 
satisfied by retracing the steps above. Moreover (118) is equivalent to 
4g’e” + 29° = 0 (5) and by (120) to —4ghe — h? + 29° = 0 (5) by (119) to 
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—2h(—h) — h’ + 29° = 29° + h? = 0 (5) which is true by (119),. This 
congruence and g prime to 5 imply that h is prime to 5 and we have proved 


our lemma. 
Congruence (120) is obtained by squaring (119),;. In a similar fashion we 


shall use the powers 
(124) (ge + h)* = 8g%e° + 129*he® + 6gh’e + h® = 0 (5°), 
(125) (2ge + h)* = 16g‘e + 32g*he® + 24g7h'e? + Sgh’e + h' = 0 (5°), 


(126) (2ge + h)” = 32g°e° + 80g*he* + 80g*h'e* + 40g°h'e? + 10gh'e 
+h = 0 (5°), 


and shall prove 
Lemma 16. Let (119) be satisfied. Then (116) is true if and only if 


(127) g + 2h’ = 4gk (5°), 


so that k is prime to 5. 
For (116) is equivalent to 


(128) 8g°e* + 24g‘c? + 16g*he + 8g°k = 0 (5°) 

while (124) implies that 

(129) 8g'e* + 129°he® + Gghe” + h’e = 0 (5°). 

Then (129), which is a consequence of 2ge + h = 0 (5), implies that (116) is 


equivalent to 

(130) 12g*he® + 6g(h” — 4g°)e? + h(h? — 16g°)e — 89°k = 0 (5°). 
Since 2g is prime to 5 this is equivalent to 

(131) 24g*he® + 129°(h? — 4g*)e” + Qgh(h’ — 169°)e — 169*k = 0 (5°). 
But (124) is a consequence of 2ge + h = 0 (5) and implies that 

(132) 249° he® + 36g°he? + 18gh’e + 3h* = 0 (5°) 

by multiplication by 3h. Hence (131) is equivalent to 

(133) 24g°(h + Qg*)e* + 16gh(h* + 2g*)e + 3h‘ + 169k = 0 (5'). 


We use (120) to show that 24g’e? + 16ghe = —24ghe — 6h’ + 16ghe 
—8ghe — 6h? = —4h(—h) — 6h? = —2h’ (5). Then h’ + 29° = 0 (25) implies 
that (249°? + 16ghe)(h? + 29°) = —2h°(h? + 29°) (5°), and (134) is equivalent 
to —2h* — 4h’g*° + 3n* — 16g*k = 0 (5°). Hence (116) is equivalent to 


(134) h‘ = 4h’g® — 169‘k (5°). 


But by (119) we have h* + 4g°h” + 4g’ = = 0 (5‘) so that (134) i is equivalent to 
—(4g°h? + 49°) = 4g°h? — 169k (5°), 8g°h” + 49° — 16g*k = 0 (5) which is 
true if and only if we have (127) since 4g’ is prime to 5. But 2h? = —4g°, 
g + 2h? = —39° = 4gk (5) and k is prime to 5. 
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Congruence (115) is equivalent to 

(135) 32g°e° + 160g°e* + 160hg’e” + 160kg’e + 329°d = 0 (5°). 
We use (126) and see that (115) is equivalent to 
(188) 80g*he* + 809°(h> — 2g*)e* + 40g°h(h? — 4g°)e? + er — 16g‘k)e 

+ h’ — 329°d = 0 (5°). 
But (125) implies that 
(137) 80g*he* + 160g*h"e? + 120g°h*e’ + 40gh‘e + 5h” = 0 (5°) 
so that (115) is equivalent to 
(138) 80g°(h? + 2g*)e? + 80g*h(h’ + 2g°)e” + 109(3h* + 16g*k)e + 4h° 

+ 32g°d = 0 (5°). 

Since 20(h? + 29°)g = 0 (5°) we have 
(139) 809*(h? + 2g*)e* + 80g7h(h? + 2g*)e* + 20gh7(h” + 2g*)e = 0 (5°) 
from (120). Then (115) is equivalent to 
(140) 10g(h* — 4g°h? + 169‘k)e + 4h® + 329°d = 0 (5°). 


By our proof of (127) we have (134) so that 5(h* — 4g°h? + 169*k)(2ge + h) = 
0 (5°). Hence (140) is equivalent to 


(141) —5h(h* — 4g°h” + 16g*k) + 4h’ + 329d = 0 (5°). 
Now 5(h* + 4g°h? + 49°) = 0 (5°) so that 

—5h(—89°h? — 4g° + 169*k) + 4h° + 329°d = 0 (5°) 
and hence (141) and thus (115) is equivalent to 


(142) 5hg’(2h? + g° — 4gk) + h° + 89d = 0 (5°). 
Evidently (142) implies in particular that 
(143) h’ + 89°d = 0 (5'), 


so that d is prime to 5. 

Let (119)2, (127), (142) hold for g, h, k prime to 5. Then 2ge + h = 0 (5) 
determines e uniquely modulo 5 and can always be satisfied. But then we 
have shown that (115)-(118) hold and have proved the final result given by the 

THEOREM 18. An irreducible quintic (113) provides a basal generation of the 
corresponding field if one of a, b, c is not exactly divisible by 5. Otherwise a = 5g, 

= 5h, c = 5k for integers g, h, k prime to 5, and (113) provides a basal generation 


if and only if one of the congruences 
(144) 29° + h’ = 0 (5°), 4gk = g° + 2h (5°), 
8g'd = 5hg’(4gk — g° — 2h’) — h’ (5°), 


is not satisfied. 





en rnriat ab a 





NORMALIZED INTEGRAL BASES OF ALGEBRAIC NUMBER FIELDS 957 


The second and third congruences of (144) determine the form of k and d 
respectively with respect to h and g since 4g and 8g’ are prime to 5. The first 
of these congruences implies that —2g is a quadratic residue of 25. Then 


—2g = 1, 4, 6, 9, 11, 14, 16, 19, 21, 24 (25), 
so that multiplying by 12 
g = 12, 23, 22, 8, 7, 18, 17, 3, 2, 13 (25). 


—2g = u’ (25) for a unique integer u = 1, 2, 3, 4, 6, 7, 8, 9, 11, 12 and 

= (gu)’ = h’(25) if and only if h = +gu (25). Hence (144); may be 
thought of as determining both g and A in a partial way. This shows that 
the congruences (114) are independent and that we have given a non-redundant 
set of congruences whose simultaneous solution is necessary and sufficient for a 
generation to be non-basal. 
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